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Abstract: In this study, we use the optical theorem to calculate the next-to-leading order corrections to the QCD

spectral densities directly in the QCD sum rules for the pseudoscalar and scalar B, mesons. We use experimental
data for guidance to perform an updated analysis. We obtain the masses and, in particular, decay constants, which
are the fundamental input parameters in high energy physics. Ultimately, we obtain the pure leptonic decay widths,

which can be compared with experimental data in the future.
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I. INTRODUCTION

In 1998, at the Fermilab Tevatron, the CDF collabora-
tion observed pseudoscalarB. mesons through the semi-
leptonic decay modes B — J/yt*X and B — J/y{*v, in
the pp collisions at an energy of +/s = 1.8 TeV. The meas-
ured mass was 6.40+0.39+0.13GeV [1, 2]. This was the
first time the bottom-charm meson was measured experi-
mentally.

In 2007, the CDF collaboration confirmed B, mesons
through the non-leptonic decay modes B — J/yn* with a
measured mass of 6275.6+2.9+2.5 MeV [3]. In 2008, the
DO collaboration reconstructed non-leptonic decays B —
J/yr* and confirmed B. mesons with a measured mass of
6300+ 14 +5MeV [4]. The B. meson is now well estab-
lished, and the average value listed in the Review of
Particle Physics is 6274.47 £0.27 +0.17 MeV [5].

In 2014, the ATLAS collaboration reported the obser-
vation of a structure in the Bfn*zn~ invariant mass spec-
trum with a significance of 5.2 standard deviations, which
is consistent with the predicted B, meson with a mass of
6842 +4+5MeV [6].

In 2019, the CMS collaboration observed two excited
bc states in the Bizx*n~ invariant mass spectrum with a
significance exceeding five standard deviations, which
are consistent with B/ and BY'*, respectively [7]. The two
states are separated in mass by 29.1+1.5+0.7MeV, and
the mass of B/ was measured to be 6871.0+1.2+0.8
+0.8MeV. Additionally, in 2019, the LHCb collabora-
tion observed excited B.* (with a global (local) statistical
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significance of 220 (3.207)) and B* (with a global
(local) statistical significance of 6.30- (6.80°)) mesons in
the Bfn*x~ invariant mass spectrum. The B* meson has
a mass of 6841.2+0.6+0.1+0.8 MeV, which is recon-
structed without the low-energy photon emitted in
B* — By decay through the process B)* — B*n*n~,
whereas the B/ meson has a mass of 6872.1+1.3+0.1
+0.8 MeV [8].

The B, meson emerging heavier than the B meson is
an odd phenomenon as it conflicts with all the theoretical
estimations. This may be owing to impossibility of recon-
structing the low-energy photon in Bi* — B!y decay [9].
More precise experimental data are required. Only the B.
and B, mesons are listed in Review of Particle Physics
[5], which is in contrast to the well-established spectro-
scopy of the charmonium and bottomonium states.
Despite the significant developments in heavy quark
physics in recent years, the bottom-charm spectroscopy
remains poorly known. Thus, further investigations are
required.

Beauty-charm mesons provide an optimal platform
for exploring both the perturbative and nonperturbative
dynamics of heavy quarks, owing to the absence of con-
tamination from the light quark, and for exploring the
strong and electro-weak interactions. This is because they
are composed of two different heavy flavor quarks and
cannot annihilate into gluons or photons. The excited ch
states, which lie below the BD threshold, would decay in-
to the B. meson through radiative or hadronic decays [10,
11]. In contrast, the ground state B. can only decay

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution of this work must main-

tain attribution to the author(s) and the title of the work, journal citation and DOI. Article funded by SCOAP? and published under licence by Chinese Physical Society
and the Institute of High Energy Physics of the Chinese Academy of Sciences and the Institute of Modern Physics of the Chinese Academy of Sciences and IOP Pub-

lishing Ltd

103104-1


http://orcid.org/0000-0002-5203-6705

Zhi-Gang Wang

Chin. Phys. C 48, 103104 (2024)

weakly through emitting a virtual W-boson; thus, it can-
not decay through strong or electromagnetic interactions.

Several theoretical studies have been conducted on
the mass spectroscopy of bottom-charm mesons, such as
the relativized (or relativistic) quark model with a special
potential [10—14], nonrelativistic quark model with a spe-
cial potential [15-23], semi-relativistic quark model us-
ing the shifted large-N expansion [24, 25], perturbative
QCD [26], nonrelativistic renormalization group [27], lat-
tice QCD [28—31], Bethe-Salpeter equation [32—34], full
QCD sum rules [35—41], and potential model combined
with the QCD sum rules [15, 16].

