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Abstract: We investigated the shadow and weak gravitational lensing for the quantum-improved charged black

hole (BH). First, the photon motion and BH shadow were studied in a plasma medium. It can be seen from our ana-

lysis that the radius of the photon sphere of the quantum-improved charged BH and size of the BH shadow decrease

under the influence of the plasma parameter Q. Furthermore, the gravitational weak lensing is considered for the

quantum-improved charged BH, and we have obtained the deflection angle of light rays around a compact object for

uniform and non-uniform plasma cases. It is shown that the value of the deflection angle for uniform plasma in-

creases with increasing plasma parameter, and vice versa for non-uniform plasma. It has been also indicated that un-

der the influence of the plasma parameter Q and BH charge Q, the values of the deflection angles for the two cases
decrease. Finally, we investigated the magnification of image brightness using the deflection angle of the light rays

around the quantum-improved charged BH.
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I. INTRODUCTION

General relativity (GR), proposed by Albert Einstein
in 1915, is a theory of gravity described by the nature of
space-time. The standard theory of gravity GR has been
successfully tested in both weak and strong field regimes.
In particular, GR has been successfully tested by solar
system observations [1] using the effect of the bending of
light around massive objects and other astrophysical ob-
servations, which can be treated as a weak field regime
test. Just after the proposal of GR, the existence of gravit-
ational waves was suggested, and it took a century to de-
tect them experimentally: in 2015, the LIGO-Virgo col-
laboration [2] detected gravitational waves due to the
merging of two stellar black holes. This experiment and
observation of the shadow of supermassive black holes
MS87* [3] and SgrA* [4] by Event Horizon Telescope col-
laboration can be treated as a test of GR in the strong
field regime.

GR is a very efficient instrument for explaining cos-
mological phenomena, offering a unique framework for
models of the universe's evolution. It gives insights into
the Big Bang theory and preliminary models for explain-
ing the current epoch of the Expanding Universe. Al-
though it is a well tested and consistent theory, GR is not
free from its limitations and disadvantages. A major lim-
itation of GR is its inconsistency with quantum mechan-
ics, which is another essential aspect of modern physics.
While GR explains gravity on a cosmological scale,
quantum mechanics describes the behavior of particles on
a microscopic scale. Efforts to combine these two theor-
ies into a single framework, called quantum gravity, have
encountered significant obstacles and continue to be an
area of ongoing research.

Moreover, the mathematical intricacies of GR intensi-
fy under extreme conditions, like near a black hole's sin-
gularity or at the universe's inception. In such situations,
the GR equations fail, suggesting that unknown physics,
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potentially dictated by an undiscovered theory (e.g.,
quantum gravity), might be influential. This complexity
hinders our capacity to forecast outcomes accurately in
these intense settings, highlighting the need for a more
all-encompassing gravitational theory. On the way to
constructing quantum gravity theory, one may start with
consideration of modifications to GR or alternative theor-
ies of gravity.

It is also worth noting that gravitational lensing is an
interesting consequence of GR and other metric theories
of gravity. Gravitational lensing was used to perform first
test of GR during a solar eclipse [1]. Being the con-
sequence of light deflection due to the spacetime
curvature near the gravitating object, gravitational lens-
ing can be used to test both the source of gravity and dis-
tance to the light source (e.g., see Refs. [5—16], where
gravitational lensing in different gravity models is ex-
plored). Additionally we refer the reader to Refs. [17—40]
for studies related to weak and strong gravitational lens-
ing around compact objects within different models in a
plasma medium.

Another consequence of the light deflection and ab-
sorption by the BH may lead to the phenomenon ob-
served as BH shadow. Research on the shadows of com-
pact objects has become a pivotal direction within astro-
physics, providing valuable perspectives on the intrinsic
characteristics of these objects and the properties of
spacetime [41-45]. As mentioned earlier, observations of
the shadow of Sgr A* and M87 have opened a window to
test GR as well as modified and alternative gravity theor-
ies [3, 4]. Studies related to analysis of the shadow of
compact gravitating objects in different gravity models
can be found in Refs. [46-81].

Here, we plan to test the quantum-improved charged
BH solutions using the analysis of shadow of such ob-
jects. The authors of Ref. [82] investigated the quantum
effect in spherically symmetric charged BHs and pro-
posed a solution. It has been shown that the horizons are
stable except in extremal case. It has also been shown that
the existence of a new extremal condition at the Planck
scale could give clues about the final stage of the BH
evaporation. The properties of this solution were investig-
ated in Refs. [32, 83—88]. Particularly in Ref. [83], the au-
thors explored the geodesic equation for time-like and
null-like particles near an improved Schwarzschild black
hole. The main motivation of this study is to propose an
alternative way of testing quantum improved gravity
through testing the photon motion in the presence of
plasma. The large number of alternative and modified
theories of gravity creates an additional problem related
to degeneracy [89, 90]. One way to resolve the degener-
acy issue is to consider several independent experiments/
observations.

The remainder of this paper is organized as follows:
In Sec. II, we start with analysis of the shadow of

quantum-improved charged BHs in the presence/absence
of a plasma environment. We also explore the weak grav-
itational lensing effect in the cases of different configura-
tion of plasma environment in Sec. III. The magnifica-
tion of image source due to gravitational lensing around a
quantum-improved charged BH is investigated in Sec. ['V.
We summarize and conclude our results in Sec. V.
Throughout the paper, we use the spacetime signature in
the form (—, +,+,+).

IOo. BLACK HOLE SHADOW

A. Quantum-improved charged BH

One can write the metric of the quantum-improved
charged BH as

2
ds? = —f(r)d* + % +77(d6? +sin0dg?), (1

f(r

where the lapse function is [82, 91]

fn=1

2
oM , GO o

72

where M and Q are the BH's mass and electric charge, re-
spectively. The running gravitational constant can be
written in the limit of long distances related to the Planck

Gy
length 7> lp = \/ = as [82, 91]

(;0}"2
G = 5o,
(r) 7‘2+QG0

)
where G, is Newton’s gravitational constant, and Q is a
parameter arising from the non-perturbative renormaliza-
tion group that measures the quantum effects. In fact, by
taking Q — 0, the line element recovers the RN solution.
Throughout this paper, we use the system of units
Go=c=1.

B. Photon motion

Now, to study photon motion around BH we explore
the Hamilton-Jacobi equation. Thus, we can write the
Hamiltonian of a photon around a BH surrounded by a
plasma as [92]

1
HOpa) = 5 (87 paps = = D(pat], (4

where x? are the spacetime coordinates, and #* and p,
are the four-velocity and four-momentum of the photon,
respectively. In Eq. (4), n represents the refractive index
(n = w/k, where k is the wave number). The refractive in-
dex for plasma can be written as [93]
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2

W,
n=1-—=2, )

w

with plasma frequency w)(x*) = 4re’N(x*)/m, (m, and e
are the electron mass and charge, respectively, whereas N
is the number density of the electrons). Recall that a dy-
namic aspect of the plasma’s tendency towards neutraliz-
ation shows as plasma oscillation. Plasma oscillations
leads to one of the main characteristics referred to as
plasma frequency. Plasma oscillations are the result of
plasma trying to maintain charge neutrality. When one
cosiders the collisions of ions in plasma, it may lead to
Debye shielding, which is related to the plasma temperat-
ure. Astrophysical measurements of plasma temperature
may give information about the plasma parameters, and
consequently, one may extract information about plasma
frequency (for more details, see Refs. [92, 94, 95]). One
can define the frequency of the photon w using w?=
(ppuf)? as

wir) = ==

0] w, = const . 6)
The metric function is such that f(r) » 1 as r - c and
w(o0) = wy = —p,;, which shows the energy of the photon
at spatial infinity [96]. Besides, the plasma frequency can
be sufficiently small than the photon frequency w} < w?,
which allows the BH shadow to be differentiated from the
vacuum case of w, = 0. Now, we can write the Hamiltoni-
an for the light rays in a plasma medium as [18, 92]

1
H = E[ "ﬁpapﬁ+w§] . @)

One can find the components of the four-velocity for the
photons in the equatorial plane (6 =x/2, p,=0) in the
following form:

'_g_ —P:
FaT ey ®
r= = pef ) ©
,_do_py
T (19)

where we have used the relationship x* = dH/dp, . Using
Egs. (9) and (10), the expression for the phase trajectory
of light (or photon) can be obtained as
g B grr Dr
dg  g*p,

(11)

Using the constraint 4 =0, we can rewrite the above ex-
pression as [96]

dr g w3
= YA — -1, (12)
dg g% P
where
2
2 8 W
v(r) = _g¢¢’ - g‘ﬁ%)é . (13)

The circular radius of light r,, can be determined as the
solution of the following equation [96]:

d(*(r) _
=5 =0 (14)

=rph

We have solved Eq. (14) numerically instead of analytic-
ally. The results are demonstrated graphically in Fig. 1. It
can be seen from this figure that the radius of the photon
sphere decreased with increasing BH charge and paramet-
er Q. Also, there is a slight decrease with an increase in
plasma frequency. It can also be seen that the plasma
slightly increases the value of the photon sphere radius
compared to the vacuum case.

C. Black hole shadow in plasma

Now we consider the radius of the shadow of the
quantum-improved charged BH in the presence of
plasma. The angular radius «g, of the BH can be defined
as [96, 97]

.2 Yz(rph)
TGy
2 { 1 _wﬁ(rph)}
_MLrw b (15)
r{ 1 _wf,(ro)} ’
L fry) W

where r,, and r, represent the locations of the photon
sphere and observer, respectively. From Eq. (13), we can
easily find y*(r,n) and y*(r,). If the observer is located at
a sufficiently large distance from the BH, then the radius
of the BH shadow can be approximated using Eq. (15) as
follows [96]:

Ry, =~ rysinay,,

_ > 1 _ wi(rph)
= e T e (10

where we have used the fact that y(r) — r, which follows
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Fig. 1. (color online) Top panel: Radius of the photon sphere as a function of BH charge Q for different values of parameter Q. The
plasma frequencies are wf) /w? =0.0 (vacuum case) and wg Jw?* = 0.5 for the left and right plots, respectively. Bottom panel: Dependence
of the radius of the photon sphere on the plasma frequency for different values of parameter Q. BH charge is Q/M =0.5.

from Eq. (13), at spatial infinity for both models of
plasma along with a constant magnetic field. The top pan-
el of Fig. 2 shows the dependence of the radius of the BH
shadow on the charge of BH for different values of para-
meter Q. From this panel, we can compare the cases of
BH in vacuum and in plasma. Also, the radius of the BH
shadow is depicted for different values of Q inthe bot-
tom panel of Fig. 2 for a homogeneous plasma with fixed
BH charge. The radius of the BH shadow decreases un-
der the influence of Q. In the top panel, the solid line cor-
responds to the Reissner-Nordstrom BH case. It can be
seen from this figure that the size of the BH shadow radi-
us decreases by increasing the plasma frequency. Accord-
ingly, the BH shadow in the presence of a plasma medi-
um would shrink further, as expected. Now, we consider
the assumption that the compact objects Sgr A* and
MS87* are static, spherically symmetric objects, even
though the observation obtained by the EHT collabora-
tion does not support this assumption. However, we try to
theoretically investigate the lower limits of the BH charge
Q in the quantum-improved charged BH spacetime using
the data provided by the EHT collaboration project. For

the EHT collaboration regarding the shadows of the su-
permassive BHs Sgr A* and M87* to constrain these two
quantities Q and w;/w’. The angular diameter 6yg;. of
the BH shadow, distance from Earth, and mass of the BH
at the center of M87* are Oyg;. =42+3 pas, D=16.8
+0.8 Mpc, and Myg;,. =6.5+0.7x10°M, [3], respect-
ively. For Sgr A*, the data provided by the EHT collabor-
ation are Ogga. =48.7+7 pas, D=8277+9+33pc, and
Msgep. =4.297£0.013x 10°M,, (VLTI) [4]. From this in-
formation, we can calculate the diameter of the shadow
caused by the compact object per unit mass as follows:

Do

dy, = i a7

From the expression dy, = 2Ry, we can easily get the ex-
pression for the diameter of the BH shadow. Thus, the
diameter of the BH shadow d¥*”* = (11 +1.5)M for M87*
and d>¥" =(9.5+1.4)M for Sgr A*. From observational
EHT data, we can find the lower limits on the quantities
Q and w}/w* for the supermassive BHs at the centers of

constraints, we chose the BH charge Q and plasma fre-
quency. One can use the observational data provided by

the galaxies Sgr A* and M87%*. This is demonstrated nu-
merically in Fig. 3.
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Fig. 2. (color online) Top panel: Radius of the BH shadow as a function of BH charge Q for different values of parameter Q. The
plasma frequencies are wf) /w? =0.0 (vacuum case) and wf) /w? = 0.5 for the left and right plots, respectively. Bottom panel: Fependence
of the radius of the BH shadow from the plasma frequency for different values of parameter Q. The charge of the BH is /M =0.5.
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Fig. 3. Values of the BH charge Q0 and wg /w} for the supermassive BHs in the galaxies M87* and Sgr A*. We consider Q=0.5 for
both panels.

