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Abstract: A correlation between the charge radii difference of mirror partner nuclei AR, and the slope parameter

L of symmetry energy has been built to ascertain the equation of state of isospin asymmetric nuclear matter. In this

work, the influences of pairing correlations and isoscalar compression modulus on the ARy, are systematically in-

vestigated based on the Skyrme energy density functional theory. The calculated results suggest that the linear cor-

relation between AR, and L is decreased by the surface pairing correlations. The slope parameter deduced from the

difference of charge radii of mirror-pair nuclei *?Ar-*Si, **Ca-*%S, *¥Ca-*Ar, and *Ni-*Fe falls into the range of

L =42.57-50.64 MeV, that is, the rather soft equation of state of asymmetric nuclear matter. Besides, the range of

the slope parameter can also be influenced by the effective forces classified by various isoscalar incompressibility

coefficients.
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I. INTRODUCTION

Nuclear symmetry energy is generally employed to
comprehend the underlying physical mechanism from ter-
restrial nuclei to dense astrophysical events [1—-6]. So far,
plenty of methods have been applied to constrain the nuc-
lear symmetry energy, such as the extracted neutron skin
thickness (NST) [7—12], properties of giant resonances
[13—17], and quantities of the heavy-ion collision
[18—23]. However, a unified density-dependence of sym-
metry energy is hardly determined owing to the uncer-
tainties of the different theoretical models. Thus, alternat-
ive observables are urgently required for constraining the
equation of state (EoS) of asymmetric nuclear matter. The
difference in charge radii of mirror-pair nuclei has been
proposed as a tentative probe to evaluate the slope para-
meter of symmetry energy L [24, 25]. Therefore, the pre-
cisely measured charge radii differences in mirror part-
ner nuclei 3?Ar-*Si, 3°Ca-**S, ¥Ca-*Ar, and Ni-**Fe
have been used to validate the range of the slope paramet-
er L [26—28].

Charge radii differences in mirror pair nuclei are
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strongly associated with the neutron-skin thickness of
neutron-rich nuclei and with the slope parameter L [24,
25]. As shown in Ref. [29], the calculations performed
using relativistic energy density functionals (EDFs) fur-
ther inspect the validity of this assumption. It points out
that the difference in proton radii of mirror nuclei can be
indeed employed to constrain the EoS of isospin asym-
metry nuclear matter. This may provide an alternative ap-
proach to extract content information about the neutron
skin thickness [30]. A recent study suggests that the mir-
ror-difference in nuclear charge radii is proportional to
the isospin asymmetry I = (N —Z)/A, where N and Z rep-
resent the neutron and proton number of a nucleus, re-
spectively, and A = N +Z is the corresponding mass num-
ber [31]. Here, the same scenario can also be observed
between the difference in binding energy per nucleon of
mirror nuclei and the Coulomb asymmetry. Furthermore,
combing the accurately detected charge radii differences
in mirror partner nuclei, the upper limit range of the sym-
metry energy slope has been determined to be L=~ 100
MeV [32].

This method requires more accurate charge radii data,
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which should be obtained through different nuclear mod-
els. With the improvements in the experimental tech-
nique, high-precision charge radii of exotic nuclei can be
detected [33]. Thus, more charge radii data of nuclei far
away from the f-stability line can be compiled [34, 35].
This provides a fundamental guideline for theoretical
studies to access the charge radii of mirror partner nuclei.
A reliable description of nuclear charge radii is influ-
enced by various mechanisms, such as shape deforma-
tion [36—39], pairing correlations [40, 41—42], and shell
closure effects [43, 44]. As is well known, pairing correl-
ations play an important role in describing the ground
state properties of finite nuclei [45—47] or the quasi-
particle resonant states [48]. In particular, it has been
mentioned that the radius of neutron-rich nuclei can also
be influenced by the pairing correlations [49].

As demonstrated in Ref. [50], the pairing correlations
should be taken into account in calculating the nuclear
charge radii. As presented in Ref. [51], the density en-
ergy functionals consisting of Skyrme and covariant mod-
els are used to systematically investigate the correlations
between the charge radii differences in mirror partner
nuclei and slope parameter L. The calculated results sug-
gest that the linear correlation between the mirror differ-
ence in charge radii and slope parameter L is further de-
creased when considering the pairing effects. In contrast,
the correlation between the neutron-skin thickness of a
neutron-rich nucleus and the proton radii difference of the
corresponding mirror nuclei is mostly enhanced by pair-
ing effects [30]. Meanwhile, it has also been mentioned
that the compression modulus of symmetric nuclear mat-
ter has an influence on determining the slope parameter L
[52].

