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Complexity growth in a holographic QCD model”
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Abstract: In this study, we utilize the complexity-action duality to study the evolution of complexity in a holo-

graphic QCD model at finite temperature and chemical potential. By inserting a fundamental string as a probe, we

investigated the properties of complexity growth in this Einstein-Maxwell-scalar gravity system, which is affected by

the string velocity, chemical potential, and temperature. Our results show that the complexity growth is maximized

when the probe string is stationary, and it decreases as the velocity of the string increases. When the string ap-

proaches relativistic velocities, the complexity growth always increases monotonically with respect to the chemical

potential. Furthermore, we find that the complexity growth can be used to identify phase transitions and crossovers

in the model.
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I. INTRODUCTION

Quantum complexity, a concept originating from
quantum computation theory, is defined as the minimal
number of quantum gates required to construct a target
state from a reference state [1—5]. Complexity is be-
lieved to be a valuable tool for understanding the inside
of a black hole horizon, particularly in addressing phe-
nomena such as the firewall paradox and the horizon's
transparency [6—9]. Properly defining complexity within
the framework of quantum field theory has emerged as an
interesting subject in research [10—16]. An alternative
way to define complexity is through the geometric ap-
proach, which considers that lower bounds on the num-
ber of quantum gates may be provided by the length of
the minimal geodesics of certain Finsler metric structures
[17-23].

In contrast, according to the holographic principle
[24-28], the complexity on the boundary field theory is
dual to a gravitational quantity in the bulk, known as the
holographic complexity. The first holographic dual,
known as the complexity = volume (CV) conjecture, pro-
poses that the holographic complexity is given by the reg-
ularized volume of the largest codimension on one sur-
face crossing the Einstein Rosen bridge [29]. Another re-
liable proposal, known as the complexity = action (CA)
conjecture, suggests that the holographic complexity is
dual to the action of the Wheeler-DeWitt (WDW) patch,

a specific spacetime region defined as the union of all
spatial slices anchored at a given boundary time [30, 31].
Both of these conjectures have garnered significant atten-
tion and have been extensively investigated in numerous
studies [32—56]. Nagasaki et al. recently conducted sever-
al studies on the influences of string velocity, horizon
curvature, angular velocity, spacetime dimension, black
hole mass, graviton mass, and Horndeski's parameters on
the complexity growth, using the method of inserting a
probe string in the bulk [57-64]. Considering that the
case of charged black holes has not been explored, we ex-
tend previous research to investigate the complexity
growth of charged hairy black holes, where, according to
the holographic dictionary, introducing a charge to the
black hole results in a corresponding chemical potential
in the gauge theory.

In this study, we focus on an Einstein-Maxwell-scal-
ar gravity system at finite temperature and chemical po-
tential in D dimensions with charged hairy black hole
solutions. Using the potential reconstruction method and
appropriate choices for the gauge kinetic function and
scale factor, this model can match the part features of the
boundary strongly coupled gauge theory with real QCD.
Our research aims to investigate the behavior of complex-
ity growth in this model, assessing its capability to detect
and characterize phase transitions and their correspond-
ing phase structures. To study the complexity growth of
this holographic QCD model, we introduce a probe fun-
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damental string on the AdS spacetime. The effect of this
string is given by the Nambu-Goto (NG) action, and we
can investigate how the NG action growth is affected by
the string velocity, chemical potential, and temperature,
which is dual to the complexity growth from the CA con-
jecture.

The rest of this paper is organized as follows. In Sec.
II, we review the Einstein-Maxwell-scalar gravity system
in D spacetime dimensions. In Sec. III, we present the
calculation for the NG action of the probe string and eval-
uate the effect of string velocity, chemical potential, and
temperature on the NG action growth for the D =4 and 5
cases. In the final section, we summarize our results and
engage in further discussion.