II. WEAK GRAVITATIONAL LENSING FOR pand the metric (1) in the weak-field approximation as
) follows [17, 23]:
BLACK HOLE
(o7 = (o7 +ha b 18
Here, we investigate the gravitational weak lensing Bap = Tlap ™ Hop (18
around the quantum-improved charged BH. One can ex- where 1,5 and h,; are the expressions for flat spacetime
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and perturbation due to gravity, respectively. The above
expressions require the following properties:

naﬁ:diag(_ls 17 1, 1) )

hog <1, he—0 under x"— oo,

g =P —h, W = Ry (19)

Now, we will study the effect of plasma on the angle of
deflection «; in the gravitational field of the quantum-im-
proved charged BH. In this work, we consider two types
of plasma, w, and w. represent the frequencies for uni-
form and non-uniform plasma, respectively. The expres-
sion for the deflection angle around the BH can be writ-
ten as [17]

d_lfmé %+ 1 %_ K. dﬂ d
T o)\ dr 1-w2/w? dr  w*-w? dr o

(20)

where w represents the frequency of a photon. We can
write the line element (1) as follows:

2M 2 2M 2
7r_L)dt2+< V_L)drz’
”7+Q r2+Q r+Q r+Q

(21

ds? ~ dsj + (

with ds? = —d7 +dr? + (> + a*)(d6 + sin* 6d¢?). Now, one
can easily find the components of &,; of metric tensor
perturbations in Cartesian coordinates as

2Mr 0?
PEra o 22
2Mr 0? )
= - = )nm. 23
. <r2+Q 2+a) 23)
_( 2Mr Q2> )
s=(2ramra) o 29

with cos?y = z2/(b* +7%) and r* = b>+7*. Then, one may
calculate the derivatives of hyy and /33 as

dh QMR 2MQ 202
Soo =B, . L 25)
dr = (P+Q)?  (2+Q)7 (2+Q)
dhy; 6M7? 2MQ7? N 40%*7
dr (P +Q)P P(2+Q7 r(?+Q)
20°07
. A 26)
rPr+Q)

We can write the expression for deflection angle as [22]

cszc?1+d2+cf3, (27)

with

et [,
"o )y dr <

1 [7b 1 dh,
@=7/ =%,

2) o rl-wfo? dr

1 b K, dN
3_2/_mr<_u)2—u)§dr>dz' (28)

In the next two subsections, we aim to examine and as-
sess the angle of deflection for various plasma density
distributions.

A. Uniform plasma

In this part. we consider the uniform plasma distribu-
tion, which can be expressed by the sum [22]

Qyni = Qupil + Quni2 + Quni3- 29

The expression for &,, can be obtained from Egs. (24),
(27), and (28). This expression is very large; therefore,
we use the numerical method. Fig. 4 demonstrates the de-
pendence of the deflection angle on the impact parameter
b for different values of BH charge and parameter Q.
This figure also shows the angle of deflection around the
BH in a vacuum. It can be seen from the graphs that the
value of the deflection angle ., decreases with increas-
ing impact parameter. Also, there is a slight decrease un-
der the influence of the BH charge and Q. Moreover, the
dependence of the deflection angle &,, on the impact
parameter for different values of the plasma parameters is
plotted in Fig. 5. One can easily see from this figure that
the values of the deflection angle increase with increas-
ing plasma parameter.

B. Non-uniform plasma

In this subsection, we consider the non-singular iso-
thermal sphere (SIS), which represents the most favor-
able model for understanding the unique characteristics of
gravitational weak lensing effects on photons around the
BH. In general, the SIS is a spherical gas cloud character-
ized by a singularity located at its center, where the dens-
ity tends to infinity. The density distribution of a SIS is
described as follows [17]:

2

o
Y 30
2nr? (30)

p(r) =
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Fig. 4. (color online) Top left panel: Dependence of the deflection angle ay,. on the impact parameter » for different values of para-
meter Q; here, Q/M =0.5 and wg /w? =0. Dependence of the deflection angle d.,; on the impact parameter b for the different values of
the parameter Q (top right panel) and BH charge (bottom panel).

QM=05,0 =05 where m, represents the mass of a proton, and & is a di-
T A mensionless coefficient generally associated with the
dark matter universe. The plasma frequency is

. wp/w?=0.0
IAEN 2,2
e e wpw=0.3 K 2
‘., O
2 e
el e - wHuw?=05 w, =K,N(r) = 7V2 . (32)
o8f s 1 2rkmy,r

Quni

Now, we investigate the non-uniform plasma (SIS) effect
on the angle of deflection in the spacetime of the
quantum-improved charged BH. We can express the de-
flection angle around the quantum-improved charged BH
in the following form [22]:

6 7 8 9 10
biM
Fig. 5. (color online) Deflection angle &,, as a function of Qg1s = Qsisy + sis + Asiss - (33)
the impact parameter b for different values of the plasma para-
meter. The other parameters are Q/M =0.5 and Q=0.5. For uniform plasma, we also use the numerical method.
These calculations introduce a supplementary plasma
5 ) . L ) constant w?, which has the following analytic expression
where o2 denotes a one-dimensional velocity dispersion. [23]:
The analytical expression for the plasma concentration is
given by [17] K.o?
wi=— (34)
2rkmy, R
;
Ny =22 G1)
kmy, We have demonstrated the dependence of the angle of de-
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Fig. 6.

panel) and BH charge (right panel).

flection on the impact parameter b for different values of
Q and BH charge in the quantum-improved charged BH
spacetime in Fig. 6. One can see from this figure that the
value of the deflection angle g, decreases with increas-
ing impact parameter. Also, there is a slight increase un-
der the influence of the BH charge and Q. Moreover, we
demonstrate the dependence of the deflection angle of a
light ray on the impact parameter » around a BH in the
presence of a non-uniform plasma for different values of
the plasma parameters in Fig. 7. It can be seen from this
figure that the value of the deflection angle «; decreases
with increasing plasma frequency. In addition, we com-
pared the different effects of plasma on the quantum-im-
proved charged BH deflection angle with gravity, as
shown in Fig. 8. By comparison, it can be seen that the
value of the deflection angle of light for uniform plasma
is greater than that for non-uniform plasma.

IV. MAGNIFICATION OF GRAVITATIONALLY
LENSED IMAGE

Now we explore the brightness of the image in the
presence of plasma through the angle of deflection of
light rays around the quantum-improved charged BH. By
employing the lens equation, the combination of light
angles around the quantum-improved charged BH can be
written (@, 6, and B) [19, 23] as

0D = BD; + &, Dy , (3%5)
where D, Dy, and Dy, are the distances from the source
to the observer, lens to the observer, and source to the
lens, respectively. In Eq. (35), 8 and B denote the angular
positions of the image and source, respectively. Now, we
can rewrite the above equation for g as

DO
D, Dy 6°

B=6 (36)

0.30

L
6 7 8 9

(color online) Dependence of the deflection angle ds;s on the impact parameter b for different values of the parameter Q (left

QM=05,02 =05

ww?=00 -

Qsis

0351

030k e : — e

6 7 8 9
biM

Fig. 7. (color online) Deflection angle dss as a function of

the impact parameter b for different values of the plasma para-

meters. The other parameters are Q/M = 0.5 and Q =0.5.

with £(0) = |a,|b and b = D46 taken from Ref. [23]. When
the image has a ring-like appearance, it is classified as
Einstein's ring, with Einstein's ring radius defined as
Rs = D40g. The angular part 6, arising from the space-
time geometry between the source's images in a vacuum,
can be expressed as [19]

Dy
2R —E
l)dl)s

Ok

37

We investigate the equation of the magnification of

brightness
(5%

Itot
=2
k
where I, and I, are the the total brightness of all images
and unlensed brightness of the source, respectively. The
magnification of the source can be expressed as [17, 23]

o,
dg

Us = k=1,2,--,7, (38)
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biM=6,QM=0.5,02 =05
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(color online) Left panel: Dependence of the deflection angle &, on the impact parameter 5. The other parameters are

Q/M =05 & Q=0.5. Right panel: Deflection angle &, as a function of the plasma parameters. The other parameters are b/M =6,

Q/M=05,and Q=0.5.

1 X x2+4
“T:Z( —— +2), (39)
1 714
=g (= ), (40)
x*+ X

where x=p/6; is a dimensionless quantity [23] and u2
and ' are the magnifications of images. Using Egs. (39)
and (40), we can get the expression for the total magnific-
ation in the following form:

X +2

Vil “h

pl _  pl 1 _
Hiot = 5 + 2 =

The next two subsections explore magnification in the
presence of plasma in the BH environment with different
distributions of plasma: ( 1) uniform and (1i) non-uni-
form.

A. Uniform Plasma

Here, we study the effect of uniform plasma on the
magnification image. The total magnification 4, can be
expressed as follows:

2
X +2
X2 +4

uni

pl _ pl pl —
Hiot = iy T =
Xuni

; (42)

. 1 . .
The expression for (6%).; is complicated; therefore, we
. . . 1 1
use numerical calculations for it. x5, (U5 )i and (U2 )i
are defined as

B

= (43)
(9PE| )uni

Xuni

Magnifications of the image can be written as

1 Xuni xﬁni +4
(”gl)uni = Z < x2 W + . +2) (44)
a1 Xuni X2 +4 5 45
2k 4 X2 +4 " X (43)

The total magnification of the image in the presence of a
plasma P, for the quantum-improved charged BH is
demonstrated in Fig. 9. One can see from this figure that
the value of the total magnification of the image for uni-
form plasma increases with increasing plasma paramet-
ers. Also, there is a decrease with increasing Q. Fig. 10
illustrates the dependence of the total magnification on x,
in the presence of uniform plasma for different values of
the plasma parameters.

B. Non-uniform plasma

In this subsection, we explore the effect of non-uni-

biM =6, QIM = 0.5

24

23

22

21

Fhot

20

Fig. 9. (color online) Dependence of the total magnification
o on the plasma parameter for the different values of para-
meter Q corresponding to the fixed values of the impact para-
meter b=6M and Q/M =0.5.

115116-9



Mirzabek Alloqulov, Farruh Atamurotov, Ahmadjon Abdujabbarov ef al.

