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Abstract: In this study, we extend the surface growth approach for bulk reconstruction into the AdS spacetime with
a boundary in the AdS/BCFT correspondence. We show that the geometry in the entanglement wedge with a bound-
ary can be constructed from the direct growth of bulk extremal surfaces layer by layer. Furthermore, we observe that

the surface growth configuration in BCFT can be connected with the defect multi scale entanglement renormaliza-

tion ansatz (MERA) tensor network. Additionally, we investigate the entanglement of purification within the surface

growth process, which not only reveals more refined structure of entanglement entropy in the entanglement wedge

but also suggests a selection rule for surface growth in the bulk reconstruction.
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I. INTRODUCTION

There are different approaches in finding the quantum
theory of gravity. One of the most promising approaches
is the AdS/CFT correspondence or gauge/gravity duality
developed from string theory. The AdS/CFT correspond-
ence reveals that an n-dimensional gravitational system in
the bulk asymptotically AdS spacetime is equivalent to an
(n—1)-dimensional CFT on the timelike AdS boundary
[1-3]. This provides new perspectives and powerful tools
to study strongly coupled field theories as well as
quantum gravity. One of the most important progresses in
the study of the AdS/CFT correspondence is the holo-
graphic interpretation of the entanglement entropy, i.e.,
the entanglement entropy between subsystem A4 and its
complement B in a boundary CFT can be denoted by the
area A, of the minimal or extremal surface y (which is
homologous to the boundary 0A) in the bulk AdS space-
time. This is termed as the Ryu-Takayanagi (RT) for-
mula of the holographic entanglement entropy (HEE)
[4-7]
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where Gy denotes the Newtonian constant. The formula
in Eq. (1) establishes the connection between entangle-

ment entropy of boundary quantum fields and geometry
of bulk gravity, which has been shown to play a key role
in the bulk reconstruction, namely, using the information
of the operators in the boundary CFT to reconstruct the
bulk AdS gravity [8—12]. This is just the emergent phe-
nomenon of gravity indicated by the AdS/CFT corres-
pondence and the broader gauge/gravity
duality [1, 3]. An important progress in studying bulk re-
construction in holography is the introduction of a new
approach from quantum manybody systems, termed as
multi-scale entanglement renormalization ansatz (MERA)
of tensor networks [13—16]. MERA was originally served
as a method to reduce computational complexity in solv-
ing the Schrodinger equation of the lattice quantum
manybody systems. It has been shown that the orienta-
tion of entanglement renormalization within MERA can
be interpreted as the radial direction of the bulk AdS
spacetime, which provides novel insights into the emer-
gence of gravity and realization of AdS/CFT correspond-
ence. Many different tensor networks have been studied
to realize the models of holographic duality [17-20].
Recently, increasing evidence suggests a profound
connection between quantum entanglement and the fun-
damental nature of spacetime geometry and gravity. Not-
able examples include the subregion-subregion duality in
entanglement wedge reconstruction and the bulk recon-
struction from boundary quantum error code [21-24]. An
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important question involves finding general and more ef-
ficient approaches to reconstruct bulk geometry and grav-
itational dynamics from the information of boundary op-
erators. Very recently, a new method for bulk reconstruc-
tion, known as the surface growth approach, was pro-
posed in [25, 26], as illustrated in Fig. 1. This scheme
suggests that the bulk AdS spacetime can be constructed
by layer-by-layer growth of bulk extremal surfaces from
the boundary, analogous to Huygens' principle of wave
propagation. It has been shown that the surface growth
scheme can correspond to a MERA-like tensor network,
termed as the one shot entanglement distillation (OSED)
tensor network [17]. Furthermore, it has been explicitly
realized by direct growth of bulk extremal surfaces in
asymptotically AdS; spacetime [27].

