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I. INTRODUCTION

The study of gravitational waves has become a highly
important subject in cosmology since the direct observa-
tion of gravitational waves by LIGO and VIRGO [1].
Gravitational waves can be described as a solution to the
Einstein equation, where the metric is perturbed around a
certain background. When the background is chosen as
the black hole spacetime, one can, for example, consider
the gravitational-wave radiation from a relatively light
object rotating around the black hole, which can be stud-
ied using the black-hole perturbation theory [2].
However, when the mass of the object is not so light, the
contribution to the background spacetime from this ob-
ject may not be negligible. In such a case, the back-
ground must be modified or other methods must be used,
such as the post-Newtonian approximation [3]. One sys-
tematic method for modifying the background is pro-
posed as effective one-body (EOB) dynamics [4, 5].

The background of EOB dynamics is deformed by the
black hole spacetime and hence may not satisfy the vacu-
um Einstein equation. Motivated by this, we consider a
general spherically symmetric spacetime as a simple ex-
ample of the background, which is not necessarily a vacu-
um. A particular form of the background appears in EOB
dynamics for the spinless binary system [4, 5]. The spher-
ically symmetric spacetime satisfies the Petrov type D
condition, which has played a key role in deriving the
gravitational-wave equation in previous studies [6—8] us-
ing the Newman-Penrose formalism [9], similar to the

Teukolsky equation [10] in the vacuum case. The advant-
age of using the Newman-Penrose formalism is that the
role of the Einstein equation is restrictive and is merely
used to relate the Ricci tensor to the energy-momentum
tensor. Therefore, the extension to the non-vacuum case
is relatively easier. It has been found that in order to ob-
tain the decoupled wave equation, the gauge condition
must be taken such that some of the coupled degrees of
freedom vanish [6—8]. To date, two types of the gravita-
tional-wave equation have been proposed [7, 8] owing to
the difference in the gauge conditions.

In this study, we investigate massless wave equations
with different spins, that is, the (massless) Klein-Gordon,
Weyl, and Maxwell equations on the same background
spacetime. To avoid complexities, we first provide a uni-
fied expression for these equations consisting of the New-
man-Penrose quantities, as in [11—14], and obtain the ex-
plicit wave equation and ordinary differential equation for
the radial coordinate.

The remainder of this paper is organized as follows.
In Section II, we introduce our parameterization of the
background of a spherically symmetric spacetime and
present the quantities in the Newman-Penrose formalism.
In Section III, we observe the wave equation for spin 0,
+1/2, +1, and +2 on this background. Subsequently, we
provide the unified expression for these equations with
general spin s and obtain the explicit Teukolsky-like mas-
ter equation and the corresponding radial equation. In
Section IV, we discuss the gauge dependence in the grav-
itational-wave equations proposed in previous studies. Fi-
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nally, Section V presents a summary and discussion. In
Appendix A, we list our notations and conventions.

II. BACKGROUND METRIC AND TETRADS

We consider the general spherically symmetric back-
ground as

ds? = A(r)de — B(r)dr? — C(r)rX(de? +sin® 6dg?). (1)

By choosing appropriate radial coordinate r, we can
setC(r) = 1, which corresponds to the standard coordinate.
We define D(r) = VA(r)B(r), and then background met-
ric (1) becomes

D(r)*

2 _ 2
ds” = A(r)dt Ax)

dr? —r*(d6* +sin”6de?).  (2)

The null tetrads corresponding to metric (2) are taken as

D(r)
I=HMdx* =dr— dr,
A
n= nﬁdx“ = ﬂér) dr+ Dz(r) dr,
m=mtde = —%(d9+isin9d<p),
r ..
m= mﬁdx“ = —%(dQ—lsandgo), 3)
which satisfy
ds? = 2In—2mim, 4)

where the bar denotes the complex conjugate. Super-
script (or subscript) 4 is used as the symbol of the back-
ground quantities [10]. Conversely, for the perturbation
quantities of the gravitational field, we use superscipt B,
which will appear later.

From the tetrad basis (3), we can compute spin coeffi-
cients and the components of the Ricci tensor and Weyl
scalars as

K=vi=ct=M=n'=1r"=€e"=0, )
1 A A
a1 a__ _ A
PFr==p K=p V=i
to
ot =gt =20 6
p 2V2r ©
q)él =(D?o=®32=¢)§0:®?2=®?1 =0, (7
LD AD ®
00 pgy3” 27 4rp3”

1
V) = 3 2D 2AD-AAD ~A'D)], )

8r2 D3
1
A _ _ _ 3_ 2 qy _ ’
A== o [0 = PAD 4 2A(D - 2rD)
+rDAA +r A, (10)
Wi =W = = =0, (11)

1 ,
¥ = 2(AD+rAD - D)

~rAQD+rD) +PA'D)., (12)

where we follow the notations of Newman-Penrose [9]
and Pirani [15]. The same notation is also used for Teuk-
olsky [10]. We also list the definitions of the above
quantities in the appendix. The prime symbol denotes the
derivative with respect to . Equation (11) implies that the
background belongs to Petrov type D, which is important
to derive the wave equation on this background. As a spe-
cial case, for D(r) = 1, we have

(Déo :(Déz =0, (13)

and the nonvanishing quantities in the background are
simplified as

1 A A

A_ L A__T° —

p= r’ H 2r’ 7' 4°

to

o =gt = 27 14

s 2V2r (14)
A 1 2
(D” = g(2—2ﬂ+r A ), (15)
1

At = —W(—2+2ﬂ+4rﬂ/+r2ﬂ”), (16)
1

P = 12r2(—2+2ﬂ—2rﬂ'+r2ﬂ"), (17)

We also note that when choosing A=1-2M/r and
D=1, the background reduces to the Schwarzschild
spacetime, where M is the mass of the Schwarzschild
black hole.

III. WAVE EQUATIONS WITH VARIOUS SPINS

Here, we consider the wave equation with various
spins s on the background specified by (5)—(12) in the
previous section, namely, the Klein-Gordon (s =0), Weyl
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(s = +1/2), and Maxwell equations (s = 1) and the equa-
tion from the Newman-Penrose formalism (s = +2) un-
der the probe (test field) approximation; therefore, the
back reactions from matter and electromagnetic fields to
the gravitational background are assumed to be negli-
gible. For simplicity, we also assume that the fields are
massless and minimally coupled to the background of the
gravitational field, unless otherwise specified.