Chin. Phys. C 48, 115116 (2024)

20+ Uniform L eesmonomommEmmmEEees g
101 q
i — w =05
S R wpfw?=0.9 1
2
S
PIRCITITIEEE S oot 5
1r I 1
0.01 0.10 1 10 100 1000
Xo
Fig. 10. (color online) Image magnification in the presence

of uniform plasma. The fixed parameters used are b/M =3,
0/M=05,and Q=0.5.

form plasma on the magnification of the image, and we
can write the total magnification (1P )sis as

X +2
(ﬂgt)SIS = (/JT)SIS + (ll'il)SIs = 315 > , (46)
XsIS X1 +4
with
1 2 +4
@gis = + [ —= T2 o), @)
4 X3 +4 Xsis
1 Zo+4
W)sis = ( s L 2) )
4 Xis +4 Xsis
and
B
Xgig = ——— . (49)
(@)s1s

As with (Gfél)uni, we also use the numerical method for
(ngl)SIS_ One can find the dependence of total magnifica-
tion on the plasma parameter using Eq. (46). The value of
the total magnification decreases with increasing plasma
parameter. Also, there is a slight decrease under the influ-
ence of Q, as demonstrated in Fig. 11. Moreover, the plot
of dependence of total magnification on x, inthe pres-
ence of plasma for the fixed values of the parameter Q
and the impact parameter is demonstrated in Fig. 12. We
can see from this figure that the value of the total magni-
fication of the image for non-uniform plasma decreases
with increasing plasma parameters. Finally, we compare
the two cases of uniform and non-uniform plasma distri-
butions in Fig. 13.

V. CONCLUSIONS

In this paper, we discussed the optical properties of
the quantum-improved charged BH. From the performed

biM =6, QM = 0.5

Fhots

0.0 0‘1 0‘2 0.3 04 0‘5 0‘6
a/c2la/2

Fig. 11.

a function of non-uniform plasma for different values of para-

meter Q. The other parameters are b/M =6 and Q/M =0.5.

(color online) Total magnification of the images as

Xo

Fig. 12. (color online) Image magnification in the presence
of SIS. The fixed parameters used are b/M =3, Q/M =0.5 and
Q=05.

Uniform

0.5} 1

0.01 0.10 1 10 100 1000
Xo
Fig. 13.

of uniform2 plasma and SIS. The fixed parameters used are
¥ 2
P _

wy
b/M=3, —5 =09, ;; =09, 0/M=0.5,and Q=05.

(color online) Image magnifications in the presence

research, we can summarize our main results as follows:

e We have investigated the photon motion around the
BH surrounded by a plasma. We have obtained numeric-
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al results on the dependence of the radius of the photon
sphere on the plasma frequency (see Fig. 1). It has been
shown that the radius of the photon sphere decreases with
increasing plasma frequency. Also, the value of the
photon sphere radius decreases under the influence of the
parameter Q.

e We have also studied the shadow of the quantum-
improved charged BH in plasma. The radius of the BH
shadow was calculated by numerical method. The de-
pendencies of the radius of the BH shadow on the plasma
frequency and BH parameter have been demonstrated in
Fig. 2. One can see from this figure that the radius of the
BH shadow decreases with increasing Q and the plasma
parameter. Similarly, there is a slight decrease with the
rise of the BH charge.

e Furthermore, weak gravitational lensing for the
quantum-improved charged BH has been investigated.
For this, we considered that the BH is surrounded by uni-
form and non-uniform plasma. We found the deflection
angle for each case independently. Figs. 4 and 5 corres-
pond to the uniform case. One can see from these figures
that the value of the deflection angle is slightly decreased

under the influence of the BH charge and Q. On the con-
trary, the value of the deflection angle increases with in-
creasing uniform plasma frequency. The obtained results
for the non-uniform plasma case are illustrated in Figs. 6
and 7. These figures clearly demonstrate that the paramet-
er Q and BH charge have the same impact in the case of
non-uniform plasma as they do in the uniform plasma
case.

e In addition, we compared the deflection angle of
light for uniform and non-uniform plasma in Fig. 8. We
can casily see from this figure that the value of the deflec-
tion angle of light for uniform plasma is greater than that
for non-uniform plasma.

e Finally, we have studied the total magnification of
the images as a function of uniform and non-uniform
plasma, and the dependencies are plotted in Figs. 9 and
11. It can be seen from these figures that the value of the
total magnification of the image for uniform plasma in-
creased with increasing plasma parameter, and vice versa
for non-uniform plasma. Also, we have investigated the
image magnification for both cases. The results are
demonstrated in Figs. 10, 12, and 13.

References

[1T F. W. Dyson, A. S. Eddington, and C. Davidson,
Philosophical Transactions of the Royal Society of London
Series A 220, 291 (1920)

[2] B. P. Abbott, LIGO Scientific Collaboration, and Virgo
Collaboration, Phys. Rev. Lett. 116, 061102 (2016), arXiv:
1602.03837[gr-qc]

[3] K. Akiyama et al., Astrophys. J. 875, L1 (2019), arXiv:
1906.11238[astroph.GA]

[4] K. Akiyama et al., Astrophys. J. Lett 930, L12 (2022)

[5] V. Bozza, S. Capozziello, G. lovane et al., General
Relativity and Gravitation 33, 1535 (2001), arXiv:
grqc/0102068[gr-qc]

[6] V. Bozza, Phys. Rev. D 66, 103001 (2002), arXiv:
grqc/0208075[gr-qc]

[71 E. F. Eiréa and D. F. Torres, Phys. Rev. D. 69, 063004
(2004)

[8] V. Bozza, Phys. Rev. D 78, 103005 (2008), arXiv:
0807.3872[gr-qc]

[91 K. S. Virbhadra and G. F. R. Ellis, Phys. Rev. D. 62,
084003 (2000)

[10] K. S. Virbhadra and G. F. R. Ellis, Phys. Rev. D. 65,
103004 (2002)

[11] S. U. Islam, R. Kumar, and S. G. Ghosh, J. Cosmol. A. P
2020, 030 (2020)

[12] C.-Y. Wang, Y.-F. Shen, and Y. Xie, JCAP 2019, 022
(2019), arXiv: 1902.03789[gr-qc]

[13] X.LuandY. Xie, Eur. Phys. J. C79, 1016 (2019)

[14] N. U. Molla, H. Chaudhary, G. Mustafa et al., Eur. Phys. J.
C 84, 574 (2024), arXiv: 2310.14234[gr-qc]

[15] Y.-X. Gao and Y. Xie, Phys. Rev. D 103, 043008 (2021)

[16] X.LuandY. Xie, Eur. Phys. J. C 81, 627 (2021)

[17] G. S. Bisnovatyi-Kogan and O. Y. Tsupko, Mon. Not. R.
Astron. Soc. 404, 1790 (2010)

[18]  A.Rogers, Mon. Not. R. Astron. Soc. 451, 17 (2015)

[19] V. S. Morozova, B. J. Ahmedov, and A. A. Tursunov,
Astrophys Space Sci 346, 513 (2013)

[20] F. Atamurotov, A. Abdujabbarov, and W.-B. Han, Phys.
Rev. D 104, 084015 (2021)

[21] S. Hensh, A. Abdujabbarov, J. Schee et al., European
Physical Journal C 79, 533 (2019), arXiv: 1904.08776[grqc]

[22] F. Atamurotov, A. Abdujabbarov, and J. Rayimbaev, Eur.
Phys. J. C. 81, 118 (2021)

[23] G. Z. Babar, F. Atamurotov, and A. Z. Babar, Phys. Dark
Universe 32, 100798 (2021)

[24] G. Z. Babar, F. Atamurotov, S. Ul Islam et al., Phys. Rev. D
103, 084057 (2021), arXiv: 2104.00714[gr-qc]

[25] W. Javed, I. Hussain, and A. Ovgiin, Eur. Phys. J. Plus 137,
148 (2022), arXiv: 2201.09879[gr-qc]

[26] A. Hakimov and F. Atamurotov, Astrophys Space Sci 361,
112 (2016)

[27] F. Atamurotov, S. Shaymatov, P. Sheoran et al., J. Cosmol.
A. P. 2021, 045 (2021), arXiv: 2105.02214[gr-qc]

[28] F. Atamurotov, H. Alibekov, A. Abdujabbarov et al.,
Symmetry 15, 848 (2023)

[29] F. Atamurotov, D. Ortigboev, A. Abdujabbarov et al., Eur.
Phys. J. C 82, 659 (2022)

[30] S.-S.Zhao and Y. Xie, Phys. Lett. B. 774, 357 (2017)

[31] F. Atamurotov and S. G. Ghosh, Eur. Phys. J. Plus 137, 662
(2022)

[32] F. Atamurotov, M. Jamil, and K. Jusufi, Chin. Phys. C 47,
035106 (2023), arXiv: 2212.12949[gr-qc]

[33] F. Atamurotov, I. Hussain, G. Mustafa et al., Chinese
Physics C 47, 025102 (2023)