The density-dependence of nuclear symmetry energy,
which is mostly determined by the slope parameter L, is
associated with the isovector-sensitive indicators in the
EoS of isospin asymmetry systems. In Ref. [53], it is
stated that the correlation between the isoscalar incom-
pressibility K and the NST is not clear. Further research
demonstrated that the correlations between K and the
isovector parameters are generally weaker in comparison
with the strong correlation between NST and symmetry
energy coefficients [54, 55]. Actually, the nuclear matter
properties recognizing the isoscalar and isovector coun-
terparts are mutually correlated with the effective model
parameters. This means that the influence coming from
the isoscalar sector is non-negligible in discussing the
isovector properties [56, 57]. As suggested in Refs.
[58—60], the compression modulus of symmetric nuclear
matter is sensitive to the density dependence of sym-
metry energy. Therefore, it is also essential to investigate
the correlation between the difference in charge radii of
mirror-partner nuclei and the slope parameter L under
various incompressibility coefficients K. In this work, the
influences of pairing correlations and isoscalar compres-

sion modulus on the charge radii differences of mirror
partner nuclei **Ar-*2Si, **Ca-**S, **Ca-**Ar, and *Ni-**Fe
are investigated using the spherical Skyrme EDFs. Fur-
thermore, the range of the slope parameter L derived from
the charge radii differences of mirror-pair nuclei is dis-
cussed.

The contents of this paper are organized as follows.
Sec. II summarizes the theoretical framework. In Sec. 111,
the numerical results and discussion are provided. Fi-
nally, a summary and outlook are presented in Sec. IV.

II. THEORETICAL FRAMEWORK

The sophisticated Skyrme-type EDF, which is ex-
pressed as an effective zero-range force between nucle-
ons with density-dependent and momentum-dependent
terms, has achieved remarkable success in describing
various physical phenomena [48, 49, 61—75]. In general,
the effective force sets are determined by calibrating the
properties of the finite nuclei and symmetric nuclear mat-
ter at saturation density p,(~ 0.16 fm™). Notably, it has
been mentioned that some interactions can be used to
characterize the bulk properties of finite nuclei and infin-
ite nuclear matter (see, e.g., [76, 77] for details). In this
work, the Skyrme-like effective interaction has been re-
called as follows [78—80]:

V(r),15) = f(1 + xoP,)5(r)
+ %zl (1+x:P,) [P?6(r) + 5(r)P?
+ 61+ x,P,)P - 5(r)P
- %13(1 +x3P,)[p(R)]"6(r)

+iWoo - [P’ x6(r)P] . (D

Here, r=r; —r, and R = (r; +1r,)/2 are related to the pos-
itions of two nucleons r; and r,; P=(V,-V,)/2i is the
relative momentum operator and P’ is its complex con-
jugate acting on the left; and P, = (1+¢-05)/2 is the
spin exchange operator that controls the relative strength
of the S =0 and S =1 channels for a given term in the
two-body interactions, with &, being the Pauli matrices.
The last term represents the spin-orbit force where
o =& +,. The quantities a, 1, and x; (i =0-3) repres-
ent the parameters of the Skyrme forces used in this
work.

Solving the Schrodinger-like equations by self-con-
sistent iteration leads to the eigenenergies and wave func-
tions of the constituent nucleons. The pairing correla-
tions can be generally treated either by the BCS method
or by the Bogoliubov transformation [45, 46, 81]. In this
work, the spherical Skyrme Hartree-Fock-Bogoliubov
(HFB) approach is utilized for all the calculations [82].
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The density-dependent zero-range pairing force is em-
ployed as follows [83]:

Voair(X1,12) = Vjy {1 -n (%)} o(ry —ry), 2

where p(r) is the baryon density in the coordinate space
and py = 0.16 fm™ represents the nuclear saturation dens-
ity. The value of 7 is taken as 0.0, 0.5, or 1.0 for volume-,
mixed-, or surface-type pairing interactions, respectively.
The quantity V, is adjusted by calibrating the empirical
pairing gaps with the three-point formula [47, 83], and
the values of V, are 188.2, 370.2, and 509.6 MeV fm® for
the corresponding volume-, mixed-, and surface-type
pairing interactions, respectively.