A. spin0
The massless Klein-Gordon equation in the gravita-
tional background is

L

0¢ = V/J(gluvavqﬁ) = \/_—g

0,(V-g8"0,¢) =T, (18)

where T is the source. V, is the covariant derivative with
respect to the curved spacetime (not for the local Lorentz
transformation), of which the projection by the null tet-
rads gives

D*=1hV,, A=V, &=mV, &=mV,. (19)
By decomposing g in terms of the null tetrads, (18) can
be rewritten as

[(A=2y+2)D+(D-20)A- (G -22)5 - (6 -2a)3] ¢ = T,
(20)
where the superscript 4 outside the parentheses denotes
that all the quantities and operators inside the paren-
theses are background ones, and we use the relation for
the spin coefficients,
V.l ==20", V. =-2y" +2ut,
Vs = Vit = =20, (1)
For later convenience, we rewrite (20) such that the order

of the differential operators is rearranged, satisfying the
commutation relations

MDA —DAA =29ADA,  FAGA — 5454 = 207 (5 - S).

(22)
We also use
Apt = 2y —p)ipt —¥5 —2A4, (23)

which is from the background part of that of the New-
man-Penrose equation. Then, (20) can be rewritten as

(A=2y+1)(D—-p)— (B -2a2)5 -, —2A]" ¢ = Ir 24)
2

Note that the last term —2A%¢ on the right hand side
is responsible for the minimal coupling. If we consider
curvature coupling, there is a contribution proportional to
Rep =24A%¢, where R isthe Ricci scalar (see the ap-
pendix).

B. spin +1/2

The massless Dirac equation can be decomposed into
two Weyl equations. For the positive chirality part, the
Weyl equation in the gravitational background is

(6 —a)'xo—(D—p)*x:1 =0, (25)

A-y+w'xo—(6—a)'y; =0, (26)

where y, and y, are the components of the Weyl spinor.
We can eliminate y, using the following commutation re-
lation:

[A+py—(g=1u]" G+ pa)’
— (5+pa)* (A+ py—qp)*

=D -6 + p(ad+pv—P3)*
+q(=Dv+61—4a1+2¥;)"

=0, (27)

where p and ¢ are arbitrary constants, and we just use
vA =24 =4 =0 for the last equality. Hence, (27) holds
not only in the vacuum, but also for the background spe-
cified by (5)—(12). We obtain the wave equation for y; in
a similar way via the method used to derive the Teukol-
sky equation [10]. We operate (A—y+2u)* on (25) and
(6—a)* on (26) and then obtain the difference of them.
The terms with y, are canceled from (27) with
p =¢q =—1, and the remaining part is

[(A=y+2)(D-p)-F-)@E -] x1 =0,  (28)

which gives the wave equation for s =—1/2. In a similar
way, the wave equation for y, (for s = 1/2) is obtained as

[(D=20)A-y+p)-(6-)E-a)] o =0.  (29)

We note that (28) and (29) take the same forms as in
the vacuum case [10]. For later convenience, we rewrite
(29) as in the previous subsection. We use (22), (23), and
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DAy = WAL 04 — A4, (30)

0+ a” = wp* +4(a?)? W5 + DY, + A?, (31)

DM = it + W+ 2NN (32)
2

Then, (29) can be rewritten as

[(A=3y+1)(D~2p) = (§=3)(E +@) =3¥2] "x0 = 0,

(33)
C. spin =1
The Maxwell equation in the gravitational back-
ground is

(D=2p)'¢1 = (6= 2a)'do = J1, (34)
51— (A+p=2y)'¢o = o, (35)
(D=p)'pr=6"¢1 = Ja, (36)

(6= 2a) ' = (A+2)"¢1 = J,, (37)

where ¢y, ¢, , and ¢, are complex and constructed from
the field strength (the Faraday tensor) F,,, as "
$o=F, ﬂvlﬁm}f\’

1 _ _
b1 = 3 Fu(lyny +imlymy), ¢, = Fiityn;.

(38)

Ji, J., J , and J; are the projections of the current J* by
the null tetrads as J; = J*I;, etc. From (36) and (37), we
can construct the wave equation for ¢, via a similar pro-
cedure to that used in the previous subsection. Using the
commutation relation (27) with p=0 and ¢=-2, we
have

[(A+3u)(D-p) =35 -20)]" ¢ = s, (39)
where J, is defined by
Jo = (A +3u)* T — 54T, (40)

In a similar way, we can obtain the wave equation for
¢o from (34) and (35) as

[(D-3p)A=2y+1) =56 -20)]"do = o, (4D)

where J; is defined by

Jo=6*J,—(D=3p)*J,. (42)

Note that (39) and (41) take the same forms as in the
vacuum case [10]. For later convenience, we rewrite (41)
using (22), (23), and (30)—(32) as

[(A=4y +u)(D=3p) — (5 - 4a)(§ +20) - 6%,] "y = o,
(43)

D. spin +£2

The wave equations for the spin +2 are obtained from
the perturbed Einstein equation or the perturbed New-
man-Penrose equation. In a previous paper [8], we stud-
ied and obtained the wave equations, and in the next sec-
tion, we revisit the derivation to discuss the gauge de-
pendence. Then, we provide the result of the equations.

Here, we take the gauge such that the following
quantities vanish [8]:

AB=gB=0, (44)
(6-T+2a+2B)®4, =0, (45)
(6+7—2a-2B)%d4, =0, (46)

where the superscript B denotes the perturbation part. Un-
der the above gauge, the wave equation for the perturba-
tion part of the Weyl scalar W% is

[(A+2y+5u)(D—p) — (5 +2a)(5 —4a) — 3%, +20,, ] P2
=T, A7)

where the source T, is defined by

Ty =(A+2y +5u)* [(3+2a) ®F) — (A +p) O]
—(6+2a)* [SA (131292 —(A+2y+ 2,u)A(I)§l )] . (48)

In a similar way, we can also obtain the wave equation
for W§ as

[(D=5p)(A—4y+up)— (6 +2a)(6 — 4a)
~3%,+20,, | W2 = T, (49)

1) As in the vacuum case, we will consider the wave equation just for ¢9 and ¢;, from which ¢; can be obtained using (34)—(37).
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where the source T is defined by

To =(6+2a)* [(D—2p)* ®f, - 5* D)

—-(D-5p)" [(D-p)' @, — (5 +2a)'DF].  (50)

For later convenience, we rewrite (49) using (22), (23),
and (30)—(32) as

[(A=6y+u)(D —5p) - (5 - 6)(6 + 4a)

—15%, +20,, ] "8 = T, (51)

E. Unified wave equation for general spin s

We can unify the above wave equations (24), (28),
(33), (39), (43), (47), and (51) and express the unified
equation for general spin s as

{[A—Z(l +s)yy+(1 —s+|s|),u] [D—(l +s+|s|)p] - [5—2(1 +s)a](6+250z)