On the other hand, when the boundary CFT contains
additional spatial boundary, its holographic duality is a
bulk asymptotically AdS spacetime with a brane in it,
which is termed as the AdS/BCFT correspondence
[28-31]. The BCFT introduces several novel properties
when compared to the ordinary CFT, one significant as-
pect being that the entanglement entropy receives contri-
butions from the boundary. According to the HEE de-
scription, the bulk extremal surface can terminate on both
the AdS boundary and the brane within the bulk AdS
spacetime [28, 29]. This provides a natural picture of
boundary to bulk propagation and can be viewed as pro-
cess of bulk reconstruction from entanglement entropy.
Additionally, the AdS/BCFT correspondence has been
used as an equivalent description for entanglement island
in the braneworld viewpoint, see, for example [32—36]. It
is therefore compelling to further explore entanglement
entropy and bulk reconstruction in asymptotically AdS
spacetimes with boundaries. In this study, we expand the
surface growth approach for bulk reconstruction to the
AdS/BCFT correspondence. We demonstrate how the en-
tanglement wedge, with a boundary on the brane, can be
effectively constructed through the growth of bulk ex-

Fig. 1.  (color online) Surface growth scheme in the AdS
spacetime, bulk extremal surfaces growing from subintervals
in subregion 4 provides an efficient way to construct the bulk
geometry and detect the fine structure of entanglement en-
tropy in the entanglement wedge.

tremal surfaces. We also discuss potential links between
the surface growth configuration and defect MERA and
defect OSED tensor networks. Furthermore, we analyze
the entanglement of purification by examining the entan-
glement wedge cross section during the surface growth
process. This analysis reveals the fine structure of entan-
glement entropy within the entanglement wedge and pro-
poses a selection rule for surface growth in bulk recon-
struction under the AdS/BCFT correspondence.

This paper is organized as follows: In Sec. II, we
briefly review of the HEE in the AdS/BCFT correspond-
ence. In Sec. III and Sec. IV, we study the surface growth
scheme in AdS;/BCFT, correspondence, both in the ho-
mogeneous and inhomogeneous subregion cases, and dis-
cuss the connection between the surface growth configur-
ation with the defect tensor network. In Sec. V, we study
entanglement of purification in AdS;/BCFT, by analyz-
ing the entanglement wedge cross section in the surface
growth process. Finally, we present our conclusions and
discussion.

II. HEE IN THE ADS/BCFT CORRESPONDENCE

The AdS,,, spacetime in Poincaré coordinates can be
expressed by:

I? .
ds* = z (—dt2 +d? + dxidx’) , 2)

where i=1,2,...,d—1 and L denotes the curvature radi-
us. The asymptotically timelike boundary of the AdS
spacetime is located at z =€ — 0. Considering the entan-
glement entropy of a strip-like subregion A4 with
x; =x€[-1/2,1/2], the bulk codimension-2 static minim-
al surface is x = x(z), its explicit form is determined by
the Euler-Lagrange equation for its area functional

s ,
A=L§? [ == V1+xdz, which can be expressed as:
z
, 1
X = szi_f’ (3)
242 1

where it is assumed that x, for a =2, 3,...,d -2 are in the
box region with a length of L,. The turning point of the
bulk extremal surface is z., which satisfies x'(z,) =

+00 and
/ ¥ (2)dz = / —. “
0 0 242 2

When choosing the background spacetime to be pure
AdS;5 spacetime without boundary,
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T

The equation of the minimal surface y is a hypergeo-
metric function:

SHOLEEE )T

When considering a bulk spacetime, which is a por-
tion of the AdS spacetime, there is a boundary Q which
can be regarded as a brane in the bulk spacetime. Based
on the perspective of boundary CFT side, there is a spa-
tial boundary P which is homologous to Q. This is termed
as the BCFT. The existence of a boundary has nontrivial
effects both on the gravity and CFT sides. In the case of a
bulk minimal surface encountering a d dimensional brane
0O, which can be regarded as the end-of-world (EOW)
brane in the bulk AdS spacetime, and in the Poincaré co-
ordinate, the location of a flat boundary (brane) can be
determined by x=ztanf, where 6+nm/2 is the angle
between the brane and AdS boundary. For a strip-like
bulk minimal surface y intersecting with the boundary on
point Py, with coordinate (zptan6,z,) in the (x,z) plane, the
boundary condition requires that y must be perpendicular
to boundary Q. Hence, the unit normal vectors of the
boundary iy should be perpendicular to the unit normal
vectors of the minimal surface 7, where 7 -1, = 0, which
leads to x'(z)lp = —cotf. By integrating the equation of
motion with the boundary condition,