After achieving the convergence of the total binding
energy, the root-mean square (rms) radii of the neutron
and proton matter, and the neutron-skin thickness can be
obtained naturally. The quantity of nuclear charge radius
(Ra) can be calculated as follows (in units of fm?):

R2, = (12)+0.64 fm?. 3)

The first term represents the charge density distributions
of point-like protons and the second term is due to the fi-
nite size of protons [84]. For mirror pair nuclei, the dif-
ference in charge radii (AR.,) can be obtained through the
formula mentioned above.

The density dependence of symmetry energy can be
expanded around the saturation density p, as follows:

L(p=po) Kym (p=po\’
Esm zEsm >y Sym( ) cees
ym(0) ‘y(p0)+3(p0 )+18 P +
“)

where L and K, are the slope and curvature of sym-
metry energy at nuclear saturation density py, respect-
ively. These two quantities are defined as

OEym(p)
L= 3P0(;7p|p=po’ ®)
& Eqym(p)
Koym = 9'0(2)67702"):‘00' (6)

Further, the isoscalar incompressibility K of symmetric
nuclear matter is recalled as

O Ey(p)
(9 pz |P=P0 .

K =92 @

Here, the quantity Ey(p) is the energy per particle of sym-
metric nuclear matter [30]. The nuclear incompressibility

can be extracted from the measurements of the isoscalar
giant monopole resonance (ISGMR) in medium-heavy
nuclei [83, 85]. In addition, it is also mentioned that the
incompressibility of symmetric nuclear matter can be de-
duced from the a-decay properties [86]. Table 1 presents
the parameters of the Skyrme forces used in this work.
The corresponding saturation properties in infinite nucle-
ar matter derived from the Skyrme forces, such as iso-
scalar incompressibility X, slope parameter L, and sym-
metry energy Eg., are also listed explicitly. Both the
slope parameter L and symmetry energy E,,, at satura-
tion density cover a wide range.

III. RESULTS AND DISCUSSION

The linear correlation between the charge radii differ-
ences in the mirror partner nuclei *Ar-*2Si, *°Ca-**S,
3¥Ca-®Ar, and **Ni-"*Fe and the slope parameter of sym-
metry energy have been sequentially employed to con-
strain the EoS of isospin asymmetric nuclear matter
[26—28]. In Table 2, the experimental data of R, and
ARy, for A=32, 36, 38, and 54 mirror-pair nuclei are
given. As mentioned above, the nuclear charge radius is
influenced by the pairing correlations [40—42]. Thus, the
influence on the correlations between the charge radii dif-
ference in mirror partner nuclei and the slope parameter L
should be systematically investigated.

In Fig. 1, plots for the charge radii difference AR, in
*Ni->*Fe against symmetry energy slope L are shown for
various pairing forces. For the convenience of discussion,
the Pearson coefficient R, which is used to measure the
degree of correlation between two variables, is employed
in our study. Without considering the pairing correlations,
the Pearson coefficient R between the ARy, of mirror
partner nuclei **Ni->*Fe and L is determined to be 0.993.
The same scenario can also be found in mixed-type pair-
ing forces. For the volume-type pairing force, the Pear-
son coefficient R is almost equivalent to those for the no
pairing and 1 = 0.0 cases. As demonstrated in Ref. [51],
the linear correlation between AR, and L is decreased by
the pairing effects. From Fig. 1, one can find that the sur-
face-type pairing force actually decreases the linear cor-
relation between AR, and L in mirror pair nuclei **Ni-
3#Fe, where the Pearson coefficient R falls to 0.882. Actu-
ally, more particles are scattered into the higher single
levels under the surface pairing force. This leads to the
rather poor correlation between the difference of charge
radii of mirror partner nuclei and the slope parameter L.