[34] H. Hoshimov, O. Yunusov, F. Atamurotov et al., Physics of

115116-11


https://doi.org/10.1098/rsta.1920.0009
https://doi.org/10.1098/rsta.1920.0009
https://doi.org/10.1098/rsta.1920.0009
https://doi.org/10.1098/rsta.1920.0009
https://doi.org/10.1098/rsta.1920.0009
https://doi.org/10.1098/rsta.1920.0009
https://doi.org/10.1098/rsta.1920.0009
https://doi.org/10.1098/rsta.1920.0009
https://doi.org/10.1098/rsta.1920.0009
https://doi.org/10.1098/rsta.1920.0009
https://doi.org/10.1098/rsta.1920.0009
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.3847/2041-8213/ab0ec7
https://arxiv.org/abs/
https://doi.org/10.3847/2041-8213/ac6674
https://doi.org/10.3847/2041-8213/ac6674
https://doi.org/10.3847/2041-8213/ac6674
https://doi.org/10.3847/2041-8213/ac6674
https://doi.org/10.3847/2041-8213/ac6674
https://doi.org/10.3847/2041-8213/ac6674
https://doi.org/10.3847/2041-8213/ac6674
https://doi.org/10.3847/2041-8213/ac6674
https://doi.org/10.3847/2041-8213/ac6674
https://doi.org/10.3847/2041-8213/ac6674
https://doi.org/10.1023/A:1012292927358
https://doi.org/10.1023/A:1012292927358
https://doi.org/10.1023/A:1012292927358
https://doi.org/10.1023/A:1012292927358
https://doi.org/10.1023/A:1012292927358
https://doi.org/10.1023/A:1012292927358
https://doi.org/10.1023/A:1012292927358
https://doi.org/10.1023/A:1012292927358
https://doi.org/10.1023/A:1012292927358
https://doi.org/10.1023/A:1012292927358
https://doi.org/10.1023/A:1012292927358
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
https://doi.org/10.1103/PhysRevD.66.103001
https://doi.org/10.1103/PhysRevD.66.103001
https://doi.org/10.1103/PhysRevD.66.103001
https://doi.org/10.1103/PhysRevD.66.103001
https://doi.org/10.1103/PhysRevD.66.103001
https://doi.org/10.1103/PhysRevD.66.103001
https://doi.org/10.1103/PhysRevD.66.103001
https://doi.org/10.1103/PhysRevD.66.103001
https://doi.org/10.1103/PhysRevD.66.103001
https://doi.org/10.1103/PhysRevD.66.103001
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
https://doi.org/10.1103/PhysRevD.69.063004
https://doi.org/10.1103/PhysRevD.69.063004
https://doi.org/10.1103/PhysRevD.69.063004
https://doi.org/10.1103/PhysRevD.69.063004
https://doi.org/10.1103/PhysRevD.69.063004
https://doi.org/10.1103/PhysRevD.69.063004
https://doi.org/10.1103/PhysRevD.69.063004
https://doi.org/10.1103/PhysRevD.69.063004
https://doi.org/10.1103/PhysRevD.69.063004
https://doi.org/10.1103/PhysRevD.78.103005
https://doi.org/10.1103/PhysRevD.78.103005
https://doi.org/10.1103/PhysRevD.78.103005
https://doi.org/10.1103/PhysRevD.78.103005
https://doi.org/10.1103/PhysRevD.78.103005
https://doi.org/10.1103/PhysRevD.78.103005
https://doi.org/10.1103/PhysRevD.78.103005
https://doi.org/10.1103/PhysRevD.78.103005
https://doi.org/10.1103/PhysRevD.78.103005
https://doi.org/10.1103/PhysRevD.78.103005
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
https://doi.org/10.1103/PhysRevD.62.084003
https://doi.org/10.1103/PhysRevD.62.084003
https://doi.org/10.1103/PhysRevD.62.084003
https://doi.org/10.1103/PhysRevD.62.084003
https://doi.org/10.1103/PhysRevD.62.084003
https://doi.org/10.1103/PhysRevD.62.084003
https://doi.org/10.1103/PhysRevD.62.084003
https://doi.org/10.1103/PhysRevD.62.084003
https://doi.org/10.1103/PhysRevD.62.084003
https://doi.org/10.1103/PhysRevD.65.103004
https://doi.org/10.1103/PhysRevD.65.103004
https://doi.org/10.1103/PhysRevD.65.103004
https://doi.org/10.1103/PhysRevD.65.103004
https://doi.org/10.1103/PhysRevD.65.103004
https://doi.org/10.1103/PhysRevD.65.103004
https://doi.org/10.1103/PhysRevD.65.103004
https://doi.org/10.1103/PhysRevD.65.103004
https://doi.org/10.1103/PhysRevD.65.103004
https://doi.org/10.1088/1475-7516/2020/07/053
https://doi.org/10.1088/1475-7516/2020/07/053
https://doi.org/10.1088/1475-7516/2020/07/053
https://doi.org/10.1088/1475-7516/2020/07/053
https://doi.org/10.1088/1475-7516/2020/07/053
https://doi.org/10.1088/1475-7516/2020/07/053
https://doi.org/10.1088/1475-7516/2020/07/053
https://doi.org/10.1088/1475-7516/2020/07/053
https://doi.org/10.1088/1475-7516/2020/07/053
https://doi.org/10.1088/1475-7516/2019/04/022
https://doi.org/10.1088/1475-7516/2019/04/022
https://doi.org/10.1088/1475-7516/2019/04/022
https://doi.org/10.1088/1475-7516/2019/04/022
https://doi.org/10.1088/1475-7516/2019/04/022
https://doi.org/10.1088/1475-7516/2019/04/022
https://doi.org/10.1088/1475-7516/2019/04/022
https://doi.org/10.1088/1475-7516/2019/04/022
https://doi.org/10.1088/1475-7516/2019/04/022
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
https://doi.org/10.1140/epjc/s10052-019-7537-2
https://doi.org/10.1140/epjc/s10052-019-7537-2
https://doi.org/10.1140/epjc/s10052-019-7537-2
https://doi.org/10.1140/epjc/s10052-019-7537-2
https://doi.org/10.1140/epjc/s10052-019-7537-2
https://doi.org/10.1140/epjc/s10052-019-7537-2
https://doi.org/10.1140/epjc/s10052-019-7537-2
https://doi.org/10.1140/epjc/s10052-019-7537-2
https://doi.org/10.1140/epjc/s10052-019-7537-2
https://doi.org/10.1140/epjc/s10052-019-7537-2
https://doi.org/10.1140/epjc/s10052-024-12917-0
https://doi.org/10.1140/epjc/s10052-024-12917-0
https://doi.org/10.1140/epjc/s10052-024-12917-0
https://doi.org/10.1140/epjc/s10052-024-12917-0
https://doi.org/10.1140/epjc/s10052-024-12917-0
https://doi.org/10.1140/epjc/s10052-024-12917-0
https://doi.org/10.1140/epjc/s10052-024-12917-0
https://doi.org/10.1140/epjc/s10052-024-12917-0
https://doi.org/10.1140/epjc/s10052-024-12917-0
https://doi.org/10.1140/epjc/s10052-024-12917-0
https://doi.org/10.1140/epjc/s10052-024-12917-0
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
https://doi.org/10.1103/PhysRevD.103.043008
https://doi.org/10.1103/PhysRevD.103.043008
https://doi.org/10.1103/PhysRevD.103.043008
https://doi.org/10.1103/PhysRevD.103.043008
https://doi.org/10.1103/PhysRevD.103.043008
https://doi.org/10.1103/PhysRevD.103.043008
https://doi.org/10.1103/PhysRevD.103.043008
https://doi.org/10.1103/PhysRevD.103.043008
https://doi.org/10.1103/PhysRevD.103.043008
https://doi.org/10.1103/PhysRevD.103.043008
https://doi.org/10.1140/epjc/s10052-021-09440-x
https://doi.org/10.1140/epjc/s10052-021-09440-x
https://doi.org/10.1140/epjc/s10052-021-09440-x
https://doi.org/10.1140/epjc/s10052-021-09440-x
https://doi.org/10.1140/epjc/s10052-021-09440-x
https://doi.org/10.1140/epjc/s10052-021-09440-x
https://doi.org/10.1140/epjc/s10052-021-09440-x
https://doi.org/10.1140/epjc/s10052-021-09440-x
https://doi.org/10.1140/epjc/s10052-021-09440-x
https://doi.org/10.1140/epjc/s10052-021-09440-x
https://doi.org/10.1111/j.1365-2966.2010.16290.x
https://doi.org/10.1111/j.1365-2966.2010.16290.x
https://doi.org/10.1111/j.1365-2966.2010.16290.x
https://doi.org/10.1111/j.1365-2966.2010.16290.x
https://doi.org/10.1111/j.1365-2966.2010.16290.x
https://doi.org/10.1111/j.1365-2966.2010.16290.x
https://doi.org/10.1111/j.1365-2966.2010.16290.x
https://doi.org/10.1111/j.1365-2966.2010.16290.x
https://doi.org/10.1111/j.1365-2966.2010.16290.x
https://doi.org/10.1111/j.1365-2966.2010.16290.x
https://doi.org/10.1111/j.1365-2966.2010.16290.x
https://doi.org/10.1093/mnras/stv903
https://doi.org/10.1093/mnras/stv903
https://doi.org/10.1093/mnras/stv903
https://doi.org/10.1093/mnras/stv903
https://doi.org/10.1093/mnras/stv903
https://doi.org/10.1093/mnras/stv903
https://doi.org/10.1093/mnras/stv903
https://doi.org/10.1093/mnras/stv903
https://doi.org/10.1093/mnras/stv903
https://doi.org/10.1093/mnras/stv903
https://doi.org/10.1007/s10509-013-1458-6
https://doi.org/10.1007/s10509-013-1458-6
https://doi.org/10.1007/s10509-013-1458-6
https://doi.org/10.1007/s10509-013-1458-6
https://doi.org/10.1007/s10509-013-1458-6
https://doi.org/10.1007/s10509-013-1458-6
https://doi.org/10.1007/s10509-013-1458-6
https://doi.org/10.1007/s10509-013-1458-6
https://doi.org/10.1007/s10509-013-1458-6
https://doi.org/10.1007/s10509-013-1458-6
https://doi.org/10.1103/PhysRevD.104.084015
https://doi.org/10.1103/PhysRevD.104.084015
https://doi.org/10.1103/PhysRevD.104.084015
https://doi.org/10.1103/PhysRevD.104.084015
https://doi.org/10.1103/PhysRevD.104.084015
https://doi.org/10.1103/PhysRevD.104.084015
https://doi.org/10.1103/PhysRevD.104.084015
https://doi.org/10.1103/PhysRevD.104.084015
https://doi.org/10.1103/PhysRevD.104.084015
https://doi.org/10.1103/PhysRevD.104.084015
https://doi.org/10.1103/PhysRevD.104.084015
https://doi.org/10.1140/epjc/s10052-019-7034-7
https://doi.org/10.1140/epjc/s10052-019-7034-7
https://doi.org/10.1140/epjc/s10052-019-7034-7
https://doi.org/10.1140/epjc/s10052-019-7034-7
https://doi.org/10.1140/epjc/s10052-019-7034-7
https://doi.org/10.1140/epjc/s10052-019-7034-7
https://doi.org/10.1140/epjc/s10052-019-7034-7
https://doi.org/10.1140/epjc/s10052-019-7034-7
https://doi.org/10.1140/epjc/s10052-019-7034-7
https://doi.org/10.1140/epjc/s10052-019-7034-7
https://doi.org/10.1140/epjc/s10052-019-7034-7
https://arxiv.org/abs/
https://doi.org/10.1140/epjc/s10052-021-08919-x
https://doi.org/10.1140/epjc/s10052-021-08919-x
https://doi.org/10.1140/epjc/s10052-021-08919-x
https://doi.org/10.1140/epjc/s10052-021-08919-x
https://doi.org/10.1140/epjc/s10052-021-08919-x
https://doi.org/10.1140/epjc/s10052-021-08919-x
https://doi.org/10.1140/epjc/s10052-021-08919-x
https://doi.org/10.1140/epjc/s10052-021-08919-x
https://doi.org/10.1140/epjc/s10052-021-08919-x
https://doi.org/10.1140/epjc/s10052-021-08919-x
https://doi.org/10.1140/epjc/s10052-021-08919-x
https://doi.org/10.1016/j.dark.2021.100798
https://doi.org/10.1016/j.dark.2021.100798
https://doi.org/10.1016/j.dark.2021.100798
https://doi.org/10.1016/j.dark.2021.100798
https://doi.org/10.1016/j.dark.2021.100798
https://doi.org/10.1016/j.dark.2021.100798
https://doi.org/10.1016/j.dark.2021.100798
https://doi.org/10.1016/j.dark.2021.100798
https://doi.org/10.1016/j.dark.2021.100798
https://doi.org/10.1016/j.dark.2021.100798
https://doi.org/10.1016/j.dark.2021.100798
https://doi.org/10.1103/PhysRevD.103.084057
https://doi.org/10.1103/PhysRevD.103.084057
https://doi.org/10.1103/PhysRevD.103.084057
https://doi.org/10.1103/PhysRevD.103.084057
https://doi.org/10.1103/PhysRevD.103.084057
https://doi.org/10.1103/PhysRevD.103.084057
https://doi.org/10.1103/PhysRevD.103.084057
https://doi.org/10.1103/PhysRevD.103.084057
https://doi.org/10.1103/PhysRevD.103.084057
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
https://doi.org/10.1140/epjp/s13360-022-02374-7
https://doi.org/10.1140/epjp/s13360-022-02374-7
https://doi.org/10.1140/epjp/s13360-022-02374-7
https://doi.org/10.1140/epjp/s13360-022-02374-7
https://doi.org/10.1140/epjp/s13360-022-02374-7
https://doi.org/10.1140/epjp/s13360-022-02374-7
https://doi.org/10.1140/epjp/s13360-022-02374-7
https://doi.org/10.1140/epjp/s13360-022-02374-7
https://doi.org/10.1140/epjp/s13360-022-02374-7
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
https://doi.org/10.1007/s10509-016-2702-7
https://doi.org/10.1007/s10509-016-2702-7
https://doi.org/10.1007/s10509-016-2702-7
https://doi.org/10.1007/s10509-016-2702-7
https://doi.org/10.1007/s10509-016-2702-7
https://doi.org/10.1007/s10509-016-2702-7
https://doi.org/10.1007/s10509-016-2702-7
https://doi.org/10.1007/s10509-016-2702-7
https://doi.org/10.1007/s10509-016-2702-7
https://doi.org/10.1088/1475-7516/2021/08/045
https://doi.org/10.1088/1475-7516/2021/08/045
https://doi.org/10.1088/1475-7516/2021/08/045
https://doi.org/10.1088/1475-7516/2021/08/045
https://doi.org/10.1088/1475-7516/2021/08/045
https://doi.org/10.1088/1475-7516/2021/08/045
https://doi.org/10.1088/1475-7516/2021/08/045
https://doi.org/10.1088/1475-7516/2021/08/045
https://doi.org/10.1088/1475-7516/2021/08/045
https://doi.org/10.1088/1475-7516/2021/08/045
https://doi.org/10.1088/1475-7516/2021/08/045
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
https://doi.org/10.3390/sym15040848
https://doi.org/10.3390/sym15040848
https://doi.org/10.3390/sym15040848
https://doi.org/10.3390/sym15040848
https://doi.org/10.3390/sym15040848
https://doi.org/10.3390/sym15040848
https://doi.org/10.3390/sym15040848
https://doi.org/10.3390/sym15040848
https://doi.org/10.3390/sym15040848
https://doi.org/10.3390/sym15040848
https://doi.org/10.1140/epjc/s10052-022-10619-z
https://doi.org/10.1140/epjc/s10052-022-10619-z
https://doi.org/10.1140/epjc/s10052-022-10619-z
https://doi.org/10.1140/epjc/s10052-022-10619-z
https://doi.org/10.1140/epjc/s10052-022-10619-z
https://doi.org/10.1140/epjc/s10052-022-10619-z
https://doi.org/10.1140/epjc/s10052-022-10619-z
https://doi.org/10.1140/epjc/s10052-022-10619-z
https://doi.org/10.1140/epjc/s10052-022-10619-z
https://doi.org/10.1140/epjc/s10052-022-10619-z
https://doi.org/10.1140/epjc/s10052-022-10619-z
https://doi.org/10.1016/j.physletb.2017.09.090
https://doi.org/10.1016/j.physletb.2017.09.090
https://doi.org/10.1016/j.physletb.2017.09.090
https://doi.org/10.1016/j.physletb.2017.09.090
https://doi.org/10.1016/j.physletb.2017.09.090
https://doi.org/10.1016/j.physletb.2017.09.090
https://doi.org/10.1016/j.physletb.2017.09.090
https://doi.org/10.1016/j.physletb.2017.09.090
https://doi.org/10.1016/j.physletb.2017.09.090
https://doi.org/10.1016/j.physletb.2017.09.090
https://doi.org/10.1140/epjp/s13360-022-02885-3
https://doi.org/10.1140/epjp/s13360-022-02885-3
https://doi.org/10.1140/epjp/s13360-022-02885-3
https://doi.org/10.1140/epjp/s13360-022-02885-3
https://doi.org/10.1140/epjp/s13360-022-02885-3
https://doi.org/10.1140/epjp/s13360-022-02885-3
https://doi.org/10.1140/epjp/s13360-022-02885-3
https://doi.org/10.1140/epjp/s13360-022-02885-3
https://doi.org/10.1140/epjp/s13360-022-02885-3
https://doi.org/10.1088/1674-1137/acaef7
https://doi.org/10.1088/1674-1137/acaef7
https://doi.org/10.1088/1674-1137/acaef7
https://doi.org/10.1088/1674-1137/acaef7
https://doi.org/10.1088/1674-1137/acaef7
https://doi.org/10.1088/1674-1137/acaef7
https://doi.org/10.1088/1674-1137/acaef7
https://doi.org/10.1088/1674-1137/acaef7
https://doi.org/10.1088/1674-1137/acaef7
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
https://doi.org/10.1088/1674-1137/ac9fbb
https://doi.org/10.1088/1674-1137/ac9fbb
https://doi.org/10.1088/1674-1137/ac9fbb
https://doi.org/10.1088/1674-1137/ac9fbb
https://doi.org/10.1088/1674-1137/ac9fbb
https://doi.org/10.1088/1674-1137/ac9fbb
https://doi.org/10.1088/1674-1137/ac9fbb
https://doi.org/10.1088/1674-1137/ac9fbb
https://doi.org/10.1088/1674-1137/ac9fbb
https://doi.org/10.1088/1674-1137/ac9fbb
https://doi.org/10.1088/1674-1137/ac9fbb
https://doi.org/10.1016/j.dark.2023.101392