1 A _
—(143s+25°)¥, + 5(|s| =3|s]? + 2|5 Dy, —26SA} Bis =T

where we collectively denote the fields and sources as

P2 for s=-2 T, for s=-2
¢y for s=-1 Jo for s=-1
x1 for s=-1/2 0 for s=-1/
b=4¢ fors=0 ., Ty=T/2 fors=0
xo for s=1/2 0 for s=1/2
¢y for s=1 Jo for s=1
Y8 for s=2 T, for s=2
(53)
&, 1s defined by
1 for s=0
5, = (54)
0 otherwise.
Vi = rls‘_S‘Z(S)’
Then, (56) is simplified as
{[A—Z(l +s)y+p] [D—(l +Zs)p]
- [5— 2(1+ s)a/] (6+2sa)—(1+3s5+25)¥,
1 A
+§(|S|—3|S|2+2|S|3)(D11—25SA} l,b(s) = T(s). (58)

The advantage of the above form is that in the vacu-

(52)

We rewrite (52) in a slightly simpler form using the
following redefinitions:

Ui = exp[(sl=$)f ¥, Ty =exp[(sl—s)f] Ty, (55)

where f'is a function of , which will be determined soon.
By substituting (55) into (52), we have

{[A—z(l + sy +u+ (sl = )= AH] [D~(1+25)p— (51— s)
- [5— 2(1+ s)a/] (6+2sa)—(1+3s5+2s)Y,

1 A
+ §(|S| - 3|S|2 + 2|S|3)CD]1 —25st} Ui =T
(56)

We find that u* —A*f and p* + D*f can simultaneously
vanish by choosing f = Inr, namely, "

T(S) = r“"_‘YT(s). (57)

[
um @, = A* =0, the equation (58) depends on s but not
|s]. The same transformation (57) has been performed in
the vacuum case [10]. Similar equations to (52) and (58)
were studied in [11—14]; however, these were considered
for positive and negative s separately, or restricted to pos-
itive 5. Here, we obtain the completely unified expres-
sion for both positive and negative s. Moreover, we find
the contributions of @}, and A* to the wave equation.

By substituting the background, the explicit form of
the unified wave equation (58) is

1) The additive integration constant for f'is irrelevant here, and is chosen in convenience.
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Py 14 {(r A 3':”@)} 19 (Sin 95¢’<s>) 1 Py
A o D@PA¢Orl D dr ] sin6de 90 /) sin’0 o¢?
2 : /
(y _srA ) W 21s.cot6 (s N EE s2s+ 1DrAD
D AD ) ot sin@  dgp D3

1 2 A 2PA 2kAD PAD PAY
+§(1_6S+SS+2S)<1_E_ foD + poS + oS _21)2)

1 ﬂ r2ﬂ/@/ rZﬂu
+2sl- 3|sI* +2|sI) (1 D op T 271)2” Ui =2 Ty, (59)

Note that (59) with s = +2 is different from the equation obtained in our previous study [8]. However, this is simply
because of the difference in the transformation (57), and they are equivalent. We also note that in the case of
A=1-2M/r and D =1, (59) reduces to the Teukolsky master equation with spin s on the background of the Schwarz-
schild spacetime. In the case of D = 1, the above is simplified as

2 0%y 1 9 { > .‘v+13¢(s)} 1 3(- 3¢<s>)
A or Ao UV o | sna e M0 5

_ 1 621ﬁ(s> + (25}"— Srzﬂ,) 61&(9 _ 2iscotf alﬂ(s)
sin’@ 02 A ot sinf  dp

1 1
+ {52 cot’O—s+ 5(1 —6,+35+2s%) <1 —A-2rA - Erzﬂ")
1 1
+ g lsl- 3]s/ +2[s]) (1 ~A+ irzﬂ”ﬂ Wiy = 27T, (60)

First, we consider the homogeneous case. The equation allows the separation of the variables, and we assume the
product form of the solution to be

Ui = €™ R(r)S (6), (61)

where o is the frequency of the waves, and m is constant. Then, the separated equations are

1 d {(rzﬂ)“' dj} N {rzw2 " (@ srzﬂ’) N s2s+ DHrAD
DAY dr L D dr a "“\Up  ap D

1 , A A UAD PAD PA

_5(1_5"+3S+2S)(1_E_ L5 SR Y) 8 _21)2)

1 A PAD  PRA
—8(|s|—3|s|2+2|s|3)(1—E—TD3+2T)2> —A(S)}Rzo, (62)

1 d(, dS) < m*  2smcotd , )
_—— 0— |+| - ——-———7—- t*+s+ Ay | S =0, 63

sin6do \°" dg sin6 sing 0 LTI (63)
where A, is the separation constant. From (63), we can
find that S (6)e™ coincides with the spin-weighted spher-
ical harmonics ,Y,,(6,¢) with spin s, where / and m take
the values of

For the nonhomogeneous case, we expand ¢, and T, in
terms of ,Y,,(0,¢) as

9= [d R (r)s Yim(6, @)e ™, 66
I=Isl, 15+ 1, [s142, ..., m=—l, —l+1, ., =1, 1, Ve / w%: imo 1)+ Yin (5, €) (60)
(64)
respectively. A becomes the eigenvalue of Y,,(6,¢), —27T, = / dwzGf;;)w(r)sY,m(H,(p)e‘i‘“’. (67)
which is given by Lm
Ay =(=s)(I+s+1). (65)

Then, R (r) satisfies

Imw
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1 d (A" dRY N {rzaﬁ . (& srzﬂ’) sQ2s+ DHrAD
DFRAydr | D dr a YUp " ap (53
1 sl A A UAD PAD PR
—3(1—5s+3S+2S)(1—§— oD + poS + 2D —21)2)

1 2 /Z)/
~ <(sl=31sP + 21s) (1 A A

rZﬂ/r ; s
> > T 2@2)_1(”}1?(‘) = Gi,,

Imw Imw*

(68)

We again note that in the case of A=1-2M/r and D =1, (68) reduces to the Teukolsky radial equation with spin s
on the background of the Schwarzschild spacetime. In the case of D =1, (68) reduces to

1 df, , . dRY { rw’ . ( sPPA )
. S mw 2 —
A dr {(r A) “ar + 2 +iw | 2sr 2

1 1
- 5(1 —68,+35+25%) (1 ~A-2rA - 5rzﬂ")

(69)

Imw Imw>

1 1
— g sl =3Isl*+21s") (1 -A+ 5#?{”) —/l(s)} R, =Gy

which reduces to [11] for positive s.