For further focusing on the linear correlation between
AR, and L, the charge radii differences AR, of mirror
partner nuclei *Ar-*2Si, **Ca-**S, and **Ca-**Ar against
slope parameter L are shown in Fig. 2. In this figure, clear
linear correlations can be observed for these mirror-pair
nuclei (*’Ar-Si, *°Ca-**S, and **Ca-**Ar). For the
volume-type pairing force, the Pearson coefficients show
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Table 1.

Parameters of the forces used in this work, where the parameter o = 1/6. Saturation properties of the Skyrme parametriza-

tion sets used in this work, such as the incompressibility coefficients K (MeV), slope parameter L (MeV), and symmetry energy Egm

(MeV) at saturation density py (fm~3), are also listed.

K Sets to H 153 13 X0 X1 X2 X3 Wo L Esym
s3028 —2461.903 472.082 -530.239 13599.53 1.6830 —-0.3349 -1.0 2.6602 124.766 -11.2262 28
s3030 —2477.013 475.604 —533.657 13709.09 1.1408 -0.3365 -1.0 1.8302 117.482 22.8715 30
s3032 —2491.849 486.614 -579.661 13842.35 0.9962 -0.2791 -1.0 1.5763 128.028 36.2246 32
K ~ 230 s3034 —2503.455 489.112 -591.648 13939.40  0.7308 -0.2622 -1.0 1.1527 126.846 56.1442 34
s3036 —2513.951 491.018 -615.662 14045.31 0.5457 -0.2210 -1.0 0.8437 128.528 71.5428 36
s3038 —2524.594 494.060 -635.510 14142.73 0.3550 -0.1916 -1.0 0.5315 129.200 87.6155 38
s3040 —2531.688 489.598 -625.976 14203.48 0.1249 —0.1940 -1.0 0.1662 122.045 106.0862 40
54028 —2296.534 515.586 —336.464 11786.33 1.7714 —-0.8491 -1.0 3.1703 118.803 3.9774 28
54030 —2317.546 532.898 -355.019 11907.07 1.2924 —-0.8449 -1.0 2.3824 118.263 34.0735 30
54032 —2321.087 520.235 —491.504 12164.33 1.2626 -0.5755 -1.0 2.1916 136.989 34.4283 32
K ~ 240 54034 —2329.794 510.932 —423.708 12179.54  0.8546 -0.6759 -1.0 1.5447 117.932 62.5884 34
54036 —2337.516 507.834 —424.568 12253.22 0.7156 -0.6664 -1.0 1.2882 118.414 75.6679 36
54038 —2355.765 523.051 —465.145 12389.16  0.3790 -0.6244 -1.0 0.7299 118.238 98.6522 38
54040 —2359.001 513.325 —475.563 12466.46  0.2959 -0.5827 -1.0 0.5558 119.406 108.1741 40
s5028 -2157.179 599.608 -396.271 10352.38 1.4017 -0.9193 -1.0 2.9016 138.874 33.0037 28
s5030 -2155.199 570.378 -299.172 10324.29 1.6366 -1.0334 -1.0 3.2711 131.218 30.0248 30
s5032 -2172.510 583.512 —348.992 10472.92 1.4649 -0.9688 -1.0 2.9140 141.589 43.5871 32
K ~ 250 s5034 -2179.610 584.069 —331.053 10501.79 1.2593 -0.9977 -1.0 2.5371 141.094 60.3202 34
s5036 —2195.402 599.442 —-365.556 10609.25 0.9683 -0.9629 -1.0 2.0020 145.638 80.1762 36
s5038 —2205.358 602.093 -375.998 10690.19 0.7284 —0.9493 -1.0 1.5517 145.124 97.4925 38
s5040 —2214.249 600.714 -404.383 10802.96  0.5278 -0.9019 -1.0 1.1569 146.358 112.2079 40
Table 2. R., and ARy, database for the A =32, 36, 38, and

54 mirror-pair nuclei. The parentheses on the values of charge
radii and the difference of charge radii show the systematic
uncertainties [26—28, 34, 87].