T 20
/ X' ()dz+ / X' (2)dz = zptan @+ 1, @)
€ Zx

the turning point z, is obtained as:

1 2\/51"(%) . B(cos29; %,%)

o I 6

—tan@(cos@)”3, ®)

in which subregion A4 is chosen as x;=x¢e[-10],
B(z,a,b) represents the incompatible Beta function, and €
denotes the UV cutoff of the BCFT. Subsequently, by
further dividing coordinate x of the strip-like subregion 4
into multiple intervals, we can construct the surface
growth from these subintervals layer-by-layer in subre-
gion A.

III. SURFACE GROWTH SCHEME IN ADS;
SPACETIME WITH BOUNDARY

To generalize the surface growth scheme into asymp-

totically AdS spacetime with boundary Q and observe
how the presence of spatial boundary affects the config-
uration of growing minimal surfaces, first, let us consider
a half-infinite strip boundary Q in the bulk AdS space-
time, where the boundary of the BCFT is located at
x = xp. The strip-like subsystem 4 is divided into several
subintervals as {xy,xy+1}, (N € N), where each endpoint
of the subinterval is the starting point of the bulk minim-
al surface yyl._.. Given the restriction imposed by bound-
ary Q on the half strip, the bulk minimal surface corres-
ponding to interval, which contains xp, will end on (per-
pendicular to) brane Q. Therefore, naturally, the bulk
minimal surfaces are classified into two types: type A
surfaces, which intersect on boundary Q and have a ver-
tical intersection, while type 8 surfaces have both end-
points attaching on boundary CFT, see Fig. 2.

After obtaining the first layer of bulk minimal sur-
faces in the strip-like subregion A4, as shown in Fig. 2, one
can further construct the geometry in a larger region in
the entanglement wedge through the growth of bulk min-
imal surfaces. Following the approach in [26], in the
same spirit of the Huygens' principle of wave propaga-
tion, one layer of bulk minimal surface on any cutoff sur-
face in AdS spacetime can be viewed as the starting point
for bulk minimal surfaces of the next layer. This provides
the initial conditions for the Euler-Lagrange Eq. (3) satis-
fied by the bulk minimal surfaces. For example, consider-
ing two neighboring minimal surfaces yy and yy. on
two type B adjoining intervals {xy,Xy.1}, {Xn+1,Xn42}, TE-
spectively, it is possible to choose appropriate starting/
ending points on each of them to determine the next lay-
er of bulk minimal surfaces.

To fully construct the geometry in the entanglement
wedge of subregion 4 with boundary from the growth of
bulk minimal surfaces, additional starting/ending points
on the boundary Q are necessary, separately from start-
ing/ending points on the turning point z. and the points
on the bulk extremal surface of subregion 4. This selec-
tion of bulk extremal surfaces guarantees continuity
between the preceding and succeeding layers and also en-
sures the seamless propagation of information from the
boundary CFT to the interior of bulk AdS spacetime.
More explicitly, when dealing with a type A surface that
intersects with the boundary, its effect extends to the next
layer as long as it continues to intersect with the bound-
ary. This leads to a situation where the initial condition of
X'(z) is determined by the turning point of the previous
layer, z., and a point on the boundary Q, denoted as
(x0,z0). The initial conditions are adopted to define the
RT surface in the subsequent layer. Furthermore, apart
from bulk minimal surfaces in the first layer, subsequent
layers are no longer directly connected to the entangle-
ment entropy of subregions in the boundary CFT. They
instead reflect the manner in which the information of the
boundary CFT will propagate into the deep AdS space-
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Fig. 2.  (color online) Left: the first layer of strip-like bulk minimal surfaces in subregion 4 in the AdSs spacetime with boundary,