IV. GAUGE DEPENDENCE IN GRAVITATION-
AL-WAVE EQUATIONS

In previous studies, two types of the gravitational-
wave equations have appeared. One can be found in [6,
8], and the other in [7]. Because these equations are ob-
tained from the same set of coupled equations in the
Newman-Penrose formalism but with different gauges,
both equations should describe the gravitational wave
correctly. Here, one question can be raised: although the
unknown variables W% and W& are gauge-invariant quant-
ities, why can we have two (or more, in principle) forms
of the wave equations for each variable? To answer this
question, we revisit the derivation of the gravitational-
wave equation on the background, with emphasis on the
gauge dependence.

We focus on the wave equation for ¥# and consider
the case of D=1 because in [7], only this case is con-
sidered. Here, our gauge conditions (44) and (45) reduce
to A% =0 [8]. We begin with the following three equa-
tions in the Newman-Penrose formalism:

O+48 -1y — (A+4u+2y)¥; +3vY,
= (5—7+2B+20)Dp — (A+2y +20)Dy,
- Z/lq)lz + ZV(DI 1+ 1_/(D20, (70)

(D +4e—p)¥, — (0 + 4+ 20)¥; + 3%,
— (5= 27+20)Ds; — (A+2y =27 + 1)Dsy
+O_'(D22—2/1(D11 +2V(D10, (71)

A+pu+a+3y—PA-@+n—-7+B+3a)v+¥,=0.
(72)

We split all the quantities in the above into the back-
ground (A) and perturbation parts (B); for instance,
¥, =4 + V5, etc. We keep the first order of the perturba-
tion only. The background part of the above equations is
satisfied, and the perturbation part becomes

(6 — 4" W2 — (A +2y + 4" ¥% + 3295
=505, — (A +2y +2u) D8 + 2504, (73)

(D-p)*" W8 — (6 +2a)" ¥ + 325
= (0+2a2) ' ®F — (A+p)y 05 - 22501, (74)

(A+2y +2u)* A8 — (5 +2a)" V2 + ¥ = 0. (75)

Now, we obtain the wave equation for ¥# using the
same procedure as in the previous section. We operate
(A+2y+5w* to (74) and (6 +2a)"* to (73) and then find
the difference of them. The terms with W% are canceled
by (27) with p =2, g = -4 , and the remainder becomes

[(A+2y +5u)(D - p)— (3 +20a)(S - 4a)] " P2
+ (3, + 20, ) (A + 2y +5p)* AP
— (3%, - 20, (5 +2a)"V"
=Ty — PAY3W, +20, ) + V85 B, - 20,,),  (76)
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where T, is defined by
Ty=(A+2y+5w)" [(0+20)' ®F — (A +p) ' 0]
— (6 +2a)" [ DL, - (A+ 2y +2u) 0 . (77)
For the third line in (76), we have

A B, — 20" = =3 (B, + 20y, + 8t D,

(78)
(BT, + 20! = =37 (3Y, - 20", (79)
and then substituting the above into (76), we obtain
[(A+2y +5u)(D - p) - (5+20a)( — 4a) - 3, " P2
+207, [(A+2y+2u)" 2% + (6 +2a)"V]
=T, — 42 [(A + 20D 1%, (80)

where we use (75) and 6@, =0 from the spherical sym-
metry. By eliminating the terms with v? using (75) again,
we have

[(A+2y +50)(D —p) — (3 +2a)(6 — 4a) — 3, + 20, W2
= Ty —4(A+ 2y + 4 (@7, 20). (81)

Moreover, using (78) and (79), the above can be rewrit-
ten as

[(A+2y+5u)(D - p) - (6 +2a)(6 — 4a)
—3¥, +20, ]2
=Ty + (¥, =20, ) (A +2y +2u)* 2
—(A+2y+5w)" [3¥: +2D,,)27] (82)
So far, we have not used a gauge condition. If we take
the gauge condition as A% =0, Egs. (80) and (82) are re-

duced to the wave equation (47) in [6, 8] as

[(A+2y+50)(D - p) - (5 +20)(6 — 4a) — 3%, + 20, | P2
=T, (83)

which has a similar form to the vacuum case
®f, = A* = 0. However, from (74), A® can be expressed in
terms of W% as

5 1
T (B, 420" [
—(A+p) D5 ] . (84)

—(D - p)*WE + (6 +2a)* (W3 + D,)®

Substituting the above into (82) gives

[F;'(A+2y+2u~F)(D~p)
~(3+2)(5 —4a) — 3, +20,, ] W
=F;'(A+2y+2u—F)*
X [(3+20)" (¥5 + Ds))" = (A + ) O |
—(3+2a)" [3' 05, — (A+2y +2u)' @5 ], (85)

or

[(A+2y+2u~F)(D~p)~ F2(5+2a)(6 — 4a) — 3%,
20, " ¥
= (A+2y+2u—F)* [(5+20) (W3 + ©5))° — (A +p)' ©F)]
— F(6+2a)" [ @8, — (A +2y + 2y 0 ], (86)
where F; and F, are defined by

3‘{’2 +2(D1|>A (87)

Fi =A[In(3¥, +2d,)*], F:(
1 [n( 2+ 1|)} 2 3V, 20,

Thus, if we take the gauge condition as W& = 0, (86) is re-
duced to the wave equation in [7] as

[(A+2y+2u—F)(D-p) - F,0+2a)(6—4a)
-3¢, - 20, *¥E=T,, (88)

where T, is defined by
Ty =(A+2y+2u—F)" [(6+2) D5 — (A+p) %]
—Fy(6+2a)" [0 D5, — (A+2y +2p)' @5 ] . (89)

Next, we consider the gauge transformation in the
wave equation, for which we take the following tetrad ro-
tations " [16]:

1) Since we here consider the case £ =1 only, the tetrad rotations are enough. For the genetral case D # 1, we have to take into account the general coordinate

transformation as well [8].
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F-F o omt->m+alt, m - m+alt,

nt — nt +am” + am" + aal’, (90)
>, - mt+bnt, W — mt+bnt,

I — I + bm" + bin" + bbn*, 91)
F e, ntoent, m—emt, mt— e Vmt.