4 Ren/fm ARy /fim
32 Ar 3.3468(62)

Si 3.153(12) 0.194(14)
36 Ca 3.4484(27)

S 3.2982(12) 0.150(4)
38 Ca 3.4652(17)

Ar 3.4022(15) 0.063(3)
54 Ni 3.7370(30)

Fe 3.6880(17) 0.049(4)

almost no change in the mirror partner nuclei **Ar-**Si,
3Ca-*S, and **Ca-®Ar, with R values of 0.926, 0.881,
and 0.836, respectively. Considering the mixed-type pair-
ing force, the Pearson coefficients R are slightly im-
proved with respect to the no pairing case. Actually, the

Pearson coefficients R are rather poor if the surface pair-
ing force is taken into account. The corresponding fig-
ures are not shown here, but the Pearson coefficients R
for the surface-type pairing force are 0.887, 0.791, and
0.743 for the mirror partner nuclei **Ar-**Si, **Ca-**S, and
3¥Ca-**Ar, respectively. This means that the pairing effect
can decrease the linear correlation between ARy, and L if
the pairing interactions are only addressed by the surface-
type pairing force.

As mentioned in Refs. [24-28], charge radii differ-
ences in mirror partner nuclei provide an alternative ap-
proach to pin down the isovector components in the EoS
of asymmetric nuclear matter. To analyze the relatively
clear linear correlation between AR, and L, the mixed-
type pairing force is employed in the following discus-
sion. In Fig. 3, the deduced slope parameters L from the
differences of charge radii of mirror-pair nuclei **Ni->*Fe,
3¥Ca-**Ar, *°Ca-**S, and **Ar-**Si are drawn by shaping
the range covered in Fig. 2. Combing the experimental
data, the extracted slope parameter falls into the range of
L =42.57-50.64 MeV. From this figure, one can find that
the deduced value of L covers the uncertainty range de-
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Fig. 1. (color online) Charge radii difference AR, of mirror

partner nuclei **Ni-**Fe as a function of slope parameter L is
depicted under various pairing forces: no pairing (a), volume
type n=0.0 (b), mixed type n = 0.5 (c), and surface type n = 1.0
(d) pairing forces. The Pearson coefficients R are presented in
parentheses. The database is taken from Refs. [28, 34, 35],
and the systematic error bands are represented in light blue.

rived from the mirror charge radii differences [24, 2628,
32, 88]. Here, the upper limit range of L coming from
2Ar-*Si is 96.65 MeV. This result is overestimated in
comparison with that in Ref. [28], where the upper range
is confined to L <60 MeV. This may be due to the fact
that shape deformation is ignored in our study. Besides,
the pairing correlations and the limited Skyrme paramet-
er sets used here may also have an influence on evaluat-
ing the interval range of slope parameter L.

The value of the symmetry energy slope L extracted
from the pygmy dipole resonance (PDR) locates at the in-
terval range of L =64.8+157 MeV [89]. The covered
range is very narrow compared with that of the other
cases depicted in this figure. Furthermore, the L obtained
in this work can cover the uncertainty ranges derived
from the nuclear electric dipole polarizability ap [17],
dense astrophysical event GW170817 [90], pion produc-
tion ratios in heavy-ion collisions [91], and charge ex-
change spin-dipole (SD) excitations [17]. Besides, this
deduced result covers most of the range of L presented in
Ref. [92], in which the slope parameter captures the range
of L=473+7.8 MeV. In summary, the extracted range
of slope parameter L =42.57—50.64 MeV means that the
rather soft EoS of the isospin asymmetric nuclear matter
can be obtained from the implication of charge radii dif-
ference in mirror-pair nuclei.

As shown in Fig. 2, the Pearson coefficients become
lower for the mirror-pair nuclei **Ca-**S and *Ca-**Ar.
This suggests that the profoundly theoretical uncertain-
ties are encountered in the calibrating protocol. To clari-
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Fig. 2. (color online) Charge radii differences AR, of mir-

ror partner nuclei *?Ar-**Si, *Ca-*S, and **Ca-**Ar as a func-
tion of slope parameter L depicted under no pairing and
mixed-type n=0.5 pairing forces. The Pearson coefficients R
are presented in parentheses. The database is taken from Refs.
[26, 27, 34, 35], and the systematic error bands are represen-
ted in light blue.