0= %, the size of the left two subintervals in 4 is Ax; =2, and the remaining subinterval is Ax; =0.18, and L = 1. The blue surface rep-

resents type 8 minimal surface, black surface represents the boundary (defect) type A minimal surface, which will end on the bound-

ary. Right: the bulk minimal surface, which intersects with the boundary with vertical boundary condition, the blue line denotes type A

minimal surface, the red line represents the asymptotic curve parallel to the z-axis, and subregion A is chosen as x; € (=5,0). Both fig-

ures are drawn in x; —z plane.

time. The bulk extremal surfaces are generalized RT sur-
faces denoted as ¥ and they provide a more refined de-
scription of entanglement entropy in subregion-subre-
gion duality in the entanglement wedge reconstruction
[26]. The surface growth scheme involves iterating this
procedure layer-by-layer. Hence, eventually the entire en-
tanglement wedge of the subregion A is filled. This
provides a direct and efficient way to construct the bulk
geometry in the entanglement wedge, as shown in Fig. 3.
It should be noted that in the presence of a boundary
O, the area of bulk extremal surface within each layer of
surface growth does not exhibit a strictly decreasing trend
solely with respect to the radial coordinate z, which is dis-
tinct with the monotonicity property in surface growth
process without boundary, as depicted in the left and right
figures of Fig. 4. The appearance of this new phenomen-
on is due to the boundary effect, namely, the existence of
additional spatial boundary Q imposes constraints on the
growth rules. This leads to a situation where surfaces
within the same layer do not possess identical horizontal
positions. Hence, this effect results in non-monotonic
variations in surface area across layers. However, for re-
gions near the apex of the outer entanglement wedge, the
areas of growing extremal surfaces still exhibit a mono-
tonically decreasing property, which is similar to the sur-
face growth process without boundary. This new prop-
erty highlights the important role of boundary conditions
in shaping the spatial distribution of growing extremal
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Fig. 3. (color online) Surface growth scheme in AdSs space-
time with a boundary, 6 = % and L= 1. The subregion 4 is di-
vided into three subintervals, the left two include Ax; =2 and
the rest one has Ax;=0.18. There are three types of
starting/ending points for the growth of bulk extremal sur-
faces, one is on the bulk extremal surface of the subregion 4,
namely, the red RT surface, one is the turning point z., and the
rest is a new one on the boundary Q. The number of growing
layers correspond to 50.
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(color online) Surface growth of strip-like bulk extremal surfaces in AdS spacetimes with and without boundary effects, and

distinct properties of growing areas are shown. Left: The region between the two red curves represents a series of growing surfaces,

with the boundary subregions partitioned equally. The areas of each layer decrease monotonically. The bulk spacetime is AdS; with

L=1. Right: The region between the left two red curves (surfaces) represents a series of growing surfaces, and areas of each layer do

not exhibit a strictly decreasing trend when going into the bulk AdS spacetime with boundary. The bulk spacetime is AdSs with L=1.

surfaces within layers in the surface growth scheme.

Furthermore, we also consider the surface growth in
the case where the boundary subregions exhibit inhomo-
genous size. As illustrated in Fig. 5, in a manner similar
to the case of surface growth without boundary, although
the growing surfaces are inhomogeneous initially, the
configuration becomes close to the homogenous case
with a sufficient number of growth layers.

IV. RELATION BETWEEN THE SURFACE
GROWTH SCHEME AND DEFECT MERA

In the previous section, we successfully extended the
surface growth scheme into the AdS spacetime with a
boundary, namely, the translational symmetry is broken
at the boundary. It is observed that a set of strip-like bulk
extremal surfaces can fill the entanglement wedge of a
given boundary subregion layer-by-layer, and two dis-
tinct types of extremal surfaces will emerge during the
surface growth process. A comparative analysis is per-
formed between surface growth scheme with and without
a boundary. On the other hand, we recall that in the ab-
sence of boundary, the surface growth scheme can corres-
pond to the MERA-like tensor network [26], and thus it is
natural to examine whether the surface growth scheme in
AdS/BCFT duality can still correspond to some tensor
network. To address this question, we note that from the
geometric picture of the MERA, the surface growth
scheme in AdS/BCFT duality is expected to correspond a
MERA with boundary. This can be termed as the defect
MERA [37].