(92)

To avoid changing the background, we assume that
parameters a, b, ¢, and 3 are in the first order of the per-
turbation, and hence for the perturbation quantities, the
transformation of the first order is sufficient. In the wave
equation (80), the left hand side is gauge-invariant be-
cause'P? is so, which imples that the right hand side must
also be invariant. Using

AP AP+ (5+20)a, @F - @F +20] 4,

(Dgo - (Dgo’ (Dgz - (Dgz’ (93)
source term7, transforms as
Ty — Ty +4[(E+2a)(A+2y +3w)]" (@,a). (94)

We can find that this transformation is cancelled by
that of other terms on the right hand side of (80), where
we use (27) and 6@, =0. We can also show that T, ,
defined by (89), has a nontrivial gauge transformation un-
der (90)—(92), which is cancelled by that of ¥ as

WE 5 P 4 39Ag, (95)

Thus, the origin of the gauge dependence of the grav-
itational-wave equation is due to that of the source term,
particularly ®%, . Note that in the vacuum case, this de-
pendence does not appear because @4, =0. We can also
show that the two gravitational-wave equations (83) and
(88) coincide in the vacuum background because of

F1=—3/1A, Fr=1, (96)

in the vacuum.

V. SUMMARY AND DISCUSSION

In this study, we investigated the wave equations with
various spins on the background of a general spherically

symmetric spacetime. By introducing spin variable s, we
unified these equations using s itself,|s| , and &,. The
transformation (57) to simplify the equation was possible,
and the form of (57), in turn, became the same as in the
vacuum case although the background, particularly spin
coefficientp”, was deformed.

We also discussed the gauge dependence in the form
of the gravitational-wave equations from a previous
study. The gauge dependence of the wave equation ori-
ginates from that of the source term, and hence it cannot
be avoided, except in the vacuum case. If we take anoth-
er gauge, the form of the gravitational-wave equation
changes, which also affects the unified expressions (52)
and (58).

A similar analysis using the metric perturbation was
performed in [17-19], where the wave equations re-
sembled the Regge-Wheeler and the Zerilli equations [20,
21], and its generalization to general spin s has also been
studied [22]. In the vacuum case, there is a transforma-
tion between the Teukolsky and Regge-Wheeler equa-
tions, known as the Chandrasekhar transformation [23].
Moreover, for s # 0, the relationship between Rg;,‘(f,')(r) and
R (r)can be regarded as a special case of the
Chandrasekhar transformation [10, 24]. It would be inter-
esting to investigate whether similar relations hold in the
current case as in [25].

A possible generalization would be to extend the res-
ults to the axisymmetric background, which contains the
Kerr black hole as an example. In the vacuum case, the
backgrounds satisfying the type D condition are fully
classified as the so-called the Kinnersley metric [26]. It
would be interesting to find the non-vacuum extension of
the Kinnersley metric and the wave equation on that
background with general spin. The gravitational-wave
equation on a certain non-vacuum axisymmetric back-
ground was proposed in [27]. However, this equation
does not allow for the separation of the variables, hence,
further modification is needed [28].

The study of the (gravitational) wave equation using
the Newman-Penrose formalism is applicable to not only
EOB dynamics but also modified gravitational theories,
as long as the gravitational degrees of freedom are de-
scribed by the metric tensor, such as the scalar-tensor,
Horndeski [29], and degenerated higher order scalar-
tensor theories [30]. In these theories, the equations of
motion become complicated. However, in the Newman-
Penrose formalism, the role of the Einstein equation is
rather restrictive. In particular, the original Newman-Pen-
rose equations (70)—(72) for the wave equation originate
from the Bianchi identity, which also takes the same form
in these theories. Then, one can perform a similar analys-
is to ours. It would be interesting to obtain wave equa-
tions in these theories, especially the equations for other
degrees of freedom, for example, the perturbed scalar
field in the above theories.
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APPENDIX A NOTATIONS AND CONVENTIONS

In this paper, we follow the notations and conven-
tions of Newman-Penrose [9] and Pirani [15]. Here, we
list some of the definitions for convenience. The metric
has the sign (+ ——-) , and the Riemann curvature is de-
composed as

1
Ruvaﬁ = Cyvaﬁ - 5 (guaRvﬂ - guBRvoz + gvﬁR;wz - gvozRy,B)

1
+ ER(guagvﬁ_guﬂgvaf)» (Al)

where C,,.; is the Weyl tensor. Ricci tensor R, and Ricci
scalar R are defined by

Ry =Ru,, R=g"R,. (A2)

The twelve spin coefficients are defined by

k=m"l'V,1l,, t=m'n"V,l,
1

€= E(n”lvvvlﬂ -m"l'V,my,),

o=mmvV,l, p=m'mV,lI,
1

Y= E(n“an‘,l,, —-m'n"V,m,),

v=-m'n"Vyn,, pu=-m'm'V,n,,
1

B= E(n"m"Vvlﬂ -m'm’V,m,),

A=-m'm'Vyn,, n=-m'l'V,n,,

1
= S (mY =Y, m,), (A3)

where V, is the covariant derivative with respect to the
curved spacetime. The Ricci tensor is decomposed into
the following components:

l 4 1 v
Dy = _ERuvlﬂl , @ = _ERyvlﬂm s

1 1
Dy, = ) wt'm’, D= —ERWZ”rh",
1 1
D = 7 W +mfm’), @, = ) ot m’,
1 1
q)ZO = _E uvﬁlﬂmvs (DZI = _E uvn#mvs
1
q)22 = _E ”Vn}ln\”
1 1 0y ey
A:ﬂR:ERﬂy(ln —m'm’). (A4)
Finally, the Weyl scalars are defined by
\II() = - },Mpl”mvlﬂmp,
Y, =- }Mpl”nvl/lmp,
1
Y, = —ECyvﬂp(l“nvllnp — M m'mP),
\P3 = - Hv/lpl”n"rh’lnp,
‘P4 = —Cuv/lpnﬂﬁ’lvl’l/lﬁ’lp. (AS)
ACKNOWLEDGEMENTS

The authors thank Prof. Ruffini for useful discussions.

References

[1] B. Abbott et al. (LIGO Scientific and Virgo), Phys. Rev.
Lett. 116(6), 061102 (2016), arXiv:1602.03837[gr-qc]

[2] Y. Mino, M. Sasaki, M. Shibata et al., Prog. Theor. Phys.
Suppl. 128, 1 (1997), arXiv:gr-qc/9712057[gr-qc]

[3] E. Poisson and C. M. Will, Gravity: Newtonian, Post-
Newtonian, Relativistic, (Cambridge University Press,
2014) doi: 10.1017/CB09781139507486.