With the continuous developments in experimental
techniques, we expect that more cb states would be ob-
served by collaborations and facilities such as ATLAS,
CMS, and LHCb in the future. The decay constant, which
parameterizes the coupling between a current and meson,
is essential in exploring the exclusive processes. This is
because the decay constants are not only fundamental
parameters describing the pure leptonic decays but are
also universal input parameters related to the distribution
amplitudes, form-factors, partial decay widths, and
branching fractions in many processes. By precisely
measuring the branching fractions, we can utilize the de-
cay constants to extract the CKM matrix element in the
standard model and search for new physics beyond the
standard model [42].

Decay constants of the bottom-charm mesons have
been investigated using several theoretical approaches,
such as the full QCD sum rules [35—41, 43, 44], potential
model combined with the QCD sum rules [15, 16], QCD
sum rule combined with the heavy quark effective theory
[45—52], covariant light-front quark model [53, 54], lat-
tice non-relativistic QCD [31], shifted large-N expansion
method [25], and field correlator method [55]. However,
as the values from different theoretical approaches vary
significantly, we are motivated to extend our previous
works on vector and axialvector B. mesons [40] to in-
vestigate pseudoscalar and scalar B, mesons with the full
QCD sum rules by including next-to-leading order radiat-
ive corrections and using the updated input parameters.
Thus, our investigations are performed consistently and
systematically. We use experimental data [5—8] as guides
in selecting suitable Borel parameters and continuum
threshold parameters and examine the masses and decay
constants of pseudoscalar and scalar B.. mesons with the
full QCD sum rules. Therefore, we calculate the pure
leptonic decay widths to be compared with experimental
data in the future.

The remainder of this article is arranged as follows:
we calculate the next-to-leading order contributions to the
spectral densities and obtain the QCD sum rules in Sec.
II. In Sec. III, we present the numerical results and dis-
cussions. Sec. [V provides our conclusions.

II. EXPLICIT CALCULATIONS OF QCD
SPECTRAL DENSITIES AT THE NEXT-TO-
LEADING ORDER

First, we express the two-point correlation functions:
pys(p*) =1 / dhxe” 0T {JI (O)}10), (1)

where J(x) = Jp(x) and Jg(x) are

Jp(x) = e(x)iysb(x),
Js(x) = e(x0)b(x), 2

the subscripts P and S represent the pseudoscalar and
scalar mesons, respectively. The correlation functions can
be expressed in the form

[ Ml (s)
Mpys(p?) = ~ / ds——"5=, 3)
(mp+me)? s—p

according to the dispersion relation, where

Imllps(s) _

Ppss(8)
b/d

:P(I)J/s(s)"‘P})/s(s)+p%/s(s)+... , 4)

the QCD spectral densities pp/s(s) are expandezd in terms

85
of the strong fine structure constant ;= an p(,),/s(s),

Ppis(5), p%,/s(s), --- are the spectral densities of the lead-
ing order, next-to-leading order, and next-to-next-to-lead-
ing order, ---. At the leading order,

2
@ [s=@m#m)’], (5

3
0 -
Pps(s) = 8
where the standard phase space factor is

A(s,my,m2) = s +m} +mt —2sm; —2sm> —2mym> . (6)

At the next-to-leading order, three standard Feynman
diagrams exist, which correspond to the self-energy and
vertex corrections, respectively, and contribute to the cor-
relation functions (Fig. 1). We calculate the imaginary
parts of these Feynman diagrams using the Cutkosky's
rule or optical theorem. The two methods result in the
same analytical expressions. Subsequently, we use the
dispersion relation to acquire the correlation functions at
the quark-gluon level [39, 56]. Ten possible cuts exist, six
of which correspond to virtual gluon emissions and four
to real gluon emissions.
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The six cuts, which are shown in Fig. 2, correspond to
virtual gluon emissions and can be classified as self-en-
ergy and vertex corrections. We calculate the Feynman
diagrams straightforwardly by adopting the dimensional
regularization to regularize both the ultraviolet and in-
frared divergences. We utilize the on-shell renormaliza-
tion scheme to absorb the ultraviolet divergences by ac-
complishing the wave-function and quark-mass renormal-
izations. Subsequently, we observe all contributions,
which are shown in Fig. 2, by simply replacing the ver-
texes in all the currents:

u(pp)iysu(ps)
— a(p1)iysu(py) + a(p)ilsu(p2)
= VZ, NZyia(p))iysu(ps) + a(p1)ilsu(ps)