Mirzabek Alloqulov, Farruh Atamurotov, Ahmadjon Abdujabbarov ef al.

Chin. Phys. C 48, 115116 (2024)

(58]
[59]
[60]
(61]
[62]
[63]
[64]
[65]

[66]

the Dark Universe 43,
2312.10678[gr-qc]

F. Atamurotov, M. Alloqulov, A. Abdujabbarov et al., Eur.
Phys. J. Plus 137, 634 (2022)

F. Atamurotov, F. Sarikulov, A. Abdujabbarov et al., Eur.
Phys. J. Plus 137, 336 (2022)

M. Alloqulov, F. Atamurotov, A. Abdujabbarov et al.,
Chinese Physics C 47, 075103 (2023)

M. Alloqulov, F. Atamurotov, A. Abdujabbarov et al.,
Chinese Physics C 48, 025104 (2024)

X.-M. Kuang and A. Ovgiin, Annals of Physics 447, 169147
(2022)

A. Al-Badawi, M. Alloqulov, S. Shaymatov, et al., Chinese
Physics C 48, 095105 (2024) (2024)

J. L. Synge, Mon. Not. Roy. Astron. Soc. 131, 463 (1966)

J. P. Luminet, Astron.Astrophys. 75, 228 (1979)

H. Falcke, F. Melia, and E. Agol, Astrophys. J. 528, L13
(2000), arXiv: astro-ph/9912263[astro-ph]

V. Perlick and O. Y. Tsupko, Phys. Rep. 947, 1 (2022),
arXiv: 2105.07101[gr-qc]

K. Hioki and K.-I. Maeda, Phys. Rev. D 80, 024042 (2009)
C. Bambi and K. Freese, Phys. Rev. D. 79, 043002 (2009),
arXiv: 0812.1328[astro-ph]

L. Amarilla and E. F. Eir6éa, Phys. Rev. D 85, 064019
(2012)

A. Abdujabbarov, M. Amir, B. Ahmedov et al., Phys. Rev.
D 93, 104004 (2016), arXiv: 1604.03809[gr-qc]

F. Atamurotov, A. Abdujabbarov, and B. Ahmedov, Phys.
Rev. D 88, 064004 (2013)

N. Tsukamoto, Phys. Rev. D. 97, 064021 (2018), arXiv:
1708.07427[gr-qc]

S.-W. Wei and Y.-X. Liu, Eur. Phys. J. Plus 136, 436
(2021), arXiv: 2003.07769[gr-qc]

X. Hou, Z. Xu, and J. Wang, J. Cosmol. A. P 2018, 040
(2018)

V. Perlick, O. Y. Tsupko, and G. S. Bisnovatyi-Kogan,
Phys. Rev. D. 97, 104062 (2018), arXiv: 1804.04898[gr-qc]
P. V. P. Cunha, N. A. Eir6, C. A. R. HerdEir6 et al., J.
Cosmol. A. P 2020, 035 (2020), arXiv: 1912.08833[gr-qc]
M. Afrin, R. Kumar, and S. G. Ghosh, Mon. Not. R. Astron.
Soc. (2021), arXiv: 2103.11417[gr-qc]

F. Atamurotov, S. G. Ghosh, and B. Ahmedov, Eur. Phys. J.
C 76, 273 (2016), arXiv: 1506.03690[gr-qc]

F. Atamurotov, U. Papnoi, and K. Jusufi, Classical and
Quantum  Gravity 39, 025014  (2022), arXiv:
2104.14898[gr-qc]

F. Atamurotov, I. Hussain, G. Mustafa et al., Eur. Phys. J. C
82,831 (2022), arXiv: 2209.01652[gr-qc]

F. Sarikulov, F. Atamurotov, A. Abdujabbarov et al., Eur.
Phys. J. C 82, 771 (2022)

G. Mustafa, F. Atamurotov, I. Hussain et al., Chinese
Physics C 46, 125107 (2022), arXiv: 2207.07608[ gr-qc]

T. Ohgami and N. Sakai, Phys. Rev. D 91, 124020 (2015),
arXiv: 1704.07065[gr-qc]

X. Wang, P.-C. Li, C.-Y. Zhang et al., Phys. Lett. B 811,
135930 (2020), arXiv: 2007.03327[gr-qc]

M. Wielgus, J. Horak, F. Vincent et al., Phys. Rev. D 102,
084044 (2020), arXiv: 2008.10130[gr-qc]

K. A. Bronnikov, R. A. Konoplya, and T. D. Pappas, Phys.
Rev. D 103, 124062 (2021), arXiv: 2102.10679[gr-qc]

K. Jusufi, S. Kumar, M. Azreg-Ainou et al., Eur. Phys. J. C
82, 633 (2022), arXiv: 2106.08070[gr-qc]

A. Abdujabbarov, B. Juraev, B. Ahmedov et al., Astrophys.
Space Sci. 361, 226 (2016)

101392 (2024), arXiv:

[67]
[68]
[69]
[70]
(71]

[72]

[73]
[74]
[75]
[76]
[77]
[78]
[79]
[80]
[81]
[82]
[83]
[84]
[85]
[86]
[87]

(88]

(89]
[90]
[91]
[92]
(93]
[94]
[95]
[96]

[97]

115116-12

S. Kumar, A. Uniyal, and S. Chakrabarti, arXiv:
2308.05545[gr-qc]

S. Vagnozzi, R. Roy, Y.-D. Tsai et al., Classical and
Quantum Gravity 40, 165007 (2023)

G. Lambiase, R. C. Pantig, D. J. Gogoi et al., The European
Physical Journal C 83, (2023)

V. Vertogradov and A. Ovgiin, Physics Letters B 854,
138758 (2024)

M. Zubair, M. A. Raza, F. Sarikulov et al., J. Cosmol. A. P.
2023, 058 (2023), arXiv: 2305.16888[gr-qc]

J. Rayimbaev, B. Majeed, M. Jamil et al., Physics of the
Dark Universe 35, 100930 (2022), arXiv: 2202.11509[gr-
qc]

V. Vertogradov and A. Ovgiin, Physics of the Dark
Universe 45, 101541 (2024)

A. Ovgiin, R. C. Pantig, and A. Rincon, Annals of Physics
463, 169625 (2024), arXiv: 2402.14190[ gr-qc]

M. Okyay and A. Ovgiin, Journal of Cosmology and
Astroparticle Physics 2022, 009 (2022)

A. Uniyal, S. Chakrabarti, M. Fathi et al., Annals of Physics
462, 169614 (2024)

B. Pulige, R. C. Pantig, A. Ovgiin et al., Classical and
Quantum Gravity 40, 195003 (2023)

A. Al-Badawi, S. Shaymatov, M. Alloqulov et al.,
Communications in Theoretical Physics 76, 085401 (2024)
J. Rayimbaev, D. Bardiev, T. Mirzaev et al., International
Journal of Modern Physics D 31, 2250055 (2022)

Y. Kumaran and A. Ovgiin, Eur. Phys. J. C 83, 812 (2023),
arXiv: 2306.04705[gr-qc]

S. U. Khan, J. Rayimbaev, F. Sarikulov et al., Chinese
Journal of Physics 90, 690 (2024), arXiv: 2310.05860[gr-
qc]

O. Ruiz and E. Tuiran, Phys. Rev. D 107, 066003 (2023)

S. Mandal, General Relativity and Gravitation 54, 142
(2022), arXiv: 2207.05062[gr-qc]

J. Rayimbaev, A. Abdujabbarov, M. Jamil ef al., Phys. Rev.
D 102, 084016 (2020), arXiv: 2010.15079[gr-qc]

F. H. Zuluaga and L. A. Sanchez, Eur. Phys. J. C 81, 840
(2021), arXiv: 2106.03140[gr-qc]

Y.-X. Chen, P.-H. Mou, and G.-P. Li, Symmetry 14, 1959
(2022)