II. BACKGROUND GEOMETRY

In this section, we consider the holographic QCD
model at finite temperature and chemical potential, previ-
ously investigated in [65, 66]. The following bulk action
can be used to explore the Einstein-Maxwell-scalar sys-
tem in D spacetime dimensions:

- _M My
5= 167rGD/ ‘/_ R Fun

M
—55/\46155 ¢—V(¢)] M

Gp is the Newton constant in D dimensions, and it is
fixed to one in the numerical computations. The field
strength tensor of the U(1) gauge field Ay is denoted as
Fun. The potential of the scalar field ¢ is represented by
V(¢), and the coupling between the scalar field and the
U(1) gauge field is given by f(¢). To construct the
charged hairy black hole solution, we adopt the follow-
ing ansatz for the background metric, scalar field ¢, and
gauge field Ay [65]:
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One can get the solution to the equations of motion from
action (1), which can be summarized as follows:

e—(D—4)P(£)§D—4

&
g@) =1+ / 4' dée™PIPOLL2C, + K (O],
0

1+ / ! dgePFOLL2K (&)
C _ 0
1= Zh s

—(D-2)P D-2
/ dge P-DPOg
0

A,<z)=ﬁ[’d§

D0 4)P(£)}

L2f(6)
2
$(2) =/dz 2AD-2) {—P’/(Z) +P'()(P'(2) - g)} +G,

K(&) = /df

3(D-2) g'(z)

2728(z)e @ [(D-1) (D -2)

V@ == 12 { 272 4 728(2)
"(z) " 1 PQ
e S 2)(1 >

3 g@)\,,
4D-2) g(2) >P (Z)} .

)

where z is the usual holographic radial coordinate, the ho-
rizon z;, is determined by g(z;) =0, and the AdS radius L
has been set to one. Here, we will choose the value of C,
such that ¢ approaches zero when it gets close to the
asymptotic boundary z = 0. According to the holographic
duality, the gauge field has the following near boundary
behavior: A, = u—pz”~*, where the chemical potential and
baryon density, respectively, are represented by x4 and p.
Based on the research in [65—67], our P(z) and f(z) will
take the following form to give a good description of the
QCD phenomenon

P(z) = —alog(bz’ + 1), f(z) =e P70, 4)

The parameters can be fixed as a =9.889, b =0.0358
when D = 4, and a = 8.675, b=0.019 when D = 5, while
requiring the phase transition temperature Typ = 270 MeV
at zero chemical potential for a pure gluon system. The
D =4 and 5 cases are only meant to be used as examples,
and one can also study the case of higher dimensions.
From the metric, the Hawking temperature, which would
be the temperature of the D-dimensional system, ought to
be

- Zg—ze—(D—Z)P(Zh)
4n
1 + - dgef(D72)P(§)§D72K(§)
x {—K(zm e .
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In this study, the phase transition temperature is fixed to
study the complexity growth in D dimensions around the
phase transition temperature.

III. EVALUATION OF THE NG ACTION

Using the strategy in [57], in this section, we present
an analysis of the NG action growth in the Einstein-Max-
well-scalar system with a probe string, which is a dual de-
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scription of the complexity growth according to the CA
conjecture. Now, we explore the effect of string motion in
this spacetime geometry, for which we use the paramet-
ers 7 and o of the worldsheet as follows:

t=1, r=0, p =vr+&(0). (6)

Here, the function &(o) specifies the shape of the string,
and o is the string velocity relative to the black hole. By
integrating the square root of the determinant of the in-
duced metric over the WDW patch, we obtain the time
derivative of the NG action

ds «
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where 8n =~ 5 g(Z), 8xx = T and 8z =
126270 | < <
T@ T, is the fundamental string tension. The

equation of motion for & is obtained by varying the above
action:
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We define a constant as follows:

H.f — _gttgxxé:/ (9)
\/_gttgzz - zzgxxU2 - gttgxx§/2
and £ can now be resolved as
—2..(8, + g U2
é_.,z _ 82(8ntg ) ¢ (10)

 8u8u(8ugu +113)

dSnea/ Tedt

— u=0GeV
— p=0.04GeV
p=0.06GeV

0.030 -

0.025

0.020 -

0.015

0.010

0.005 -

0.000 : . .
-1.0 -0.5 0.0 0.5

Fig. 1.
cases.

The numerator and denominator have to change signs at
the same position. However, under this condition, we can
find the critical point as

gtt(zc) = _gxx(zc)vzv (11)
and

H? = _gtt(zc)gxx(zc)~ (12)

By substituting the Egs. (10), (11), and (12) into Eq.
(7), the growth of the action can be expressed as

dS ® XX + XX 2
NG _ Ts/ dor _ 8u8xx8zz (gnt+g 2V ) (13)
dr a Qi+ (8xx (2))" V2

We numerically solve the integral (13) and show how
the string velocity, chemical potential, and temperature
affect the NG action growth in D dimensions, as shown in
the following figures.