1 1
= i(p1)iysu(ps) (1 + 5521 + 5522) +u(p)ilsu(ps), (7)

u(py)u(p)
— @(p))u(p) +@(p)Lou(p2)
= VZ, NZyu(p))u(ps) + a(p)Tou(pa)

1 1
= u(pu(pz) (1 + 5521 + 5522) +u(p)lou(pr),  (8)

where

Z;=1+6Z;=1+=

4ch( 1 1

3 - 48U\/ 281R
3 m> 3 >
Zlog 42y 1
T3 %2 T ) ©)

O 4

is the wave-function renormalization constant of the i
quark, which originates from the self-energy diagram
(Fig. 3), and

4, [ I dPkg
fmnte [oc[ o
5/0 7538 A A Y 2n)P

rQ3) Lo 1
42 (1-=
k2 + (xpy +ypa)?)’ { E( 28UV)

+2(1 — x—y+2xy)(s —m} —m?)

+2(x+y)mpm, +2x(1 — 2x)mi +2y(1 - Zy)mf} ,
(10)

for the vertex diagrams after accomplishing the Wick's
rotation (Fig. 4), where y is the Euler constant, u is the en-
ergy scale of renormalization, and kg = (k,k», k3, ks) 1s the
Euclidean four-momentum. We set the dimension D =
4-2eyy =4+2¢er toregularize the ultraviolet and in-
frared divergences, respectively, where eyy and eR are
positive dimension-less quantities. Moreover, we would
include the energy scale factors p*'v or u® if neces-
sary.

We accomplish all the integrals over all the variables

and observe that the ultraviolet divergences P in Ts),

6Z,, and 6Z, cancel each other out completely, and the
offsets are warranted by the Ward identity. Therefore, the
total contributions do not have ultraviolet divergences:

4a

~ s T _ 4 @s
I's = gE'YSfP(S)v Iy = 3 47TfS(S)’ (11)

where

Fig. 1. Mext-to-leading order contributions to the correlation functions.

Fig. 2.

Six possible cuts corresponding to virtual gluon emissions.
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T rys(5) = 4V(5) +2(s = m} = m2) [Vio(s)
= Vio(8) = Vor (8) +2Vi1(5)] £ 2mym,
[VIO(S) + V01(S)] +2m; [Vlo(s)

= 2Va0(8)] +2m [ Vor () = 2Voa(5)]

Fig. 3. Quark self-energy correction.

_ s_(mb+mc)2
“T S my—mp (12

and s = p2. The definitions and explicit expressions of the
notations V(s), Voo(s), and V;;(s) for i, j=0,1,2 are given
in the appendix.

The contributions of all the virtual gluon emissions to

Fig. 4. Vertex correction. the imaginary parts of the Feynman diagrams in Fig. 1 are
I HV ) D-1 2 D-1 =2
— 2 mym, A ImIlys(5) _ 4@, 6 4 4 p2 (2m)Ps”
fris(8) = fps(s)+ - +3log o +4log P P 34nnm ) (2m)P-12E, (2m)P-12E,,
IR

X(p—p1—p)f(s) [s—(myFm.)]

2(s — m —m 1
a (s—my—m) o ( +w) 13)
\/As, iy, m?) l-w
1 the superscript ¥ denotes the virtual gluon emissions. We
X (a +log 4l +7) ’ determine all the integrals straightforwardly in the dimen-

sion D =4+2¢eR as ultraviolet divergence does not exist,
and we obtain the analytical expression

Imll} (s) 4a, , A (s, my, m3)miym;

1 1 1 1-
- gypp/s(s){a—210g4ﬂ+§7+ EIOgTJFEfP/s(S)

—m2 —m? 1 1 A(s,m2,m?
_s—my—m IOg( +w>{_2log4n+2y—2+log(sn1f’11‘)”-
u

A(s,m2,m2) l-w/ Ller

(14)
The four cuts in the Feynman diagrams shown in Fig. 5 contribute only to the real gluon emissions. The correspond-

ing scattering amplitudes are shown explicitly in Fig. 6. From the two diagrams in Fig. 6, we express the scattering amp-
litudes 7% ,,(p) and T§,(p) as

a

oA
Ts,(p) = u(p1) {1&2%1151”%—"%

i . . i oAl
ys +1ys ngs?’)/a v(p2),
C

a 1 7 a

Pl ,
T5.(p) = a(py) {ingmﬁ1+ ;—mz + - pz—ll,{—m.lg“?y“} v(p2), (15)

where A¢ is the Gell-Mann matrix. Thus, we obtain the contributions to the imaginary parts of the Feynman diagrams
with the optical theorem as follows:

ImITE g (s) 1 dP'k a1 p, dP1 3, .
e 2 D(SD —k— _ Trd{T? T4 ap
7 2n | @nP2E, Qn)P12E, (27r)D‘12Ep2( )~ 6" (p Pi—p2) f{ 5/0.(P) 5/0ﬁ(l’)}g
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282 dP-1% dP1 5, ' p, Db
-2 200282 (p—k - p1 —
x| @mP-2E, @n)P-12E,, (27T)D’12Ep2( W) p=k=pi=p)

s fafs- ] [ My e smmhome 5K ] GoKY

+ C — L+ _
(k-p1?  (k-p)*  k-pik-p,  k-pik-p,]  k-pik-p,

(16)

where we have used the formulas > u(p))ia(p,) =p; + m, and > v(p,)¥(p2) =p, —m, for the quark and antiquark, respect-
ively. Additionally, we introduce the symbol K2 = (p; + p,)* for simplicity and the superscript R to denote the real gluon
emissions. We determine the integrals in the dimension D = 4 + 2¢r because only infrared divergences exist (no ultravi-
olet divergences) and obtain the contributions as

IIIIII[;/S(S) Ias 0 1 /IS(S’m§7m3)
o 3xf P/S(s){ g 210g471—27+2—10gw
—-R — R} 1 —m2 2

11(8) = Ry () R}2(5)+£ s —my, —m;

+
2 s=(myFm)*  \/A(s,m2,m?)

+(s—mj—m>R (s)

1 1 (s, m2,m?
log( +‘”> ——210g4ﬂ+2y—2+10g%}} (17)
l-w/ ler mimz2s*u
the definitions and explicit expressions of the R;;(s), Rx(s), Ri2(s), R,(s), and R3,(s) are given in the appendix.
Now, we obtain the total QCD spectral densities at the next-to-leading order:
1 4a; o 12 - - 1 2N
Pps (s)= g ;pp/s (s) Efp/s (8) = Ri1(8) = Ry(s) _R|2(S) +(s— my, — mc)RIZ(S)
R?, 1 3 1 mm!s s—mj—m? (1+w) A*(s,mi,m?)
T | R | < b8
2 s—(mpFm)? 2 2 %8 M (s,mpm2)  \JA(s,m2,m2) B\12 mim?s? (18)
[
1
The infrared divergences of the forms o and where
IR
l+w
log ( I w) ;from the virtual and real gluon emissions
- IR con
cancel each other out completely, and the offsets are Prjs($)
guaranteed by the Lee-Nauenberg theorem [57]. The ana- mym. a,GG. | m> m? >
. . . . =7 ( Y| dx | =+ o(s—my)
lytical expressions are applicable in many phenomenolo- UT* n o ¢ (1-x)p 0
gical analysis in addition to the QCD sum rules. 1
o mpym, ;GG 1 1 s
Subsequently, we calculate the contributions of the + ( ) [ dx |5+ ——5 | 0(s—myp)
. . 812 "« 0 X2 (1-x)?
gluon condensate directly. The calculations are easy and 1
do not require extensive explanations. Finally, we obtain s <C¥sGG> / dx {(1 —xm;  xmy } S(s—id)
the analytical expressions of the QCD spectral densities, 2474 m 0 x? (I-x)* e
obtain the quark-hadron duality below the continuum (20)
thresholds s, and perform the Borel transforms with re-
t to th iable P2 =—-p? t ire the QCD ~ m; 2 ,
Spect 1o the vanable P to acquire the Q sum m2Q =—t + —-, T? is the Borel parameter, and the de-
rules. I-x x
cay constants are defined by
fI%/S M?’/S MIZJ/S
exp| -
(mh + mc)2 T2 f M2
9 OLIpO0)|P(p)) = ==L,
[ aslobsoreabs ey
= S1Pps P/s M
mom.y s OIS (p)) = L2 @1
s my, —m,
+p§)‘7§(S)] exp (—ﬁ> , (19)

in other words,
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Fig. 5. Four possible cuts corresponding to real gluon emissions.