R. A. Konoplya, A. F. Zinhailo, J. Kunz et al., JCAP 2022,
091 (2022), arXiv: 2206.14714[grqc]

J. M. Ladino and E. Larrafaga, International Journal of
Modern Physics D 31, 2250091 (2022), arXiv:
2302.12213[gr-qc]

C. Bambi, The Astrophysical Journal 761, 174 (2012),
arXiv: 1210.5679(gr-qc]

R. Konoplya, L. Rezzolla, and A. Zhidenko, Phys. Rev. D
93, 064015 (2016), arXiv: 1602.02378[gr-qc]

J. M. Ladino, C. A. Benavides-Gallego, E. Larranaga et al.,
Eur. Phys. J. C 83, 989 (2023), arXiv: 2305.15350[ gr-qc]

J. L. Synge, Relativity: The General Theory (Amsterdam:
North-Holland, 1960)

0. Y. Tsupko and G. S. Bisnovatyi-Kogan, Gravit. Cosmol.
15, 184 (2009)

L. Spitzer, Interscience Tracts on Physics and Astronomy
28, 262 (1968)

L. Spitzer, Physical processes in the interstellar medium
(New York: John Wiley & Sons, Ltd, 1978)

V. Perlick, O. Y. Tsupko, and G. S. Bisnovatyi-Kogan,
Phys. Rev. D. 92, 104031 (2015), arXiv: 1507.04217[gr-qc]
F. Atamurotov, K. Jusufi, M. Jamil ef al., Phys. Rev. D 104,
064053 (2021), arXiv: 2109.08150[gr-qc]