The minimal updates method can be used to general-

ize the MERA of tensor network with boundary and espe-
cially its holographic duality [38, 39]. The main idea of
minimal updates is that the initial system can naturally
evolve into the defect system by modifying a segment of
its inner structure located within the causal cone associ-
ated with defect or boundary in the lattice. We assume
that H denotes the Hamiltonian of a homogeneous many-
body quantum state, and H* denotes the system with any
defect, then

H*=H+H,, )

where H,; denotes the interaction term associated with a
defect or boundary. With this Hamiltonian, the quantum
state description of MERA undergoes corresponding
changes to accommodate to the defect MERA, denoted as
wave functions |¢)* and |p), respectively. Subsequently,
the causal cone of the defect can be defined via a consist-
ent coarse-graining process.

We consider a one dimensional critical quantum sys-
tem, in which the homogeneous Hamiltonian is
H=>Y"7"__ h(r,r+1), with a constant coupling constant /.
The MERA of the system contains a pair of tensors {u,v},
where u denotes the disentangeler and v denotes the
coarse-grainer. Based on minimal updates, the defect
MERA of the quantum state with scale invariance mani-
fests two pairs of tensors, denoted as {u,v} and {v',v'},
representing regions outside and inside the causal cone
C(0) of the defect or boundary D, respectively. We then
combine the surface growth approach in [26] and the
method of minimal updates [38, 39]. Hence, it is reason-
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(color online) Comparison of surface growth of strip-like bulk extremal surfaces between homogenous (Left) and inhomogen-

and L= 1. The subregion A4 is divided into five subintervals. Left: The

surface growth of homogenous subintervals, the left four subintervals include Ax; =2, the rest one include Ax; =0.18, and number of
growing layers is 500. Right: The surface growth for boundary subregions with inhomogenous subintervals, and the growing layers are

also 500.

able to identify the surface growth configuration y and ¥
with tensor pairs {u,v} and {«’,v'}, as shown in Fig. 6, in
which {¢',v'} & ¥ and {u,v} © v.

More explicitly, the state of the BCFT can be repres-
ented as a product of holographic tensor network state,
i.e., the distilled maximal entanglement state

) = Wi, Wi 0

= (W1 @W)) (i) ®lo)® (W@ W;) (1¢")®l0")),  (10)

where W, and W, denote the isometry tensors which map
the states |[¢) and |o) into the reduced density matrix of
boundary subregion A4 and its complement 4, respect-
ively. |¢) denotes the dominant state and |o-) denotes the
quantum fluctuation. While W’, |¢') and |o’) denote their
counterparts within the causal cone C(0). By repeating
the above entanglement distillation procedure, the OSED
defect tensor network corresponding to the surface
growth with boundary can be constructed as in Fig. 6.
This provides a specific form of bulk reconstruction from
surface growth in the AdS/BCFT correspondence.

V. ENTANGLEMENT OF PURIFICATION IN
SURFACE GROWTH SCHEME

The surface growth process can divide the entangle-
ment wedge into arbitrary subregions, which is expected

to capture the fine structure of the entanglement entropy
in these subregions such as the entanglement contour [40,
41]. Additionally, it was shown in [42] that the holo-
graphic duality of the entanglement purification [43, 44]
can also be derived from a specific surface growth
scheme. Therefore, it is interesting to further investigate
the entanglement of purification in surface growth
scheme in the AdS/BCFT correspondence. The holo-
graphic duality of entanglement of purification is given
by the entanglement wedge cross section X, as [45, 46]

Er(pas) = min [Ar%(i)} , (11)
where 4 and B denote two boundary disjoint subsystems,
the entanglement wedge W are bounded by extremal sur-
faces of 4 and B, and the connected extremal surfaces X,
and Xp of region AUB.