[4] A. Buonanno and T. Damour, Phys. Rev. D 62, 064015
(2000), arXiv:gr-qc/0001013[gr-qc]

[5] T. Damour, Phys. Rev. D 94(10),
arXiv:1609.00354[gr-qc]

[6] J. Jing, S. Chen, M. Sun et al., Sci. China Phys. Mech.
Astron. 65(6), 260411 (2022), arXiv:2112.09838[gr-qc]

[71 J. Jing, S. Long, W. Deng et al., Sci. China Phys. Mech.
Astron. 65(10), 100411 (2022), arXiv:2208.02420[gr-qc]

[8] Y. Guo, H. Nakajima, and W. Lin, Sci. China Phys. Mech.
Astron. 66(7), 270412 (2023), arXiv:2301.08318[gr-qc]

104015 (2016),

[9] E.Newman and R. Penrose, J. Math. Phys. 3, 566 (1962)

[10]  S. A. Teukolsky, Astrophys. J. 185, 635 (1973)

[11] C. M. Harris and P. Kanti, JHEP 10, 014 (2003), arXiv:hep-
ph/0309054[hep-ph]

[12] E. C. Vagenas, A. Farag Ali, M. Hemeda et al., Annals
Phys. 432, 168574 (2021), arXiv:2008.09853[hep-th]

[13] A. Arbey, J. Auffinger, M. Geiller et al., Phys. Rev. D
103(10), 104010 (2021), arXiv:2101.02951[gr-qc]

[14] G. Q. Li and J. X. Mo, Astrophys. Space Sci. 336, 441
(2011)

[15] F. A. E. Pirani, Lectures on General Relativity, Brandeis
Summer Institute in Theoretical Physics, 1964.

[16] A.I Janis and E. T. Newman, J. Math. Phys. 6, 902 (1965)

[17] J. E. Thompson, B. F. Whiting, and H. Chen, Class. Quant.
Grav. 34(17), 174001 (2017), arXiv:1611.06214[gr-qc]

[18] M. Lenzi and C. F. Sopuerta, Phys. Rev. D 104(8), 084053
(2021), arXiv:2108.08668[ gr-qc]

[19] W. Liu, X. Fang, J. Jing et al., Sci. China Phys. Mech.
Astron. 66(1), 210411 (2023), arXiv:2201.01259[gr-qc]