Fig. 6. Amplitudes of the real gluon emissions.

OZOIP(p) =ifpp”,
OV OIS (p)) =ifs p*. (22)

the subscripts 4 and V" denote the axial-vector and vector

currents, respectively.

We eliminate the decay constants fps and obtain the
QCD sum rules for the masses of the pseudoscalar and
scalar B. mesons:

AP/S d con N
/ dsm (005 (8) +ppys () + s ()] exp <_ﬁ)

(mp+m)?

2
MP/S -

(23)

Spis S
/ i ds [Pg/s (S)+,O}>/S () +pp)s (s)] exp <_ﬁ>
(mp+me)

III. NUMERICAL RESULTS AND DISCUSSIONS

a,GG .
The value of the gluon condensate (T) is up-

dated often andG (C:;hanges significantly. We adopt the up-

=) = 0.022£0.004GeV* [58]. We use the
MS masses of the heavy quarks m.(m.)=1275+
0.025GeV and m,(m,) =4.18 +0.03GeV from the Particle

Data Group [5]. In addition, we consider the energy-scale
dependence of the MS masses,

dated value(

(W }f
9

ay(mg)

mo(u) = mg(mgp) {

= |1 bitegt bi(log’t—logt— 1) + bob,
* bot bt bt ’
(24)
2 33-2 153 - 191,
where t=10g'i2, by = nf, 1:72;11’
5033 35, 1T 24m
b, = 1583 ,and A =213MeV, 296MeV,

and 339MeV for quark flavor numbers n; =5, 4, and 3,

[
respectively [5]. We set ny=4 and 5 for the ¢ and b
quarks, respectively, and then evolve all the heavy quark
masses to the typical energy scale u =2GeV.

The lower threshold (m;, + m.)? in the QCD sum rules
in Eq. (19) decreases rapidly with increasing energy
scale. The energy scale should be larger than 1.7 GeV,
which corresponds to the squared mass of the B, meson,
39.4 GeV?. If we use the typical energy scale u =2 GeV,
which corresponds to the lower threshold (mj,+m.)* =
36.0 GeV* < M2, selecting such a particular energy scale
is reasonable and feasible.

The experimental masses of B. and B, mesons are
6274.47+0.27+0.17 MeV and 6871.2+ 1.0 MeV, respect-
ively, from the Particle Data Group [5]. Generally, the
scalar B. meson still escapes the experimental detection.
The theoretical mass is 6712+18+7 MeV from lattice
QCD [30] or 6714 MeV from the nonrelativistic quark
model [23]. We can tentatively use the continuum
threshold parameters as s%=(39-47)GeV® and s§ =
(45—-55) GeV* and search for the ideal values by assum-
ing that the energy gap between the ground state and first
radial excited states is approximately 0.6 GeV. Owing to
lack of experimental data, we always resort to such an as-
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sumption in the QCD sum rules.

After trial and error, we obtain the ideal Borel win-
dows and continuum threshold parameters and the corres-
ponding pole contributions (about 70%—85%). The pole
dominance is well satisfied. In contrast, the gluon con-
densate plays a minimal role, and the operator product
expansion is adequately convergent. It can be used to reli-
ably extract the masses and pole residues, which are
shown in Table 1 and Figs. 7-8.

The predicted mass Mp =6.274+0.054 GeV closely
agrees with the experimental data 6274.47+0.27+0.17
MeV from the Particle Data Group [5], whereas the pre-
dicted mass My =6.702+0.060 GeV is consistent with
other theoretical calculations [10—16, 18-23, 28-30,
32-34].

Combined with our previous research [40], we can
observe that the relations /s%— My~ \/s%—Mp=~0.4
GeV and /s —My ~ /53— Ms ~ 0.6 GeV exist. We ex-

pect that the energy gaps between the ground states and
first radial excitations are about 0.6 GeV. In practical cal-
culations, we can set the continuum threshold parameter
/5o to be any value between the ground state and first ra-
dial excitation, i.e., Mis+ % < 4[5y < Mys — %, if suit-
able QCD sum rules can be obtained, where 1S and 2S
denote the ground state and first radial excitation, respect-
ively. The energy gaps of 0.4 GeV and 0.6 GeV are reas-
onable.