We consider a BCFT case in AdS; spacetime as
shown in Fig. 7, the subregion 4 and a boundary region
poP share a entanglement wedge, the entanglement
wedge cross section pop; is defined as the surface
between the endpoints of boundary p, and RT surface v,.
To describe the entanglement of purification, pop; should
correspond to a minimal surface (namely, a geodesic).
We note that the formula of geodesic distance D between
two spacetime points (f,x;,z;) and (f,x2,2) in AdS;
spacetime in Poincaré coordinate is:
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Fig. 6.

(color online) Structure of defect MERA and product OSED process. Left: blue line denotes the boundary of the casual cone

C(0) associated with the defect or boundary in the lattice, R denotes the direction of renormalization. The red square and triangle and

their blue counterparts denote the disentangler and coarse graining tensors inside and outside the causal cone respectively. Right: given

the boundary effect, the modified OSED tensor network contains two representation of approximate quantum state production, corres-

ponding to the boundary surface growth scheme.

Yo

L
>

a Do T
Fig. 7. (color online) Entanglement wedge cross section of
subregion A (with length a) and boundary region poP of a
BCFT in AdS; spacetime. The blue arrow denotes the posi-
tion of the entanglement wedge cross section pop;, which con-
nects the boundary point p, and the bulk RT surface, and
¢= % The holographic description of the entanglement of

purification corresponds to pop1 when it is a minimal surface.

coshg iy —(t1 =) + (X — X2)* + (21 — 22)° a2
L 2712
and the static geodesic (namely, #, = t,) satisfies the equa-
tion of a circle, i.e., (x—x.)*+(z—z.)* = r* (where (x.,z.)
is the location of the center and » denotes the radius of the
circle, respectively). In Fig. 7, the angle between popi
and poP is set as 6, the radius of the geodesic circle is 7,
and the coordinate p, on the asymptotically AdS; bound-
ary is (0,€). Then, from Eq. (12), if the static geodesic
distance between p, and p; satisfies

2 cos2(0+ @) + (rsin(6 + ¢) — €)?
2ersin(0 + @)

D
cosh —222L =1 +

. (13)

Dy,

d
then @COSh 7 =0 provides cos(@+¢)=0, ie.

P . .
0+ ¢ = —, namely, the entanglement of purification cor-

responds to the case in which pyp; is perpendicular to x
axis.

We then focus on studying the entanglement of puri-
fication in a specific surface growth configurations in the
AdS;/BCFT, correspondence via investigating the entan-
glement wedge cross section at each step of the surface
growth process. The specific surface growth configura-
tion consists of extremal surfaces which end on the previ-
ous one and the boundary, and the entanglement of puri-
fication are geodesics between the point p; and the next
layer extremal surface ;. It is noted that in the process of
surface growth, the starting and ending points of the next
layers depend on various conditions such as the size and
symmetry of the previous layers and the boundary condi-
tion. Given the entanglement of purification is a minimal
surface which contains minimal entanglement entropy
from the BCFT side, we suggest that it can serve as a se-
lection rule to chose the starting point of the growing
minimal surfaces.

For the two layers surface growth case, as shown in
Fig. 8, the closed surface p,P,P,p, can be holographic-
ally interpreted as a pure state from the surface/state cor-
respondence [47], we then select the geodesic curve p; P,
and the region PP, as the subsystems in the bulk and on
the boundary, respectively, the entanglement of purifica-
tion in the second layer corresponds to minimize the en-
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61 P,
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P

a Do T
Fig. 8. (color online) Entanglement wedge cross section in
the second layer of growing minimal surface, the boundary
angle is ¢ = 7, y0 and y; denote the first and second layer ex-
tremal surfaces, respectively. The blue arrow denotes the
geodesic between two surface, 6; denotes the angle between

the entanglement wedge cross section P;p, and the boundary.

tanglement wedge cross section P;p,, and the angle 6,
will be determined in the following multi-layers surface
growth configuration.