085102-10


https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
https://doi.org/10.1143/PTPS.128.1
https://doi.org/10.1143/PTPS.128.1
https://doi.org/10.1143/PTPS.128.1
https://doi.org/10.1143/PTPS.128.1
https://doi.org/10.1143/PTPS.128.1
https://doi.org/10.1143/PTPS.128.1
https://doi.org/10.1143/PTPS.128.1
https://doi.org/10.1143/PTPS.128.1
https://doi.org/10.1143/PTPS.128.1
https://doi.org/10.1143/PTPS.128.1
https://doi.org/10.1143/PTPS.128.1
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
http://dx.doi.org/10.1017/CBO9781139507486
https://doi.org/10.1103/PhysRevD.62.064015
https://doi.org/10.1103/PhysRevD.62.064015
https://doi.org/10.1103/PhysRevD.62.064015
https://doi.org/10.1103/PhysRevD.62.064015
https://doi.org/10.1103/PhysRevD.62.064015
https://doi.org/10.1103/PhysRevD.62.064015
https://doi.org/10.1103/PhysRevD.62.064015
https://doi.org/10.1103/PhysRevD.62.064015
https://doi.org/10.1103/PhysRevD.62.064015
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
https://doi.org/10.1103/PhysRevD.94.104015
https://doi.org/10.1103/PhysRevD.94.104015
https://doi.org/10.1103/PhysRevD.94.104015
https://doi.org/10.1103/PhysRevD.94.104015
https://doi.org/10.1103/PhysRevD.94.104015
https://doi.org/10.1103/PhysRevD.94.104015
https://doi.org/10.1103/PhysRevD.94.104015
https://doi.org/10.1103/PhysRevD.94.104015
https://doi.org/10.1103/PhysRevD.94.104015
https://doi.org/10.1103/PhysRevD.94.104015
https://doi.org/10.1103/PhysRevD.94.104015
https://doi.org/10.1103/PhysRevD.94.104015
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
https://doi.org/10.1007/s11433-022-1885-6
https://doi.org/10.1007/s11433-022-1885-6
https://doi.org/10.1007/s11433-022-1885-6
https://doi.org/10.1007/s11433-022-1885-6
https://doi.org/10.1007/s11433-022-1885-6
https://doi.org/10.1007/s11433-022-1885-6
https://doi.org/10.1007/s11433-022-1885-6
https://doi.org/10.1007/s11433-022-1885-6
https://doi.org/10.1007/s11433-022-1885-6
https://doi.org/10.1007/s11433-022-1885-6
https://doi.org/10.1007/s11433-022-1885-6
https://doi.org/10.1007/s11433-022-1885-6
https://doi.org/10.1007/s11433-022-1885-6
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
https://doi.org/10.1007/s11433-022-1951-1
https://doi.org/10.1007/s11433-022-1951-1
https://doi.org/10.1007/s11433-022-1951-1
https://doi.org/10.1007/s11433-022-1951-1
https://doi.org/10.1007/s11433-022-1951-1
https://doi.org/10.1007/s11433-022-1951-1
https://doi.org/10.1007/s11433-022-1951-1
https://doi.org/10.1007/s11433-022-1951-1
https://doi.org/10.1007/s11433-022-1951-1
https://doi.org/10.1007/s11433-022-1951-1
https://doi.org/10.1007/s11433-022-1951-1
https://doi.org/10.1007/s11433-022-1951-1
https://doi.org/10.1007/s11433-022-1951-1
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
https://doi.org/10.1007/s11433-023-2087-8
https://doi.org/10.1007/s11433-023-2087-8
https://doi.org/10.1007/s11433-023-2087-8
https://doi.org/10.1007/s11433-023-2087-8
https://doi.org/10.1007/s11433-023-2087-8
https://doi.org/10.1007/s11433-023-2087-8
https://doi.org/10.1007/s11433-023-2087-8
https://doi.org/10.1007/s11433-023-2087-8
https://doi.org/10.1007/s11433-023-2087-8
https://doi.org/10.1007/s11433-023-2087-8
https://doi.org/10.1007/s11433-023-2087-8
https://doi.org/10.1007/s11433-023-2087-8
https://doi.org/10.1007/s11433-023-2087-8
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
https://doi.org/10.1063/1.1724257
https://doi.org/10.1063/1.1724257
https://doi.org/10.1063/1.1724257
https://doi.org/10.1063/1.1724257
https://doi.org/10.1063/1.1724257
https://doi.org/10.1063/1.1724257
https://doi.org/10.1063/1.1724257
https://doi.org/10.1063/1.1724257
https://doi.org/10.1063/1.1724257
https://doi.org/10.1063/1.1724257
https://doi.org/10.1086/152444
https://doi.org/10.1086/152444
https://doi.org/10.1086/152444
https://doi.org/10.1086/152444
https://doi.org/10.1086/152444
https://doi.org/10.1086/152444
https://doi.org/10.1086/152444
https://doi.org/10.1086/152444
https://doi.org/10.1086/152444
https://doi.org/10.1086/152444
https://doi.org/10.1088/1126-6708/2003/10/014
https://doi.org/10.1088/1126-6708/2003/10/014
https://doi.org/10.1088/1126-6708/2003/10/014
https://doi.org/10.1088/1126-6708/2003/10/014
https://doi.org/10.1088/1126-6708/2003/10/014
https://doi.org/10.1088/1126-6708/2003/10/014
https://doi.org/10.1088/1126-6708/2003/10/014
https://doi.org/10.1088/1126-6708/2003/10/014
https://doi.org/10.1088/1126-6708/2003/10/014
https://doi.org/10.1088/1126-6708/2003/10/014
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
https://doi.org/10.1016/j.aop.2021.168574
https://doi.org/10.1016/j.aop.2021.168574
https://doi.org/10.1016/j.aop.2021.168574
https://doi.org/10.1016/j.aop.2021.168574
https://doi.org/10.1016/j.aop.2021.168574
https://doi.org/10.1016/j.aop.2021.168574
https://doi.org/10.1016/j.aop.2021.168574
https://doi.org/10.1016/j.aop.2021.168574
https://doi.org/10.1016/j.aop.2021.168574
https://doi.org/10.1016/j.aop.2021.168574
https://doi.org/10.1016/j.aop.2021.168574
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
https://doi.org/10.1103/PhysRevD.103.104010
https://doi.org/10.1103/PhysRevD.103.104010
https://doi.org/10.1103/PhysRevD.103.104010
https://doi.org/10.1103/PhysRevD.103.104010
https://doi.org/10.1103/PhysRevD.103.104010
https://doi.org/10.1103/PhysRevD.103.104010
https://doi.org/10.1103/PhysRevD.103.104010
https://doi.org/10.1103/PhysRevD.103.104010
https://doi.org/10.1103/PhysRevD.103.104010
https://doi.org/10.1103/PhysRevD.103.104010
https://doi.org/10.1103/PhysRevD.103.104010
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
https://doi.org/10.1007/s10509-011-0784-9
https://doi.org/10.1007/s10509-011-0784-9
https://doi.org/10.1007/s10509-011-0784-9
https://doi.org/10.1007/s10509-011-0784-9
https://doi.org/10.1007/s10509-011-0784-9
https://doi.org/10.1007/s10509-011-0784-9
https://doi.org/10.1007/s10509-011-0784-9
https://doi.org/10.1007/s10509-011-0784-9
https://doi.org/10.1007/s10509-011-0784-9
https://doi.org/10.1063/1.1704349
https://doi.org/10.1063/1.1704349
https://doi.org/10.1063/1.1704349
https://doi.org/10.1063/1.1704349
https://doi.org/10.1063/1.1704349
https://doi.org/10.1063/1.1704349
https://doi.org/10.1063/1.1704349
https://doi.org/10.1063/1.1704349
https://doi.org/10.1063/1.1704349
https://doi.org/10.1063/1.1704349
https://doi.org/10.1088/1361-6382/aa7f5b
https://doi.org/10.1088/1361-6382/aa7f5b
https://doi.org/10.1088/1361-6382/aa7f5b
https://doi.org/10.1088/1361-6382/aa7f5b
https://doi.org/10.1088/1361-6382/aa7f5b
https://doi.org/10.1088/1361-6382/aa7f5b
https://doi.org/10.1088/1361-6382/aa7f5b
https://doi.org/10.1088/1361-6382/aa7f5b
https://doi.org/10.1088/1361-6382/aa7f5b
https://doi.org/10.1088/1361-6382/aa7f5b
https://doi.org/10.1088/1361-6382/aa7f5b
https://doi.org/10.1088/1361-6382/aa7f5b
https://doi.org/10.1088/1361-6382/aa7f5b
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
https://doi.org/10.1103/PhysRevD.104.084053
https://doi.org/10.1103/PhysRevD.104.084053
https://doi.org/10.1103/PhysRevD.104.084053
https://doi.org/10.1103/PhysRevD.104.084053
https://doi.org/10.1103/PhysRevD.104.084053
https://doi.org/10.1103/PhysRevD.104.084053
https://doi.org/10.1103/PhysRevD.104.084053
https://doi.org/10.1103/PhysRevD.104.084053
https://doi.org/10.1103/PhysRevD.104.084053
https://doi.org/10.1103/PhysRevD.104.084053
https://doi.org/10.1103/PhysRevD.104.084053
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
https://doi.org/10.1007/s11433-022-1956-4
https://doi.org/10.1007/s11433-022-1956-4
https://doi.org/10.1007/s11433-022-1956-4
https://doi.org/10.1007/s11433-022-1956-4
https://doi.org/10.1007/s11433-022-1956-4
https://doi.org/10.1007/s11433-022-1956-4
https://doi.org/10.1007/s11433-022-1956-4
https://doi.org/10.1007/s11433-022-1956-4
https://doi.org/10.1007/s11433-022-1956-4
https://doi.org/10.1007/s11433-022-1956-4
https://doi.org/10.1007/s11433-022-1956-4
https://doi.org/10.1007/s11433-022-1956-4
https://doi.org/10.1007/s11433-022-1956-4
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/

Teukolsky-like equations with various spins in spherically symmetric spacetime

Chin. Phys. C 48, 085102 (2024)

(20]
(21]
(22]
(23]
(24]

(23]

T. Regge and J. A. Wheeler, Phys. Rev. 108, 1063 (1957)

F. J. Zerilli, Phys. Rev. Lett. 24, 737 (1970)

E. W. Leaver, Phys. Rev. D 34, 384 (1986)

S. Chandrasekhar, Proc. R. Soc. Lond. A A343, 289 (1975)
A. A. Starobinsky and S. M. Churilov, Zh. Eksp. Teor. Fiz.
65, 3 (1973); A. A. Starobinsky and S. M. Churilov, Sov.
Phys. JETP 38, 1 (1974).