For the decay constants, even for the pseudoscalar B.
meson, the theoretical values vary in a large range. For
example, the values from the full QCD sum rules (QCD-
SR) [16, 36, 37, 41, 43, 44], relativistic quark model
(RQM) [11, 12], non-relativistic quark model (NRQM)
[18, 19], light-front quark model (LFQM) [54], lattice
non-relativistic QCD (LNQCD) [31], shifted N-expan-
sion method (SNEM) [25], field correlator method

Table 1. Borel windows, continuum threshold parameters, pole contributions, masses, and decay constants of the pseudoscalar and
scalar B, mesons, where ~ indicates that the radiative O(e;) corrections have been neglected.
T2 /GeV? 50/GeV? pole M/GeV f/Gev
B.(07) 3.0-4.0 44+1 (68% —89%) 6.274 £0.054 0.371+0.037
B.(0%) 54-6.4 54+1 (69% — 83%) 6.702 +0.060 0.236+0.017
B.(07) 24-34 441 (75% — 94%) 6.275+0.045 0.208:£0.015
B.(0%) 3.5-45 54+1 (85% — 96%) 6.704 £ 0.055 0.119£0.006
74 LI S B B B I L IR 78 T T LENNLEN ENLE L B B B B
2 r — Central value | ] e —— Central value | ]
70 | Pl--- Error bounds | 74| S Error bounds | -
6.8 |- - 72 -
% 6.6 | -. % 70 |- 4
gGA c - Q6 oo 4
P e 2 S e 3
6.0 |- - 6.4 -
58 |- - 6.2 -
56 - - 6.0 -
54 1 1 1 1 1 1 1 1 1 ] 58 1 1 1 1 1 1 1 1 1
3.0 31 32 33 34 5 35 326 37 38 39 4.0 54 55 56 57 5.82 59 26.0 6.1 6.2 6.3 6.4
T(GeV?) T(GeV?)
Fig. 7. (color online) Masses of the pseudoscalar (P) and scalar (S) B, mesons with variations in the Borel parameters 72.
08 T T T T 0.50 T LI B B B B B R
07} Central value | - o S —— Central value | 7
Pl-- Error bounds 040 - — — - Error bounds | 4
06 ] 035 |- ]
05} e —~o030 | ]
/>\ % 0.30 ]
AT L L bt O Pz oo - o m
oL T T TTTTTTTTT ] 020 [ -
0.15 |~ _-
0.2 |- B 4
0.10 -
0.1+ T 0.05 |- ]
0.0 1 1 1 1 1 1 1 1 1 0.00 1 1 1 1 1 1 1 1 1 ]
30 3.1 32 33 34 35 36 37 38 39 4.0 54 55 56 5.7 58 59 6.0 6.1 6.2 6.3 6.4
T’(GeV?) TY(GeV?)
Fig. 8. (color online) Decay constants of the pseudoscalar (P) and scalar (S) B, mesons with variations in the Borel parameters 72.

103104-7



Zhi-Gang Wang

Chin. Phys. C 48, 103104 (2024)

Table 2. Decay constant of the pseudoscalar B, meson from
different theoretical studies.
fp/MeV References
QCDSR 460 + 60 [16]
QCDSR 300+ 65 [36]
QCDSR 360+ 60 [37]
QCDSR 270+30 [41]
QCDSR 371+17 [43]
QCDSR 528 +19 [44]
QCDSR 371+37 This work
RQM 410+40 [11]
ROM 433 [12]
NRQM 498 [18]
NRQM 440 [19]
LFQM 523 +62 [54]
LNQCD 420+13 [31]
LNEM 315+28 [25]
FCM 438+ 10 [55]
BSE 322+42 [33]

(FCM) [55], and Bethe-Salpeter equation (BSE) [33 ] ,
differ; we present these values in Table 2. Currently, it is
difficult to say which value is superior.

The present prediction fp=371+37MeV closely
agrees with the value 371 +17MeV from the full QCD
sum rules [43]. In our previous study, we obtained the
values fy =384+32MeV and f; =373+25MeV for the
vector and axial-vector B. mesons, respectively [40]. Our
calculations indicated that f» ~ fy ~ f4 > fs. In contrast,
in the QCD sum rule combined with the heavy quark ef-
fective theory up to the order o2, the decay constants
have the relations fp = fp > fy > fs > fs > f1 [47], where
the decay constants f, and f; are defined by

(OJp(0)P(p)) = frMp,
015 (OIS (p)y = fs M . (25)

From Egs. (21) and (25), we can obtain the relations

- Mp

fP - fP my, +m,

~ M

fi=fi——, (26)
my—mg;

showing that f» > f» and fs < fs, which are in contrast to
the relations obtained in Ref. [47]. Therefore, no definite
conclusion can be obtained. Naively, we expect that the
vector mesons have larger decay constants than the cor-
responding pseudoscalar mesons [59].