fy this phenomenon, the charge radii differences AR, of
the mirror partner nuclei **Ca-**S and **Ca-**Ar against
the slope parameter L classified by various isoscalar in-
compressibility coefficients K are shown in Fig. 4. From
both panels of Fig. 4, one can find that the isoscalar in-
compressibility has an influence on the charge radii dif-
ference of mirror partner nuclei. Even from K ~ 230 to
K ~250 MeV, the deviated range for L is approximately
38.0 MeV. Here, as shown in Fig. 3, we mention that the
influence of the isoscalar incompressibility coefficient
cannot be taken into account in evaluating the slope para-
meter L. Significantly, the isoscalar incompressibility
may be indispensable in the calibrating protocol. As is
well known, the accurate description of the density-de-
pendent behavior of symmetry energy plays an important
role in recognizing various physical mechanisms through
nuclear models, such as the production of superheavy ele-
ments [93] and cluster radioactivity [94, 95]. In particu-
lar, a recent study suggests that the effective proton-neut-
ron chemical potential difference of neutron-rich nuclei is
strongly sensitive to the symmetry energy [96]. There-
fore, more aspects should be taken into account in con-
straining the slope parameter L.
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Fig. 3. (color online) Plots of the values of slope parameter
L obtained in this work (**Ni-**Fe, *Ca-**Ar, *Ca-*’S, and
32Ar-*2Si) and in previous studies. The partially enumerated

—
100 120

values of L from Wang eral. [24], Brown etal. [26], Pineda
etal. [28], An etal. [88], Bano eral. [32], Kénig etal. [28],
pygmy dipole resonance (PDR) [89], electric dipole polarizab-
ility ap [15], GW170817 [90], pion production (=~ /x*) [91],
and charge exchange spin-dipole (SD) excitations [17], are
also presented. The color band represents the slope parameter
L =42.57-50.64 MeV obtained in this study.

IV. SUMMARY AND OUTLOOK

In this work, the correlation between the charge radii
differences (AR.,) in mirror-pair nuclei **Ar-**Si, **Ca-
363, ¥Ca-**Ar, and **Ni->*Fe and slope parameter L at sat-
uration density is investigated based on the spherical
Skyrme EDFs. The calculated results suggest that the sur-
face pairing force can further decrease the linear correla-
tion between ARy and L. The deduced slope parameter
locates at the interval range of L =42.57—50.64 MeV un-
der the mixed pairing interaction, that is, the rather soft
EoS. This is in agreement with most of the previous stud-
ies. Meanwhile, the influence of the isoscalar nuclear
matter property on AR, inevitably constrains the nuclear
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Fig. 4. (color online) Charge radii differences AR, of mir-

ror partner nuclei **Ca-**S and **Ca-*Ar plotted as a function
of slope parameter L classified by various isoscalar incom-
pressibility coefficients K. The corresponding experimental
data are taken from Ref. [26].

matter EoS. This may suggest that most of the paramet-
rization forces are ruled out in the calibrated procedure.
As shown in Fig. 4, the correlation between the charge
radii difference of mirror nuclei and the slope parameter
of symmetry energy is influenced by nuclear incompress-
ibility. This seems to suggest that the Skyrme parameter
sets adjusted to different slope parameters under a specif-
ic incompressibility coefficient can result in a highly lin-
ear correlation between the charge radii difference of mir-
ror partner nuclei and the slope parameter L. Meanwhile,
this may provide an alternative approach to evaluate the
possible influential quantities in determining the EoS of
asymmetric nuclear matter. As shown in Ref. [51], the
calculated results obtained by density energy functionals
consisting of Skyrme and covariant models suggest that
more mirror-pair nuclei are ruled out in constraining the
slope parameter L, but the superior candidates of mirror-
pair nuclei *“*Cr-**Ca and *’Fe-**Ca may be used to ascer-
tain the limit range of L. Thus, more discussion should be
performed in the proceeding work.

Recent studies have shown that the charge-changing
cross section measurements can be used to determine the
EoS of nuclear matter with mirror nuclei [97]. This meth-
od can also be employed to investigate the charge radii of
exotic nuclei [98] and the isospin interactions [99]. This
provides an accessable approach to ascertain the nuclear
symmetry energy. From the aspect of the charge radii dif-
ference in mirror-pair nuclei, the underlying mechanism
should be taken into account in determining the nuclear
symmetry energy, such as the local relations among the
adjacent neighbouring nuclei [100—103] and a-cluster
formation [104, 105]. Thus, more high-precision charge
radii data are urgently required in experimental and theor-
etical studies.
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