A. Arbey, J. Auffinger, M. Geiller et al., Phys. Rev. D
104(8), 084016 (2021), arXiv:2107.03293[gr-qc]

[26]
(27]

(28]

[29]
[30]

085102-11

W. Kinnersley, J. Math. Phys. 10, 1195 (1969)

J. Jing, W. Deng, S. Long et al., Sci. China Phys. Mech.
Astron. 66(7), 270411 (2023), arXiv:2305.03225[gr-qc]

Y. Guo, H. Nakajima, and W. Lin, Teukolsky-like equations
in a non-vacuum axisymmetric type D spacetime, arXiv:
2309.06237[gr-qc]

G. W. Horndeski, Int. J. Theor. Phys. 10, 363 (1974)

D. Langlois and K. Noui, JCAP 02, 034 (2016),
arXiv:1510.06930[ gr-qc]


https://doi.org/10.1103/PhysRev.108.1063
https://doi.org/10.1103/PhysRev.108.1063
https://doi.org/10.1103/PhysRev.108.1063
https://doi.org/10.1103/PhysRev.108.1063
https://doi.org/10.1103/PhysRev.108.1063
https://doi.org/10.1103/PhysRev.108.1063
https://doi.org/10.1103/PhysRev.108.1063
https://doi.org/10.1103/PhysRev.108.1063
https://doi.org/10.1103/PhysRev.108.1063
https://doi.org/10.1103/PhysRev.108.1063
https://doi.org/10.1103/PhysRevLett.24.737
https://doi.org/10.1103/PhysRevLett.24.737
https://doi.org/10.1103/PhysRevLett.24.737
https://doi.org/10.1103/PhysRevLett.24.737
https://doi.org/10.1103/PhysRevLett.24.737
https://doi.org/10.1103/PhysRevLett.24.737
https://doi.org/10.1103/PhysRevLett.24.737
https://doi.org/10.1103/PhysRevLett.24.737
https://doi.org/10.1103/PhysRevLett.24.737
https://doi.org/10.1103/PhysRevLett.24.737
https://doi.org/10.1103/PhysRevD.34.384
https://doi.org/10.1103/PhysRevD.34.384
https://doi.org/10.1103/PhysRevD.34.384
https://doi.org/10.1103/PhysRevD.34.384
https://doi.org/10.1103/PhysRevD.34.384
https://doi.org/10.1103/PhysRevD.34.384
https://doi.org/10.1103/PhysRevD.34.384
https://doi.org/10.1103/PhysRevD.34.384
https://doi.org/10.1103/PhysRevD.34.384
https://doi.org/10.1103/PhysRevD.34.384
https://doi.org/10.1098/rspa.1975.0066
https://doi.org/10.1098/rspa.1975.0066
https://doi.org/10.1098/rspa.1975.0066
https://doi.org/10.1098/rspa.1975.0066
https://doi.org/10.1098/rspa.1975.0066
https://doi.org/10.1098/rspa.1975.0066
https://doi.org/10.1098/rspa.1975.0066
https://doi.org/10.1098/rspa.1975.0066
https://doi.org/10.1098/rspa.1975.0066
https://doi.org/10.1098/rspa.1975.0066
https://s3.cern.ch/inspire-prod-files-d/d44eaf44cb7c1435efba64d8585c06e0
https://s3.cern.ch/inspire-prod-files-d/d44eaf44cb7c1435efba64d8585c06e0
https://s3.cern.ch/inspire-prod-files-d/d44eaf44cb7c1435efba64d8585c06e0
https://doi.org/10.1103/PhysRevD.104.084016
https://doi.org/10.1103/PhysRevD.104.084016
https://doi.org/10.1103/PhysRevD.104.084016
https://doi.org/10.1103/PhysRevD.104.084016
https://doi.org/10.1103/PhysRevD.104.084016
https://doi.org/10.1103/PhysRevD.104.084016
https://doi.org/10.1103/PhysRevD.104.084016
https://doi.org/10.1103/PhysRevD.104.084016
https://doi.org/10.1103/PhysRevD.104.084016
https://doi.org/10.1103/PhysRevD.104.084016
https://doi.org/10.1103/PhysRevD.104.084016
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
https://doi.org/10.1063/1.1664958
https://doi.org/10.1063/1.1664958
https://doi.org/10.1063/1.1664958
https://doi.org/10.1063/1.1664958
https://doi.org/10.1063/1.1664958
https://doi.org/10.1063/1.1664958
https://doi.org/10.1063/1.1664958
https://doi.org/10.1063/1.1664958
https://doi.org/10.1063/1.1664958
https://doi.org/10.1063/1.1664958
https://doi.org/10.1007/s11433-023-2084-1
https://doi.org/10.1007/s11433-023-2084-1
https://doi.org/10.1007/s11433-023-2084-1
https://doi.org/10.1007/s11433-023-2084-1
https://doi.org/10.1007/s11433-023-2084-1
https://doi.org/10.1007/s11433-023-2084-1
https://doi.org/10.1007/s11433-023-2084-1
https://doi.org/10.1007/s11433-023-2084-1
https://doi.org/10.1007/s11433-023-2084-1
https://doi.org/10.1007/s11433-023-2084-1
https://doi.org/10.1007/s11433-023-2084-1
https://doi.org/10.1007/s11433-023-2084-1
https://doi.org/10.1007/s11433-023-2084-1
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/
http://arxiv.org/abs/2309.06237
http://arxiv.org/abs/2309.06237
http://arxiv.org/abs/2309.06237
https://doi.org/10.1007/BF01807638
https://doi.org/10.1007/BF01807638
https://doi.org/10.1007/BF01807638
https://doi.org/10.1007/BF01807638
https://doi.org/10.1007/BF01807638
https://doi.org/10.1007/BF01807638
https://doi.org/10.1007/BF01807638
https://doi.org/10.1007/BF01807638
https://doi.org/10.1007/BF01807638
https://doi.org/10.1007/BF01807638
https://doi.org/10.1088/1475-7516/2016/02/034
https://doi.org/10.1088/1475-7516/2016/02/034
https://doi.org/10.1088/1475-7516/2016/02/034
https://doi.org/10.1088/1475-7516/2016/02/034
https://doi.org/10.1088/1475-7516/2016/02/034
https://doi.org/10.1088/1475-7516/2016/02/034
https://doi.org/10.1088/1475-7516/2016/02/034
https://doi.org/10.1088/1475-7516/2016/02/034
https://doi.org/10.1088/1475-7516/2016/02/034
https://doi.org/10.1088/1475-7516/2016/02/034
https://arxiv.org/abs/
https://arxiv.org/abs/
https://arxiv.org/abs/

	I INTRODUCTION
	II BACKGROUND METRIC AND TETRADS
	III WAVE EQUATIONS WITH VARIOUS SPINS
	A spin 0
	B spin $ \pm 1/2 $
	C spin $ \pm 1 $
	D spin $ \pm 2 $
	E Unified wave equation for general spin s

	IV GAUGE DEPENDENCE IN GRAVITATIONAL-WAVE EQUATIONS
	V SUMMARY AND DISCUSSION
	APPENDIX A NOTATIONS AND CONVENTIONS
	ACKNOWLEDGEMENTS
	REFERENCES