If we neglect the radiative O(a,) corrections (in other
words, the next-to-leading order contributions), the same
input parameters would result in excessively large had-
ron masses. We must select the energy scales u = 2.1GeV
and 2.2GeV for the pseudoscalar and scalar B, mesons,
respectively. Subsequently, we refit the Borel parameters;
the corresponding pole contributions, masses and decay
constants are given explicitly in Table 1. The table shows
that the predicted masses change slightly, whereas the
predicted decay constants change significantly, and the
decay constants without the radiative O(a,)corrections
only account for approximately 56% of the correspond-
ing ones with the radiative O(«a;) corrections. As the radi-
ative O(a,) corrections play an essential role, we should
consider them.

The pure leptonic decay widths I';, of'the pseudo-
scalar and scalar B. mesons can be expressed as

G2 MZ 2
Ly, = 8*;|Vbc|2f§/5MP/sM§ (1 - sz ) , (27)

P/S

where the leptons ¢=e,u,7, the Fermi constant
Gr=1.16637x10°GeV>, the CKM matrix element
V., =4.08x 1072, the masses of the leptons m, = 0.511x
107 GeV, m, =1.05658x10"'GeV, m,=1.77686 GeV,
and the lifetime of the B. meson 75, =0.510%x 107'%s, as
reported by the Particle Data Group [5]. We take the
masses and decay constants of the pseudoscalar and scal-
ar B. mesons from the QCD sum rules to obtain the par-
tial decay widths:

Ty, =2.03x 1072V,
Tpys, =8.68x107%eV,
Cpory, =2.08x107%eV,
[s_ ., =8.78x107 eV,
T, =3.75x107%eV,
[s_m, =9.18 x10%eV, (28)

and the branching fractions

Brp_e, = 1.57x107,
Brp_; =6.73x107°,
Brp_y, = 1.61 x 1072, (29)

The largest branching fractions of the B.(07) — ¢v,
are of the order 1072, and the tiny branching fractions
may escape experimental detections. By precisely meas-
uring the branching fractions, we can examine the theor-
etical calculations strictly, although it is a difficult task.
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IV. CONCLUSION

In this study, we extend our previous research on vec-
tor and axialvector B. mesons to investigate pseudoscal-
ar and scalar B, mesons using the full QCD sum rules by
including next-to-leading order corrections and selecting
the updated input parameters. In calculating the next-to-
leading order corrections, we use the optical theorem (or
Cutkosky's rule) to obtain the QCD spectral densities
straightforwardly. We utilize dimensional regularization
to regularize both the ultraviolet and infrared diver-
gences, which cancel each other out, and the total QCD

gluon condensate contributions and reach the QCD sum
rules. We use experimental data as guides in selecting
suitable Borel and continuum threshold parameters. We
make reasonable predictions for the masses, decay con-
stants, and ultimately, pure leptonic decay widths. These
values can be compared with experimental data in the fu-
ture to examine the theoretical calculations or extract the
decay constants, which are fundamental input parameters
in high energy physics.