https://doi.org/10.1016/j.dark.2023.101392
https://doi.org/10.1016/j.dark.2023.101392
https://doi.org/10.1016/j.dark.2023.101392
https://doi.org/10.1016/j.dark.2023.101392
https://doi.org/10.1016/j.dark.2023.101392
https://doi.org/10.1016/j.dark.2023.101392
https://doi.org/10.1016/j.dark.2023.101392
https://doi.org/10.1016/j.dark.2023.101392
https://doi.org/10.1016/j.dark.2023.101392
https://doi.org/10.1016/j.dark.2023.101392
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
https://doi.org/10.1140/epjp/s13360-022-02846-w
https://doi.org/10.1140/epjp/s13360-022-02846-w
https://doi.org/10.1140/epjp/s13360-022-02846-w
https://doi.org/10.1140/epjp/s13360-022-02846-w
https://doi.org/10.1140/epjp/s13360-022-02846-w
https://doi.org/10.1140/epjp/s13360-022-02846-w
https://doi.org/10.1140/epjp/s13360-022-02846-w
https://doi.org/10.1140/epjp/s13360-022-02846-w
https://doi.org/10.1140/epjp/s13360-022-02846-w
https://doi.org/10.1140/epjp/s13360-022-02846-w
https://doi.org/10.1140/epjp/s13360-022-02846-w
https://doi.org/10.1140/epjp/s13360-022-02548-3
https://doi.org/10.1140/epjp/s13360-022-02548-3
https://doi.org/10.1140/epjp/s13360-022-02548-3
https://doi.org/10.1140/epjp/s13360-022-02548-3
https://doi.org/10.1140/epjp/s13360-022-02548-3
https://doi.org/10.1140/epjp/s13360-022-02548-3
https://doi.org/10.1140/epjp/s13360-022-02548-3
https://doi.org/10.1140/epjp/s13360-022-02548-3
https://doi.org/10.1140/epjp/s13360-022-02548-3
https://doi.org/10.1140/epjp/s13360-022-02548-3
https://doi.org/10.1140/epjp/s13360-022-02548-3
https://doi.org/10.1088/1674-1137/acd43c
https://doi.org/10.1088/1674-1137/acd43c
https://doi.org/10.1088/1674-1137/acd43c
https://doi.org/10.1088/1674-1137/acd43c
https://doi.org/10.1088/1674-1137/acd43c
https://doi.org/10.1088/1674-1137/acd43c
https://doi.org/10.1088/1674-1137/acd43c
https://doi.org/10.1088/1674-1137/acd43c
https://doi.org/10.1088/1674-1137/acd43c
https://doi.org/10.1088/1674-1137/acd43c
https://doi.org/10.1088/1674-1137/ad1677
https://doi.org/10.1088/1674-1137/ad1677
https://doi.org/10.1088/1674-1137/ad1677
https://doi.org/10.1088/1674-1137/ad1677
https://doi.org/10.1088/1674-1137/ad1677
https://doi.org/10.1088/1674-1137/ad1677
https://doi.org/10.1088/1674-1137/ad1677
https://doi.org/10.1088/1674-1137/ad1677
https://doi.org/10.1088/1674-1137/ad1677
https://doi.org/10.1088/1674-1137/ad1677
https://doi.org/10.1016/j.aop.2022.169147
https://doi.org/10.1016/j.aop.2022.169147
https://doi.org/10.1016/j.aop.2022.169147
https://doi.org/10.1016/j.aop.2022.169147
https://doi.org/10.1016/j.aop.2022.169147
https://doi.org/10.1016/j.aop.2022.169147
https://doi.org/10.1016/j.aop.2022.169147
https://doi.org/10.1016/j.aop.2022.169147
https://doi.org/10.1016/j.aop.2022.169147
https://doi.org/10.1088/1674-1137/ad5a70
https://doi.org/10.1088/1674-1137/ad5a70
https://doi.org/10.1088/1674-1137/ad5a70
https://doi.org/10.1088/1674-1137/ad5a70
https://doi.org/10.1088/1674-1137/ad5a70
https://doi.org/10.1088/1674-1137/ad5a70
https://doi.org/10.1088/1674-1137/ad5a70
https://doi.org/10.1088/1674-1137/ad5a70
https://doi.org/10.1088/1674-1137/ad5a70
https://doi.org/10.1088/1674-1137/ad5a70
https://doi.org/10.1088/1674-1137/ad5a70
https://doi.org/10.1088/1674-1137/ad5a70
https://doi.org/10.1088/1674-1137/ad5a70
https://doi.org/10.1093/mnras/131.3.463
https://doi.org/10.1093/mnras/131.3.463
https://doi.org/10.1093/mnras/131.3.463
https://doi.org/10.1093/mnras/131.3.463
https://doi.org/10.1093/mnras/131.3.463
https://doi.org/10.1093/mnras/131.3.463
https://doi.org/10.1093/mnras/131.3.463
https://doi.org/10.1093/mnras/131.3.463
https://doi.org/10.1093/mnras/131.3.463
https://doi.org/10.1093/mnras/131.3.463
https://doi.org/10.1086/312423
https://doi.org/10.1086/312423
https://doi.org/10.1086/312423
https://doi.org/10.1086/312423
https://doi.org/10.1086/312423
https://doi.org/10.1086/312423
https://doi.org/10.1086/312423
https://doi.org/10.1086/312423
https://doi.org/10.1086/312423
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
https://doi.org/10.1016/j.physrep.2021.10.004
https://doi.org/10.1016/j.physrep.2021.10.004
https://doi.org/10.1016/j.physrep.2021.10.004
https://doi.org/10.1016/j.physrep.2021.10.004
https://doi.org/10.1016/j.physrep.2021.10.004
https://doi.org/10.1016/j.physrep.2021.10.004
https://doi.org/10.1016/j.physrep.2021.10.004
https://doi.org/10.1016/j.physrep.2021.10.004
https://doi.org/10.1016/j.physrep.2021.10.004
https://doi.org/10.1016/j.physrep.2021.10.004
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
https://doi.org/10.1103/PhysRevD.80.024042
https://doi.org/10.1103/PhysRevD.80.024042
https://doi.org/10.1103/PhysRevD.80.024042
https://doi.org/10.1103/PhysRevD.80.024042
https://doi.org/10.1103/PhysRevD.80.024042
https://doi.org/10.1103/PhysRevD.80.024042
https://doi.org/10.1103/PhysRevD.80.024042
https://doi.org/10.1103/PhysRevD.80.024042
https://doi.org/10.1103/PhysRevD.80.024042
https://doi.org/10.1103/PhysRevD.80.024042
https://doi.org/10.1103/PhysRevD.79.043002
https://doi.org/10.1103/PhysRevD.79.043002
https://doi.org/10.1103/PhysRevD.79.043002
https://doi.org/10.1103/PhysRevD.79.043002
https://doi.org/10.1103/PhysRevD.79.043002
https://doi.org/10.1103/PhysRevD.79.043002
https://doi.org/10.1103/PhysRevD.79.043002
https://doi.org/10.1103/PhysRevD.79.043002
https://doi.org/10.1103/PhysRevD.79.043002
https://doi.org/10.1103/PhysRevD.79.043002
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
https://doi.org/10.1103/PhysRevD.85.064019
https://doi.org/10.1103/PhysRevD.85.064019
https://doi.org/10.1103/PhysRevD.85.064019
https://doi.org/10.1103/PhysRevD.85.064019
https://doi.org/10.1103/PhysRevD.85.064019
https://doi.org/10.1103/PhysRevD.85.064019
https://doi.org/10.1103/PhysRevD.85.064019
https://doi.org/10.1103/PhysRevD.85.064019
https://doi.org/10.1103/PhysRevD.85.064019
https://doi.org/10.1103/PhysRevD.93.104004
https://doi.org/10.1103/PhysRevD.93.104004
https://doi.org/10.1103/PhysRevD.93.104004
https://doi.org/10.1103/PhysRevD.93.104004
https://doi.org/10.1103/PhysRevD.93.104004
https://doi.org/10.1103/PhysRevD.93.104004
https://doi.org/10.1103/PhysRevD.93.104004
https://doi.org/10.1103/PhysRevD.93.104004
https://doi.org/10.1103/PhysRevD.93.104004
https://doi.org/10.1103/PhysRevD.93.104004
https://doi.org/10.1103/PhysRevD.93.104004
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
https://doi.org/10.1103/PhysRevD.88.064004
https://doi.org/10.1103/PhysRevD.88.064004
https://doi.org/10.1103/PhysRevD.88.064004
https://doi.org/10.1103/PhysRevD.88.064004
https://doi.org/10.1103/PhysRevD.88.064004
https://doi.org/10.1103/PhysRevD.88.064004
https://doi.org/10.1103/PhysRevD.88.064004
https://doi.org/10.1103/PhysRevD.88.064004
https://doi.org/10.1103/PhysRevD.88.064004
https://doi.org/10.1103/PhysRevD.88.064004
https://doi.org/10.1103/PhysRevD.88.064004
https://doi.org/10.1103/PhysRevD.97.064021
https://doi.org/10.1103/PhysRevD.97.064021
https://doi.org/10.1103/PhysRevD.97.064021
https://doi.org/10.1103/PhysRevD.97.064021
https://doi.org/10.1103/PhysRevD.97.064021
https://doi.org/10.1103/PhysRevD.97.064021
https://doi.org/10.1103/PhysRevD.97.064021
https://doi.org/10.1103/PhysRevD.97.064021
https://doi.org/10.1103/PhysRevD.97.064021
https://doi.org/10.1103/PhysRevD.97.064021
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
https://doi.org/10.1140/epjp/s13360-021-01398-9
https://doi.org/10.1140/epjp/s13360-021-01398-9
https://doi.org/10.1140/epjp/s13360-021-01398-9
https://doi.org/10.1140/epjp/s13360-021-01398-9
https://doi.org/10.1140/epjp/s13360-021-01398-9
https://doi.org/10.1140/epjp/s13360-021-01398-9
https://doi.org/10.1140/epjp/s13360-021-01398-9
https://doi.org/10.1140/epjp/s13360-021-01398-9
https://doi.org/10.1140/epjp/s13360-021-01398-9
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
https://doi.org/10.1088/1475-7516/2018/12/040
https://doi.org/10.1088/1475-7516/2018/12/040
https://doi.org/10.1088/1475-7516/2018/12/040
https://doi.org/10.1088/1475-7516/2018/12/040
https://doi.org/10.1088/1475-7516/2018/12/040
https://doi.org/10.1088/1475-7516/2018/12/040
https://doi.org/10.1088/1475-7516/2018/12/040
https://doi.org/10.1088/1475-7516/2018/12/040
https://doi.org/10.1088/1475-7516/2018/12/040
https://doi.org/10.1103/PhysRevD.97.104062
https://doi.org/10.1103/PhysRevD.97.104062
https://doi.org/10.1103/PhysRevD.97.104062
https://doi.org/10.1103/PhysRevD.97.104062
https://doi.org/10.1103/PhysRevD.97.104062
https://doi.org/10.1103/PhysRevD.97.104062
https://doi.org/10.1103/PhysRevD.97.104062
https://doi.org/10.1103/PhysRevD.97.104062
https://doi.org/10.1103/PhysRevD.97.104062
https://doi.org/10.1103/PhysRevD.97.104062
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
https://doi.org/10.1088/1475-7516/2020/03/035
https://doi.org/10.1088/1475-7516/2020/03/035
https://doi.org/10.1088/1475-7516/2020/03/035
https://doi.org/10.1088/1475-7516/2020/03/035
https://doi.org/10.1088/1475-7516/2020/03/035
https://doi.org/10.1088/1475-7516/2020/03/035
https://doi.org/10.1088/1475-7516/2020/03/035
https://doi.org/10.1088/1475-7516/2020/03/035
https://doi.org/10.1088/1475-7516/2020/03/035
https://doi.org/10.1088/1475-7516/2020/03/035
https://doi.org/10.1088/1475-7516/2020/03/035
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
https://doi.org/10.1093/mnras/stab1260
https://doi.org/10.1093/mnras/stab1260
https://doi.org/10.1093/mnras/stab1260
https://doi.org/10.1093/mnras/stab1260
https://doi.org/10.1093/mnras/stab1260
https://doi.org/10.1093/mnras/stab1260
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
https://doi.org/10.1140/epjc/s10052-016-4122-9
https://doi.org/10.1140/epjc/s10052-016-4122-9
https://doi.org/10.1140/epjc/s10052-016-4122-9
https://doi.org/10.1140/epjc/s10052-016-4122-9
https://doi.org/10.1140/epjc/s10052-016-4122-9
https://doi.org/10.1140/epjc/s10052-016-4122-9
https://doi.org/10.1140/epjc/s10052-016-4122-9
https://doi.org/10.1140/epjc/s10052-016-4122-9
https://doi.org/10.1140/epjc/s10052-016-4122-9
https://doi.org/10.1140/epjc/s10052-016-4122-9
https://doi.org/10.1140/epjc/s10052-016-4122-9
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
https://doi.org/10.1088/1361-6382/ac3e76
https://doi.org/10.1088/1361-6382/ac3e76
https://doi.org/10.1088/1361-6382/ac3e76
https://doi.org/10.1088/1361-6382/ac3e76
https://doi.org/10.1088/1361-6382/ac3e76
https://doi.org/10.1088/1361-6382/ac3e76
https://doi.org/10.1088/1361-6382/ac3e76
https://doi.org/10.1088/1361-6382/ac3e76
https://doi.org/10.1088/1361-6382/ac3e76
https://doi.org/10.1088/1361-6382/ac3e76
https://doi.org/10.1088/1361-6382/ac3e76
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
https://doi.org/10.1140/epjc/s10052-022-10782-3
https://doi.org/10.1140/epjc/s10052-022-10782-3
https://doi.org/10.1140/epjc/s10052-022-10782-3
https://doi.org/10.1140/epjc/s10052-022-10782-3
https://doi.org/10.1140/epjc/s10052-022-10782-3
https://doi.org/10.1140/epjc/s10052-022-10782-3
https://doi.org/10.1140/epjc/s10052-022-10782-3
https://doi.org/10.1140/epjc/s10052-022-10782-3
https://doi.org/10.1140/epjc/s10052-022-10782-3
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
https://doi.org/10.1140/epjc/s10052-022-10711-4
https://doi.org/10.1140/epjc/s10052-022-10711-4
https://doi.org/10.1140/epjc/s10052-022-10711-4
https://doi.org/10.1140/epjc/s10052-022-10711-4
https://doi.org/10.1140/epjc/s10052-022-10711-4
https://doi.org/10.1140/epjc/s10052-022-10711-4
https://doi.org/10.1140/epjc/s10052-022-10711-4
https://doi.org/10.1140/epjc/s10052-022-10711-4
https://doi.org/10.1140/epjc/s10052-022-10711-4
https://doi.org/10.1140/epjc/s10052-022-10711-4
https://doi.org/10.1140/epjc/s10052-022-10711-4
https://doi.org/10.1088/1674-1137/ac917f
https://doi.org/10.1088/1674-1137/ac917f
https://doi.org/10.1088/1674-1137/ac917f
https://doi.org/10.1088/1674-1137/ac917f
https://doi.org/10.1088/1674-1137/ac917f
https://doi.org/10.1088/1674-1137/ac917f
https://doi.org/10.1088/1674-1137/ac917f
https://doi.org/10.1088/1674-1137/ac917f
https://doi.org/10.1088/1674-1137/ac917f
https://doi.org/10.1088/1674-1137/ac917f
https://doi.org/10.1088/1674-1137/ac917f
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
https://doi.org/10.1103/PhysRevD.91.124020
https://doi.org/10.1103/PhysRevD.91.124020
https://doi.org/10.1103/PhysRevD.91.124020
https://doi.org/10.1103/PhysRevD.91.124020
https://doi.org/10.1103/PhysRevD.91.124020
https://doi.org/10.1103/PhysRevD.91.124020
https://doi.org/10.1103/PhysRevD.91.124020
https://doi.org/10.1103/PhysRevD.91.124020
https://doi.org/10.1103/PhysRevD.91.124020
https://doi.org/10.1103/PhysRevD.91.124020
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
https://doi.org/10.1016/j.physletb.2020.135930
https://doi.org/10.1016/j.physletb.2020.135930
https://doi.org/10.1016/j.physletb.2020.135930
https://doi.org/10.1016/j.physletb.2020.135930
https://doi.org/10.1016/j.physletb.2020.135930
https://doi.org/10.1016/j.physletb.2020.135930
https://doi.org/10.1016/j.physletb.2020.135930
https://doi.org/10.1016/j.physletb.2020.135930
https://doi.org/10.1016/j.physletb.2020.135930
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
https://doi.org/10.1103/PhysRevD.102.084044
https://doi.org/10.1103/PhysRevD.102.084044
https://doi.org/10.1103/PhysRevD.102.084044
https://doi.org/10.1103/PhysRevD.102.084044
https://doi.org/10.1103/PhysRevD.102.084044
https://doi.org/10.1103/PhysRevD.102.084044
https://doi.org/10.1103/PhysRevD.102.084044
https://doi.org/10.1103/PhysRevD.102.084044
https://doi.org/10.1103/PhysRevD.102.084044
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
https://doi.org/10.1103/PhysRevD.103.124062
https://doi.org/10.1103/PhysRevD.103.124062
https://doi.org/10.1103/PhysRevD.103.124062
https://doi.org/10.1103/PhysRevD.103.124062
https://doi.org/10.1103/PhysRevD.103.124062
https://doi.org/10.1103/PhysRevD.103.124062
https://doi.org/10.1103/PhysRevD.103.124062
https://doi.org/10.1103/PhysRevD.103.124062
