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Multi-skyrmion states in the Skyrme model with a false vacuum potential®
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Abstract: We study multi-skyrmion states using the Skyrme model with a false vacuum potential up to baryon

number B =8 using the product ansatz. It is found that both the false and true vacuum potentials can result in a

cluster structure for the multi-skyrmion states. We also analyze the effect of explicit chiral breaking on the masses

and contour surfaces of the baryon number density of the multi-skyrmion states.
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In the 1960s, T. R. Skyrme put forward a pioneering
idea to study nucleon physics using a nonlinear theory of
mesons, which was later named the Skyrme model [1, 2].
Since then, the Skyrme model and its extension have
been widely used in nuclear and condensed matter phys-
ics [3-7].

The original Skyrme model is very simple. It only
consists of the nonlinear sigma model term and Skyrme
term, which is a combination of the L; and L, terms in
the later developed chiral perturbation theory [8]. As
shown in literature, the Skyrme model has been extended
for various purposes by, for example, including the pion
mass, hadron resonances, or saturating the Bogomolnyi
bound [9-19].

It is easy to imagine that the minimal extension of the
Skyrme model would involve including the pion mass
term m?Tr(1-U) [10]. The pion mass effect has been
studied for several years [4, 7, 20—22]. The pion mass
term has been found to affect single skyrmion properties
and globally improve the results of empirical values [10].
In the multi-skyrmion system, which the current study fo-
cuses on, the pion mass strongly affects the multi-skyrmi-
on spectrum and configurations [20, 21, 23, 24].

Generally, the m>Tr(1 - U) term is not the only con-
tributor to the pion mass. In principle, terms such as
m*Tr(1 - U?) also explicitly break chiral symmetry. It is
found that this term introduces a false vacuum to the
Skyrme model [25— 28] in addition to the vacuum of
QCD. Therefore, it is interesting to study the skyrmion
properties with respect to this false vacuum, which is not
only relevant to hadron physics but may also help us un-
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derstand the cosmological phase transition process
[29-31].

When this false vacuum is added, the Skyrme model
admits a false meta-stable skyrmion configuration [32],
which can decay due to the tunneling effect [33], con-
sequently causing the decay of the false vacuum [25]. In
addition, with the appropriate choice of the false vacuum
potential, the experimental values of radii and binding en-
ergies for a wide range of nuclear mass numbers can be
calculated with good precision [26—28]. In Ref. [34],
multi-skyrmion properties were studied using a rational
map ansatz.

In this paper, we study multi-skyrmion configura-
tions using the product ansatz to observe the false vacu-
um effect on the cluster structure of nuclei. We start from
the original Skyrme model [1, 2],

12 1 + 2
ZLTr[0,U0"U) + = Tr [U'9,U,U"0,U]",

Lswyme = 3262
(1

where f; =184 MeV, e is the Skyrme parameter, and
U(x) = expQint/ fr) = expQRin“t®/ f), with * as the Pauli
matrices.

Since the chiral field U(x) is unitary, for any fixed
time, say, fy, the static configuration U(x,fy) defines a
map from the manifold R*® to the manifold S* in the
isospin space, that is,

Ux,7p): R® - §3. ()
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At the low energy limit, QCD goes to the vacuum,
that is, U(x — o0,7p) = 1, and all the points at x — oo are
mapped onto the north pole of S3. Therefore, maps (2)
constitute the third homotopy group m3(S%)=Z, where
the integer Z accounts for the times that S3 is covered by
the mapping U(x,1), that is, winding numbers. Because
the winding number is conserved when the time coordin-
ate is changed and the N, scaling of the energy of model
(1) is the same as that of baryons in the constituent quark
model, the solution of (1) — soliton — can be regarded as a
baryon [35].

In the following, for convenience, we use the energy
and length scales f;/4e and 2/ef;, respectively. Using
these new scales, we can rewrite the Skyrme model Lag-
rangian (1) as

1 . 1 2
- t t
Lsiyme = 5Tt [6,UT9"U] T [U'6,U,U8,U]". (3)

Then, in the new scales, the extended Skyrme model,
which includes our chosen false vacuum, has the form

-LESkyr = -LSkyrme + Linass» 4)

where

Lonass = — % (mTe[1-Ul+m3Te [1-U?]).  (5)

To study the effect of the false vacuum potential on
the multi-skyrmions, particularly the effect of the cluster
structure, we decompose the static field U(x) as

UXx)=oc+it-m, (6)

where T = (11,72,73) are the Pauli matrices, and = = (r,
mo,m3) are the Goldstone bosons after chiral symmetry
breaking. The chiral fields o and =; satisfy the constraint

o +row=1. N

With parameterization (6), the false vacuum potential
term can be approximated as

V= %m%(l —o)+my(1—c?). (8)

It follows that when m? > 4m3, for example, m; = 0.5,
my =0, there is only one global minimum located at
U = o = 1.However,whenm? < 4m3,forexample,m; = 0.5,
my = 0.5, in addition to the global minimum, there is a
local minimum at U = ¢ = — 1. This is illustrated in Fig.