APPENDIX

spectral densities have neither ultraviolet divergences nor First, we express all the elementary integrals in-
infrared divergences. Subsequently, we calculate the volving the vertex corrections,
|
dPk xy'T
V() = 167° / dx/ dy/ 9 )
(2m) Kz + (xpy +)’P2)2}
d’k k2I°(3
V(s) = 1672 l—fsuv / dx/ / " ©) (A1)
(27) k2 +(xpy +yp2)2]
and determine all the integrals to acquire the analytical expressions:
1 l+w 1 log*(1 log*(1 —w?3) 5
Voo(s) = ——— d -1 (7)< >+7 log?(1 +wy) + 2279 10021 4
() \//l(sTf,,mf){ 1w 81R 4 Ty 4 og'(l+w) 4 og (1+w2)
1+ 1+ 1+ 2 2
+2log(w; + w,)log <7a)> —logwllog( wz) —longlog( w1> —-Li, < d ) —-Li, ( ot > +7r2} ,
l-w 1-w, 1-w, 1+ w, 1+w;
et (120) (4 b o)
= s)— R
o A(s,m2,m2) B\1- &R 4 Ty
{roe (1) - droe (120 ez}
Vio(s) = — 3 =1 -1 +log =2
10(s) 5 12 0g -2 o og 1 og
Voi1($) = Vio($)lw ows »
1 { W1Wy (1+w> W <1+w) w1 (l—w%) 2w, w> }
V. =— - 1 - 1 + 1 + log—+1,,
20(5) 2s W+ Wy o8 l-w wr(w +w»y) o8 1-w w1 + Wy o8 l—w% w1 + Wy ngl
VOZ(S) = VZO(S)|m1<—>m2 )
1 { W Wy <1+w> W) —wy (l—w%) 1 <1+w)
Vii(s) = — 1 - - 1
n( 2s lw;+w, C\1-w 2(w; + ws) o8 1-w3 w1+ Wy \1-o
P log&+ @2 log%—l} ,
w1 +wy wy; wW;twy w1
1 dru® 2 1+
V(s)= — +log e —y+2- @i log( a)) - @ log(1 - w?)
Euv K w1+ ws l-w w1 +ws
1 1
log(1 — w?) — 2 LI OBL T D2I08D2 5100 (1) 4 ),
w1+ Wy W +w;
- 1 dny?
=V(s)+ — +log o —-v+2,
Eyv N
(A2)

where
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2_ 95 2 2_ 2 —
S+mb mg S+mc my my—me

As, mE (s, m3 2 ‘ Pt
NSRRI TNV ST YR Y P L) a3)
0

w) =

Subsequently, we introduce the notation

dD—l]? dP-13, 4P
/d[)s:/ o p25D(P—k—P1—P2),

2E, 2E, 2E,

for simplicity and obtain the elementary three-body phase-space integrals:

sn;, 1 1
Rii(s) = —F———0m) """ ’2€‘R/d s——— =-———logdr+y—1+lo
" 7 £/ A(s, mi,m?)( o P oy T 2em sy £ myme sy
s+mi—m? <1+w]) m; —m? log(1+w]) s—mi+m? 10g(1+w>
2 A(s,m2,m?2) 1-w A(s,m2,m2) 1-w /A(s,mZ,m2) -0

VA(s,m3,m2)?

— 1
=R (s)+ — —logdr+y—1+log
2¢e myme s>

IR

RZZ(S) = Rll(s)|m,,<—>m( 5
1

S
Rix(s) = ————2n) *my 2" / dps————
. 2/ A(s,m3, m2) K P k-pik-p,
1 1 1 A, 112y}
{log( +“’){ 2log47r+2y—2+210g(smme)}

1-w/ | er m,me s>

 A(s,mEm?)

m, M+a)) 2(1+ ) <1+ > ( 2w >
—2log —1 — -1 21 l 4L
Ogmc Og(M—a) 08 1 * Og 0% 1-w Liz l+w

~1 w—1 | 1\ 1
+2L12(L ) 2L12( )—2L12(‘”+ )—2L12(‘”+ )—7L12
w—-M w+M w—-M w+M 2

2
log2log[(1+w)(1+wy)] log>2 712}

1. . [1+w . .
_Ele(Tz)_le(wl)_LIZ(‘UZ)"' 5 i +12
- 1 1+ 1 A(s, m2, m2)?
= Rpp(s)+ log( w) ——210g4n+2y_2+210g@ ,
A(s,mj, m?2) l-w/ |er mym St
1 S—K2
Riy($) = —F—=—
W P pikpa
s 2s l+w l-w
=——— {log*(1 —w)—1log*(1 + w) +2log — lo (—)+2L1 ( )
JW{ £ £ 85 % \i-w 2\2

1 | 1 - -
—2Liz(ﬂ)+zuz<ﬁ)+zuz(ﬂ) 2 12( “’) 2 12( ‘”)}
2 T+ M 1—M 1-M T+M

2 2
5 s—K B s 20N a2
Ria(s)= \//l(s mz,m2) / k -pik- P2 - \/A(s,m2,m2) {log (1=@)=log{l+ew)

4 l+w 1- 1+ 1+ 1+
+210gfslog<1 >+2L12( . ) 2L12( zw)+2Li2(1+;)1>+2Li2<1 A“;)
- - -

l-w 1-w 2Ws l+w
oL (7)_1’( ) 295 3 (1 v at)l ( )} A4
2\1-m L\ o)ty T sredlee\ 0 (A4)

where 5 = s — (m, —m.)>.
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