In the surface growth process, from the second layer
on, each layer of the extremal surface starts at the point p;
of the previous layer, thereby indicating that each surface
intersects both the boundary and the previous entangle-
ment wedge cross section. Subsequently, the entangle-
ment of purification in the next layer also follows the sur-
face growth scheme and be calculated by determining the
minimal surface between the point p; and the next ex-

Y2
Pe

T

o,

Yo P,

o P,

0,

tremal surface y;;. More explicitly, the ending point P;
of the i-th extremal surface on the boundary naturally
serves as the new boundary of the spacetime, we can se-
lect location of P; to be (m;,n;), the angle between the en-
tanglement wedge cross section P;p;,; with the boundary
is 6;, and the radius of the geodesic circle y; to be ;. We
then use Eq. (12), and the geodesic distance Dp,y,,,
between the boundary point P; and the intersection point
pir1 on the extremal surface y; satisfies

Dp. . : . 2 .sin(6: 2
cosh PP _ 4 (r;cos(6; + ¢)) +.(r, sin(6; + ¢))
L 2711' (n,- + ri Sln(@,- + ¢))

(14)

Subsequently, d%, Dp,p., =0 also gives 6; +¢ = g

We can obtain a homogenous surface growth config-
uration in this case by selecting ¢ =n/6, then each
geodesic circle exhibits the same radius r = a. We then it-
erate this process to obtain any number of layers of sur-
face growth, for example, Fig. 9 illustrates the entangle-
ment of purification in seven layers of homogenous sur-
face growth. Furthermore, it is straightforward to see that
when ¢ > 7/6, the surface growth configurations are not
homogenous and will decay after finite steps of surface
growth. Given that the entanglement of purification con-
tains the minimal entanglement entropy in a given entan-
glement wedge, the intersection point p; naturally yields
a fixed point and serves as the starting point of the next
layer of growing surface, which gives more refined de-
scription of entanglement entropy in the entanglement

Do Yo

Ys

0
5 P,

& P;
0; P,

P,

>

a Po

Fig. 9.

>

x

(color online) Entanglement wedge cross section in the surface growth scheme which contains seven layers of growing sur-

faces, y; denotes the extremal surface in the i+ 1-th layer, 6; denotes the location of wedge cross-section which are all equal to 7/3 and
the boundary angle is ¢ = 7/6. The blue arrows denote the geodesics and indicate the direction of the entanglement of purification, and

note that each geodesic circle has the same radius r = a.
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wedge and indicates that the entanglement of purification
affects the dynamics of the surface growth for bulk recon-
struction in the AdS/BCFT correspondence.

VI. CONCLUSION AND DISCUSSION

In the study, we extend the surface growth approach
for bulk reconstruction into the AdS/BCFT correspond-
ence. Our investigation mainly focus on the growth of
strip-like bulk extremal surfaces in the presence of an ad-
ditional spatial boundary, we show that the outer entan-
glement wedge can be constructed from the growth of
two types of extremal surfaces, namely, the type which
will attach the boundary and the other typre which will
not, layer by layer in both the homogenous and inhomo-
genous boundary subsystems.

In addition, we also show that the surface growth pro-
cess in BCFT can correspond to the defect MERA tensor
network by generalizing OSED tensor network into the
situation with boundary or defect, which further demon-
strates the connection between the emergence of bulk
geometry and entanglement renormalization of the tensor
networks. Furthermore, the surface growth scheme can
divide a given entanglement wedge into arbitrary subre-
gions, which naturally captures the fine structure of the

entanglement entropy and reflects the correlations
between these subregions. Thus, we examine the entan-
glement of purification by investigating the entanglement
wedge cross section in the surface growth scheme in
AdS; spacetime with boundary. Furthermore, we demon-
strate that entanglement of purification can be determ-
ined in each step of the surface growth and can serve as a
selection rule for the starting point of the next layer of ex-
tremal surface. This provides a more refined description
of the entanglement entropy in the entanglement wedge
and can also affect the dynamics in the surface growth
scheme for bulk reconstruction.

Many intriguing avenues for further research exist,
such as expanding the surface growth scheme to bound-
ary CFTs with more complex defect conditions or mul-
tiple boundaries. In these cases, each defect, represented
by a defect tensor network, includes its own causal wedge
that influences the surface growth process. Additionally,
it is important to examine the surface growth scheme in
higher dimensional BCFT case and the BCFT whose bulk
duality contains a black hole.
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