1. It should be noted that due to the quantum tunneling
effect, the local minimum is metastable.

From Lagrangian (4) and using parameterization (6),
we obtain the Hamiltonian of the system as

H=/d3x{650'8,-0'+6;7_r’~0,-7_r’
—% ((9,'0'(9]‘0'+(9,'7_T)'aj7_1')) ((9,'0'(9]‘0'+(9,'7_1"~(9j7_l'))
+% ((9,'0’(9,‘0'4-8,‘7?'(9,'7?) ((9j0’(9j0'+aj7?'(9j7?)

+Verr}, ©)

where, for convenience, we introduce the effective poten-
tial Vg as

Vet = { v U(e0) = +1 (skyrmions) a0

V—m%, U(o0) = —1 (false skyrmions)
which satisfies Vg — 0 as x — co.

We next study the effect of the false vacuum poten-
tial on the multi-skyrmion configurations using the
product ansatz. The basic idea of product ansatz can be
summarized as follows: Given two SU(2) symmetric
fields and the skyrmion solutions, the one with baryon
number By, referred to as U;(x;), and the other with bary-
on number B,, referred to as U,(x,), we can construct a
new skyrmion configuration U(x) with baryon number
B = B; +B; by multiplying them together. To find the
lowest energy configuration of the new skyrmion U(x),
the two original skyrmions are placed with a relative rota-
tion in the isospin space,

U(x) = Ui(x)C(@)Us(x2)C (@) = U1 (x)U5(x2), (1)

where C(a) = exp(it-@/2) = exp(it - &@/2), representing a
rotation of a angles around the @-axis in the isospin
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Fig. 1. (color online) Illustration of false vacuum potential.
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space. The direction of the &-axis and the magnitude of
the rotation angle a are determined by minimizing the en-
ergy of the system which a physical system should satis-
fy. Using parameterization (6), the new U’ field after ro-
tation is expressed as

U'KX)=0c"+it-7'(x) (12)

where

/
o =0,

' =(n X &)sina +mcosa + an- &(1 —cosa). (13)

The multi-skyrmion states are obtained by varying the ro-
tation angle and distance between the initial states.

In the numerical calculation below, to find the energy
minima of the multi-skyrmions system, the finite element
method [36] is used to solve the three-dimensional par-
tial differential equation generated from a variation of Eq.
(9), with an additional Lagrange multiplier 4 in con-
straint (7). The equation of motion is implicated in nu-
merical calculation through the minimization of the en-
ergy constrained by the boundary conditions. Therefore,
our calculation is a three-dimensional simulation.

The initial values of the multi-skyrmion solutions are
constructed using the product ansatz [37, 38]. Explicitly,
the initial value of the baryon number B =2 state is con-
structed using the solutions of the two B=1 states —
clusters—which are far away from each other. The relat-
ive rotation of the two clusters is found to have an angle 7
along the axes perpendicular to the line connecting the
two clusters. Similarly, for the baryon number B=4
state, its initial value is obtained by producting the previ-
ous solutions of the B =2 skyrmions. However, since the
B =2 clusters are not ideal spheres, the relative rotations
between them are complicated. To have the strongest at-
traction, the two clusters should rotate at an angle 7z along
the axis perpendicular to the line crossing the holes of the
two donuts, as shown in Fig. 2a. The initial value of the
baryon number B=8 state is constructed from two
skyrmions of B =4 with relative rotation n/2, as shown
in Fig. 2b.

It should be noted that the initial value of the multi-
skyrmion state can also be obtained using the values of
each cluster given by the rational map ansatz [39]. The
relative rotation between the two clusters is found to be
the same as that in the product ansatz. The final results
obtained from these two approaches agree with each oth-
er.