https://doi.org/10.1103/PhysRevD.103.124062
https://doi.org/10.1103/PhysRevD.103.124062
https://doi.org/10.1103/PhysRevD.103.124062
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
https://doi.org/10.1140/epjc/s10052-022-10603-7
https://doi.org/10.1140/epjc/s10052-022-10603-7
https://doi.org/10.1140/epjc/s10052-022-10603-7
https://doi.org/10.1140/epjc/s10052-022-10603-7
https://doi.org/10.1140/epjc/s10052-022-10603-7
https://doi.org/10.1140/epjc/s10052-022-10603-7
https://doi.org/10.1140/epjc/s10052-022-10603-7
https://doi.org/10.1140/epjc/s10052-022-10603-7
https://doi.org/10.1140/epjc/s10052-022-10603-7
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
https://doi.org/10.1007/s10509-016-2818-9
https://doi.org/10.1007/s10509-016-2818-9
https://doi.org/10.1007/s10509-016-2818-9
https://doi.org/10.1007/s10509-016-2818-9
https://doi.org/10.1007/s10509-016-2818-9
https://doi.org/10.1007/s10509-016-2818-9
https://doi.org/10.1007/s10509-016-2818-9
https://doi.org/10.1007/s10509-016-2818-9
https://doi.org/10.1007/s10509-016-2818-9
https://doi.org/10.1007/s10509-016-2818-9
https://doi.org/10.1007/s10509-016-2818-9
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
https://doi.org/10.1088/1361-6382/acd97b
https://doi.org/10.1088/1361-6382/acd97b
https://doi.org/10.1088/1361-6382/acd97b
https://doi.org/10.1088/1361-6382/acd97b
https://doi.org/10.1088/1361-6382/acd97b
https://doi.org/10.1088/1361-6382/acd97b
https://doi.org/10.1088/1361-6382/acd97b
https://doi.org/10.1088/1361-6382/acd97b
https://doi.org/10.1088/1361-6382/acd97b
https://doi.org/10.1088/1361-6382/acd97b
https://doi.org/10.1088/1361-6382/acd97b
https://doi.org/10.1140/epjc/s10052-023-11848-6
https://doi.org/10.1140/epjc/s10052-023-11848-6
https://doi.org/10.1140/epjc/s10052-023-11848-6
https://doi.org/10.1140/epjc/s10052-023-11848-6
https://doi.org/10.1140/epjc/s10052-023-11848-6
https://doi.org/10.1140/epjc/s10052-023-11848-6
https://doi.org/10.1140/epjc/s10052-023-11848-6
https://doi.org/10.1016/j.physletb.2024.138758
https://doi.org/10.1016/j.physletb.2024.138758
https://doi.org/10.1016/j.physletb.2024.138758
https://doi.org/10.1016/j.physletb.2024.138758
https://doi.org/10.1016/j.physletb.2024.138758
https://doi.org/10.1016/j.physletb.2024.138758
https://doi.org/10.1016/j.physletb.2024.138758
https://doi.org/10.1016/j.physletb.2024.138758
https://doi.org/10.1016/j.physletb.2024.138758
https://doi.org/10.1088/1475-7516/2023/10/058
https://doi.org/10.1088/1475-7516/2023/10/058
https://doi.org/10.1088/1475-7516/2023/10/058
https://doi.org/10.1088/1475-7516/2023/10/058
https://doi.org/10.1088/1475-7516/2023/10/058
https://doi.org/10.1088/1475-7516/2023/10/058
https://doi.org/10.1088/1475-7516/2023/10/058
https://doi.org/10.1088/1475-7516/2023/10/058
https://doi.org/10.1088/1475-7516/2023/10/058
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
https://doi.org/10.1016/j.dark.2021.100930
https://doi.org/10.1016/j.dark.2021.100930
https://doi.org/10.1016/j.dark.2021.100930
https://doi.org/10.1016/j.dark.2021.100930
https://doi.org/10.1016/j.dark.2021.100930
https://doi.org/10.1016/j.dark.2021.100930
https://doi.org/10.1016/j.dark.2021.100930
https://doi.org/10.1016/j.dark.2021.100930
https://doi.org/10.1016/j.dark.2021.100930
https://doi.org/10.1016/j.dark.2021.100930
https://doi.org/10.1016/j.dark.2021.100930
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
https://doi.org/10.1016/j.dark.2024.101541
https://doi.org/10.1016/j.dark.2024.101541
https://doi.org/10.1016/j.dark.2024.101541
https://doi.org/10.1016/j.dark.2024.101541
https://doi.org/10.1016/j.dark.2024.101541
https://doi.org/10.1016/j.dark.2024.101541
https://doi.org/10.1016/j.dark.2024.101541
https://doi.org/10.1016/j.dark.2024.101541
https://doi.org/10.1016/j.dark.2024.101541
https://doi.org/10.1016/j.dark.2024.101541
https://doi.org/10.1016/j.dark.2024.101541
https://doi.org/10.1016/j.aop.2024.169625
https://doi.org/10.1016/j.aop.2024.169625
https://doi.org/10.1016/j.aop.2024.169625
https://doi.org/10.1016/j.aop.2024.169625
https://doi.org/10.1016/j.aop.2024.169625
https://doi.org/10.1016/j.aop.2024.169625
https://doi.org/10.1016/j.aop.2024.169625
https://doi.org/10.1016/j.aop.2024.169625
https://doi.org/10.1016/j.aop.2024.169625
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
https://doi.org/10.1088/1475-7516/2022/01/009
https://doi.org/10.1088/1475-7516/2022/01/009
https://doi.org/10.1088/1475-7516/2022/01/009
https://doi.org/10.1088/1475-7516/2022/01/009
https://doi.org/10.1088/1475-7516/2022/01/009
https://doi.org/10.1088/1475-7516/2022/01/009
https://doi.org/10.1088/1475-7516/2022/01/009
https://doi.org/10.1088/1475-7516/2022/01/009
https://doi.org/10.1088/1475-7516/2022/01/009
https://doi.org/10.1088/1475-7516/2022/01/009
https://doi.org/10.1088/1475-7516/2022/01/009
https://doi.org/10.1016/j.aop.2024.169614
https://doi.org/10.1016/j.aop.2024.169614
https://doi.org/10.1016/j.aop.2024.169614
https://doi.org/10.1016/j.aop.2024.169614
https://doi.org/10.1016/j.aop.2024.169614
https://doi.org/10.1016/j.aop.2024.169614
https://doi.org/10.1016/j.aop.2024.169614
https://doi.org/10.1016/j.aop.2024.169614
https://doi.org/10.1016/j.aop.2024.169614
https://doi.org/10.1088/1361-6382/acf08c
https://doi.org/10.1088/1361-6382/acf08c
https://doi.org/10.1088/1361-6382/acf08c
https://doi.org/10.1088/1361-6382/acf08c
https://doi.org/10.1088/1361-6382/acf08c
https://doi.org/10.1088/1361-6382/acf08c
https://doi.org/10.1088/1361-6382/acf08c
https://doi.org/10.1088/1361-6382/acf08c
https://doi.org/10.1088/1361-6382/acf08c
https://doi.org/10.1088/1361-6382/acf08c
https://doi.org/10.1088/1361-6382/acf08c
https://doi.org/10.1088/1572-9494/ad4c55
https://doi.org/10.1088/1572-9494/ad4c55
https://doi.org/10.1088/1572-9494/ad4c55
https://doi.org/10.1088/1572-9494/ad4c55
https://doi.org/10.1088/1572-9494/ad4c55
https://doi.org/10.1088/1572-9494/ad4c55
https://doi.org/10.1088/1572-9494/ad4c55
https://doi.org/10.1088/1572-9494/ad4c55
https://doi.org/10.1088/1572-9494/ad4c55
https://doi.org/10.1088/1572-9494/ad4c55
https://doi.org/10.1142/S0218271822500559
https://doi.org/10.1142/S0218271822500559
https://doi.org/10.1142/S0218271822500559
https://doi.org/10.1142/S0218271822500559
https://doi.org/10.1142/S0218271822500559
https://doi.org/10.1142/S0218271822500559
https://doi.org/10.1142/S0218271822500559
https://doi.org/10.1142/S0218271822500559
https://doi.org/10.1142/S0218271822500559
https://doi.org/10.1142/S0218271822500559
https://doi.org/10.1142/S0218271822500559
https://doi.org/10.1140/epjc/s10052-023-12001-z
https://doi.org/10.1140/epjc/s10052-023-12001-z
https://doi.org/10.1140/epjc/s10052-023-12001-z
https://doi.org/10.1140/epjc/s10052-023-12001-z
https://doi.org/10.1140/epjc/s10052-023-12001-z
https://doi.org/10.1140/epjc/s10052-023-12001-z
https://doi.org/10.1140/epjc/s10052-023-12001-z
https://doi.org/10.1140/epjc/s10052-023-12001-z
https://doi.org/10.1140/epjc/s10052-023-12001-z
https://doi.org/10.1140/epjc/s10052-023-12001-z
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
https://doi.org/10.1016/j.cjph.2024.05.050
https://doi.org/10.1016/j.cjph.2024.05.050
https://doi.org/10.1016/j.cjph.2024.05.050
https://doi.org/10.1016/j.cjph.2024.05.050
https://doi.org/10.1016/j.cjph.2024.05.050
https://doi.org/10.1016/j.cjph.2024.05.050
https://doi.org/10.1016/j.cjph.2024.05.050
https://doi.org/10.1016/j.cjph.2024.05.050
https://doi.org/10.1016/j.cjph.2024.05.050
https://doi.org/10.1016/j.cjph.2024.05.050
https://doi.org/10.1016/j.cjph.2024.05.050
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
https://doi.org/10.1103/PhysRevD.107.066003
https://doi.org/10.1103/PhysRevD.107.066003
https://doi.org/10.1103/PhysRevD.107.066003
https://doi.org/10.1103/PhysRevD.107.066003
https://doi.org/10.1103/PhysRevD.107.066003
https://doi.org/10.1103/PhysRevD.107.066003
https://doi.org/10.1103/PhysRevD.107.066003
https://doi.org/10.1103/PhysRevD.107.066003
https://doi.org/10.1103/PhysRevD.107.066003
https://doi.org/10.1103/PhysRevD.107.066003
https://doi.org/10.1007/s10714-022-03036-w
https://doi.org/10.1007/s10714-022-03036-w
https://doi.org/10.1007/s10714-022-03036-w
https://doi.org/10.1007/s10714-022-03036-w
https://doi.org/10.1007/s10714-022-03036-w
https://doi.org/10.1007/s10714-022-03036-w
https://doi.org/10.1007/s10714-022-03036-w
https://doi.org/10.1007/s10714-022-03036-w
https://doi.org/10.1007/s10714-022-03036-w
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
https://doi.org/10.1103/PhysRevD.102.084016
https://doi.org/10.1103/PhysRevD.102.084016
https://doi.org/10.1103/PhysRevD.102.084016
https://doi.org/10.1103/PhysRevD.102.084016
https://doi.org/10.1103/PhysRevD.102.084016
https://doi.org/10.1103/PhysRevD.102.084016
https://doi.org/10.1103/PhysRevD.102.084016
https://doi.org/10.1103/PhysRevD.102.084016
https://doi.org/10.1103/PhysRevD.102.084016
https://doi.org/10.1103/PhysRevD.102.084016
https://doi.org/10.1103/PhysRevD.102.084016
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
https://doi.org/10.1140/epjc/s10052-021-09644-1
https://doi.org/10.1140/epjc/s10052-021-09644-1
https://doi.org/10.1140/epjc/s10052-021-09644-1
https://doi.org/10.1140/epjc/s10052-021-09644-1
https://doi.org/10.1140/epjc/s10052-021-09644-1
https://doi.org/10.1140/epjc/s10052-021-09644-1
https://doi.org/10.1140/epjc/s10052-021-09644-1
https://doi.org/10.1140/epjc/s10052-021-09644-1
https://doi.org/10.1140/epjc/s10052-021-09644-1
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
https://doi.org/10.3390/sym14101959
https://doi.org/10.3390/sym14101959
https://doi.org/10.3390/sym14101959
https://doi.org/10.3390/sym14101959
https://doi.org/10.3390/sym14101959
https://doi.org/10.3390/sym14101959
https://doi.org/10.3390/sym14101959
https://doi.org/10.3390/sym14101959
https://doi.org/10.3390/sym14101959
https://doi.org/10.1088/1475-7516/2022/10/091
https://doi.org/10.1088/1475-7516/2022/10/091
https://doi.org/10.1088/1475-7516/2022/10/091
https://doi.org/10.1088/1475-7516/2022/10/091
https://doi.org/10.1088/1475-7516/2022/10/091
https://doi.org/10.1088/1475-7516/2022/10/091
https://doi.org/10.1088/1475-7516/2022/10/091
https://doi.org/10.1088/1475-7516/2022/10/091
https://doi.org/10.1088/1475-7516/2022/10/091
https://arxiv.org/abs/
https://doi.org/10.1142/S0218271822500912
https://doi.org/10.1142/S0218271822500912
https://doi.org/10.1142/S0218271822500912
https://doi.org/10.1142/S0218271822500912
https://doi.org/10.1142/S0218271822500912
https://doi.org/10.1142/S0218271822500912
https://doi.org/10.1142/S0218271822500912
https://doi.org/10.1142/S0218271822500912
https://doi.org/10.1142/S0218271822500912
https://doi.org/10.1142/S0218271822500912
https://doi.org/10.1142/S0218271822500912
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
https://doi.org/10.1088/0004-637X/761/2/174
https://doi.org/10.1088/0004-637X/761/2/174
https://doi.org/10.1088/0004-637X/761/2/174
https://doi.org/10.1088/0004-637X/761/2/174
https://doi.org/10.1088/0004-637X/761/2/174
https://doi.org/10.1088/0004-637X/761/2/174
https://doi.org/10.1088/0004-637X/761/2/174
https://doi.org/10.1088/0004-637X/761/2/174
https://doi.org/10.1088/0004-637X/761/2/174
https://doi.org/10.1088/0004-637X/761/2/174
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
https://doi.org/10.1103/PhysRevD.93.064015
https://doi.org/10.1103/PhysRevD.93.064015
https://doi.org/10.1103/PhysRevD.93.064015
https://doi.org/10.1103/PhysRevD.93.064015
https://doi.org/10.1103/PhysRevD.93.064015
https://doi.org/10.1103/PhysRevD.93.064015
https://doi.org/10.1103/PhysRevD.93.064015
https://doi.org/10.1103/PhysRevD.93.064015
https://doi.org/10.1103/PhysRevD.93.064015
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
https://doi.org/10.1140/epjc/s10052-023-12187-2
https://doi.org/10.1140/epjc/s10052-023-12187-2
https://doi.org/10.1140/epjc/s10052-023-12187-2
https://doi.org/10.1140/epjc/s10052-023-12187-2
https://doi.org/10.1140/epjc/s10052-023-12187-2
https://doi.org/10.1140/epjc/s10052-023-12187-2
https://doi.org/10.1140/epjc/s10052-023-12187-2
https://doi.org/10.1140/epjc/s10052-023-12187-2
https://doi.org/10.1140/epjc/s10052-023-12187-2
https://doi.org/10.1140/epjc/s10052-023-12187-2
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
https://doi.org/10.1134/S0202289309020182
https://doi.org/10.1134/S0202289309020182
https://doi.org/10.1134/S0202289309020182
https://doi.org/10.1134/S0202289309020182
https://doi.org/10.1134/S0202289309020182
https://doi.org/10.1134/S0202289309020182
https://doi.org/10.1134/S0202289309020182
https://doi.org/10.1134/S0202289309020182
https://doi.org/10.1134/S0202289309020182
https://doi.org/10.1103/PhysRevD.92.104031
https://doi.org/10.1103/PhysRevD.92.104031
https://doi.org/10.1103/PhysRevD.92.104031
https://doi.org/10.1103/PhysRevD.92.104031
https://doi.org/10.1103/PhysRevD.92.104031
https://doi.org/10.1103/PhysRevD.92.104031
https://doi.org/10.1103/PhysRevD.92.104031
https://doi.org/10.1103/PhysRevD.92.104031
https://doi.org/10.1103/PhysRevD.92.104031
https://doi.org/10.1103/PhysRevD.92.104031
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
https://doi.org/10.1103/PhysRevD.104.064053
https://doi.org/10.1103/PhysRevD.104.064053
https://doi.org/10.1103/PhysRevD.104.064053
https://doi.org/10.1103/PhysRevD.104.064053
https://doi.org/10.1103/PhysRevD.104.064053
https://doi.org/10.1103/PhysRevD.104.064053
https://doi.org/10.1103/PhysRevD.104.064053
https://doi.org/10.1103/PhysRevD.104.064053
https://doi.org/10.1103/PhysRevD.104.064053
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/

	I INTRODUCTION
	II BLACK HOLE SHADOW
	A Quantum-improved charged BH
	B Photon motion
	C Black hole shadow in plasma

	III WEAK GRAVITATIONAL LENSING FOR BLACK HOLE
	A Uniform plasma
	B Non-uniform plasma

	IV MAGNIFICATION OF GRAVITATIONALLY LENSED IMAGE
	A Uniform Plasma
	B Non-uniform plasma

	V CONCLUSIONS
	REFERENCES