As illustrated in Fig. 1, the correlation between the
action growth and the string velocity at different chemic-
al potentials can be analyzed. Notably, an increase in the
chemical potential and a slower string movement leads to
a larger action growth, while a faster string movement
results in a reduced effect. The action growth reaches its
maximum when the string velocity is zero, which means
it is stationary. Several previous studies [57—64] have
also observed a similar phenomenon. Additionally, a lar-
ger chemical potential results in a higher peak value of
the action growth. As the dimension grows, the velocity
dependent action growth becomes more gentle, resulting
in a smoother slope. It can be inferred that in higher di-
mensions, the impact of the probe string is less sensitive.

The study presented in Fig. 2 demonstrates how ac-
tion growth depends on the chemical potential for differ-
ent string velocities close to the speed of light. The ob-
served data suggests that a faster string results in smaller
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(color online) The action growth versus string velocity for different chemical potentials when 7 =0.27 GeV in the D = 4 and 5
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D =4 and 5 cases.

action growth, which agrees with the findings shown in
Fig. 1. As a function of the chemical potential, in the vi-
cinity of light speed, the action growth always increases
monotonically. Fig. 3 shows how the action growth var-
ies with the temperature for a fixed chemical potential
when D =4 and 5. Near the critical temperature, the ac-
tion growth exhibits a multi-valued behavior within the
range 0 <pu <y, indicating the presence of a first-order
phase transition. However, for > u., it is single-valued,
reflecting a shift from phase transition to crossover. Our
results indicate a decrease in the phase transition temper-
ature corresponding to increased chemical potential,
which agrees with the lattice QCD results [68]. In addi-
tion, we notice that the action growth values are en-
hanced by the chemical potential for the D = 4 and 5
cases. Moreover, Fig. 3 reveals a remarkable similarity
between complexity and thermal entropy, as illustrated in
Fig. 10 of [66], potentially attributable to complexity’s
behavior, which is similar to entropy, in satisfying the
second law of thermodynamics [69].

IV. CONCLUSION

In this study, we investigate the holographic complex-
ity growth within a D-dimensional QCD model with a
planar horizon, utilizing various consistent metric solu-
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(color online) The action growth versus chemical potential for different values of the string velocity when T =0.27 GeV in the

tions previously explored in Refs. [65, 66]. This holo-
graphic model is an Einstein-Maxwell-scalar system that
adopts suitable forms of the scale factor, gauge kinetic
function, and optimized parameter values to fit the lattice
results and reproduce the confinement/deconfinement
transition. Our method involves using a probe string in
the bulk background, contributing an NG term to the total
action. We studied the growth of the NG action and its
dependence on the string velocity, chemical potential, and
temperature, which correspond to the complexity growth
via the CA conjecture.

Here, we present the main findings of our study as
follows. The complexity growth of the system is ob-
served to be maximized when the probe string is at rest.
As the velocity of the string increases, the complexity
growth declines. This phenomenon is consistent with the
results of previous studies [57—64], suggesting that it is a
universal property of complexity. Moreover, the maxim-
al value of the complexity growth rises with the chemical
potential. With an increase in dimensionality, the rate of
change in the complexity growth becomes more gradual.
When approaching relativistic velocities, the complexity
growth exhibits a monotonic increase as a function of the
chemical potential. Furthermore, we investigate how the
growth of complexity depends on the temperature at a
fixed chemical potential and examine whether it reflects
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(color online) The action growth versus temperature for different chemical potential values when v=0.9 in the D = 4 and 5
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the phase transition when D =4 and 5. Our results reveal
that the growth of complexity exhibits a multi-valued be-
havior close to the transition temperature when
0 <u < u., while it displays a single-valued behavior for
1>y, indicating the first-order transition becomes a
crossover. The findings of our study suggest that com-
plexity growth may serve as a special probe to character-
ize phase transitions, thereby contributing to a more com-
prehensive understanding of the phase structure.

In heavy-ion collision experiments, particularly in
non-central collisions, the emergence of a strong magnet-

ic field and substantial angular momentum has been ob-
served, highlighting the necessity of studying the com-
plexity growth of nonzero total angular momentum and
magnetic fields within the holographic model, which is a
topic we aim to delve into in forthcoming research
[70-73].
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