The use of the product ansatz only offers the initial
value of the multi-skyrmion state with the two clusters far
away from each other. A possible way to obtain the
bound state in the attractive channel is to approach the

Fig. 2. (color online) Relative rotations of the B =2 clusters
(left panel) and B = 4 clusters (right panel).

two clusters by adding a pseudo-time component to the
static configuration, a method known as the relaxation
method [37, 38]. Here, we use a simpler method to re-
duce the distance by squeezing the original configuration.
This method can be understood as follows using a one-di-
mensional ansatz: Let the size of the final multi-skyrmi-
on state with profile f(x) be L, the size of each cluster be
L/2, and the center of the two clusters be the origin. In
the next iteration, the size of the one-dimensional soliton
becomes L—dl, the size of each cluster is L/2—dl/2, and
the profile function in the next iteration can be defined as

f<x—ﬂ) —£+ﬂ<x<—£+@
’ 2 2 4 2

L1
<Z__al
<73

o) 42T
(14)

Via this method, the size of the solitons decreases by d/
for each iteration. The final profile is obtained until the
energy minimum is accessed. In this study, the two
clusters of skyrmions are aligned in the x-direction, and
the parameters di = 0.02 and dl = 0.05 are used to obtain
the minimum.

To show the effect of the mass parameters on the
multi-skyrmion configurations, we use four typical com-
binations:

® m; = my = 0.5: Skyrme model with a false vacuum.

® m; =0, my =0.5: Skyrme model with a false vacu-
um.

e m; =0.5, my =0: Skyrme model with massive pi-
ons.

® m; = my = 0: Skyrme model in the chiral limit.

Figure 3 shows the contour surface of baryon number
density with m; = my = 0.5 for multi-skyrmion states with
baryon numbers B =2,4,8. For baryon numbers B = 2,4,
the symmetries of false skyrmions calculated in this study
(see Fig. 3a and Fig. 3b) are the same as those of true
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Fig. 3.
tour suface for a false vacuum m; =my =0.5. The colors en-

(color online) Baryon number density 8° = 0.02 con-

code the largest magnitude and sign of the three constituent
pion fields. a: false skyrmions with B=2. b: false skyrmions
with B=4. c: truncated octahedron false skyrmions with
B=8. d: Dy, false skyrmions with B = 8.

skyrmions [39]. However, for the multi-skyrmion state
with baryon number B =8, we obtain two configurations
using dl=0.02 (Fig. 3c) and dl=0.05 (Fig. 3d), corres-
ponding to the truncated octahedron solution and Dy,
solution, respectively. The latter can be regarded as a
bound state consisting of two cubic skyrmions with
B =4. In our calculation, the Dy, solution is a local min-
imum, whereas the truncated octahedron solution is a
global minimum.

Although the two configurations of the B =28 state
with m; = my = 0.5 depend on the choice of dl, this phe-
nomenon does not occur for other sets of mass paramet-
ers, at least for the two values of dI chosen. This is con-
firmed by the calculation with the other three sets of mass
parameters, as shown in Fig. 4. It is also worth noting that
for the mass parameters m; =0, mp; = 0.5, as shown in
Fig. 4a, the two clusters are closer than those in the other
two sets and have a more prominent contact. Moreover,
in the case of the mass parameters m; =0, my =0, that is,
in the standard Skyrme model, the skyrmion solution with
the baryon number B=28 has two clusters with B=4
(Fig. 4c). This cluster structure of the B = 8 multi-skyrmi-
on states may arise from the product ansatz used here. As
studied in Ref. [23], the truncated octahedron structure
may have a lower energy when using the rational map ap-
proach.

Table 1 shows the energy of the multi-skyrmion sys-
tem with different choices of mass parameters. We can

a

Fig. 4. (color online) Baryon number density 8° =0.02 con-
tour suface for the B =38 state. a: false skyrmions with m; =0,
my = 0.5; b: skyrmions with m; = 0.5, my = 0; c: skyrmions with
my; =0, my=0.

Table 1. Energy for multi-skyrmion states (scale:
1272 - f /4e).

m; =0.5 m; =0 m; =0.5 m; =0
5 my =0.5 my =0.5 my =0 my =0
1 1.27 1.29 1.25 1.23
2 2.48 2.51 2.46 2.42
4 4.56 4.62 4.54 4.47
8 8.91/9.00 8.95 9.20 8.86

clearly see that the inclusion of the explicit chiral sym-
metry breaking effect increases both the masses of the
multi-skyrmion states and decreases the binding energies.
It should be noted that with all the parameter choices,
bound states exist.

In summary, in this study, we add a false vacuum po-
tential term to the Skyrme model and focus on the masses
and baryon number density distributions of multi-skyrmi-
on states up to baryon number B =8. We find that using
the product ansatz, both the false and true vacuum poten-
tials can result in cluster structures for the multi-skyrmi-
on states. With certain mass parameters, the conclusion
may differ from this when using the rational map ansatz.
This issue should be clarified in detail in the future.
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