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Pion-photon and kaon-photon transition distribution amplitudes in the
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Abstract: The Nambu—Jona-Lasinio model is utilized to investigate the pion- and kaon-photon leading-twist trans-
ition distribution amplitudes using proper time regularization. Separately, the properties of the vector and axial vec-
tor pion-photon transition distribution amplitudes are examined, and the results meet the desired properties. Our
study involves sum rule and polynomiality condition. The vector and axial vector pion-photon transition form factors
that are present in the 7 — ye'v process are the first Mellin moments of the pion-photon transition distribution
amplitudes. The vector transition form factor originates from the internal structure of hadrons, the axial current can
be coupled to a pion, this pion is virtual, and its contribution will be present independently of the external hadrons.
The kaon transition form factors are similar. The vector form factor's value at zero momentum transfer is determ-
ined by the axial anomaly, while this is not the case for the axial one. The vector and axial form factors, as well as
the neutral pion vector form factor Fyy,(f), are depicted. According to our findings, the pion axial transition form
factor is harder than the vector transition form factor and harder than the electromagnetic form factor. We also dis-

cuss the link between 7 —vy and y —x transitions distribution amplitudes.
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I. INTRODUCTION

Hard exclusive processes are an important tool for ex-
ploring the internal quark-gluon dynamics of hadrons.
Off-diagonal exclusive processes in perturbative
Quantum Chromodynamics (QCD) are the subject of nu-
merous experimental and theoretical works. In high-en-
ergy physics, factorization theorems are a tool that can be
used to separate perturbatively computable parts from
non-perturbative matrix elements in a systematic way. By
using factorization theorems, one can depict the amp-
litudes of these reactions as the combination of a hard
scattering kernel and a soft matrix element of quark
and/or gluon fields. The soft matrix element relates to the
generalised parton distributions (GPDs) [1-21]. Deeply
virtual Compton scattering (DVCS) is a typical example
of processes related to GPDs. A generalization of GPDs
to non-diagonal transitions was firstly introduced through
hadron-photon transitions in Refs. [22—24], which are the
transition distribution amplitudes (TDAs) [25-29]. TDAs

relate to the situation where the initial and final states
correspond to distinct particles. The description of ex-
clusive high-energy processes [30—38] requires the pres-
ence of the fundamental theoretical ingredient called pi-
on distribution amplitude (zDA). TDAs appear as the
non-perturbative quantities in the analysis of the virtual
Compton scattering and other exclusive reactions, such as
the hadron-anti-hadron annihilation process, HH — yy*.
Vector and axial pion-to-photon TDAs are required as a
non-perturbative input to investigate the cross-section of
pion annihilation into the virtual and real photon. In some
sense, TDAs are a mixture of the ordinary parton distri-
bution amlitudes (PDAs) and GPDs [11, 28]. Pion-photon
TDA reduce to the ordinary PDA in the forward limit
t=0 and £=0. Unlike the GPDs, TDAs are defined as
hadron-photon matrix elements of non-local operators.
This means that TDAs concern not only the momenta, but
also the physical states, so TDAs are not time reversal in-
variant. TDAs should satisfy the symmetries required by
the QCD, such as the sum rule. This means the Mellin
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moments of TDAs correspond to the transition form
factors [39-48]. Mellin moments are related to the vector
and axial vector transition form factors. A comparison is
made between the two form factors and electromagnetic
form factors (FFs) [49, 50]. Moreover, they should satis-
fy the polynomiality condition, so that the coefficients of
the higher Mellin moments of TDAs can be studied.

In the experimental side, there is little known about
GPDs, especially TDAs (see a review [51]). The situ-
ation is somewhat better on the theory side, especially for
the processes of simple hadronic states. It is easiest to
consider pion-photon TDAs [25, 27, 28, 52-57], the non-
perturbative feature of the distribution functions lead to
the use of effective models or phenomenological para-
metrization. This paper is not only interested in the pion-
photon TDAs in the Nambu—Jona-Lasinio (NJL) [58, 59]
model, but also kaon-photon TDAs. The TDAs of pion-
photon are important as a nonperturbative input in the
cross-section of pion annihilation into real and virtual
photons. The study of pion-photon TDAs is conducted in
non-local chiral quark models [28, 56, 57], including the
NJL model, which employs the Pauli-Villars regulariza-
tion scheme [52, 54, 60], as well as in simple analytical
models [25], including the spectral quark model [53]. The
NJL model is widely used in many fields because it has
an effective Lagrangian of relativistic fermions that inter-
act through local fermion-fermion couplings. It is note-
worthy that the NJL model preserves the fundamental
symmetries of QCD. Among these symmetries, the chiral
symmetry holds significant importance. It is important to
know that pions are Gold-stone bosons with broken
SU(2) chiral symmetry, and their properties are heavily
depend on the symmetry breaking. It is possible to gain
insight into the pion- and kaon-photon TDAs using the
NJL model. NJL model is non-renormalizable theory and
a cutoff procedure is needed to completely define the
model, the proper time regularization scheme is em-
ployed in this paper.

This paper is organized as follows: In Sec. II, A brief
introduction to NJL model is given. We give the defini-
tion and calculation of pion-photon and kaon-photon
TDAs, in addition, basic properties of TDAs will be
checked in this section. A brief summary and discussions
are given in Sec. III.

II. TDAs

A. NJL model
The SU(2) flavor NJL Lagrangian is defined as

L= iy 0, =) w+Gr [ (9A) = (Fys )], (1)

where 7 are the Pauli matrices representing isospin and

/i = diag (m,,my,my) is the current quark mass matrix. In
the limit of exact isospin symmetry, m, = m; = m, where
the quark field has the flavor components ¢7 = (u,d, s),
A, a=0,1,2,...,8 are the eight Gell-Mann matrices in
flavor space where 1, = v2/3 1. G, is an effective coup-
ling strength of the scalar (gg) and pseudoscalar (gysq)
interaction channels.

The NJL dressed quark propagator is obtained by
solving the gap equation, the solution is

1

S0 = M, vie

2

The interaction kernel of the gap equation is local, so we
obtain a constant dressed quark mass M which satisfies

. d*l
M, = m, + 12iG, / Gy TS D1 3)

where the trace is over Dirac indices. Only for a strong
coupling G, > Geiica can dynamical chiral symmetry
breaking (DCSB) happen, which gives a nontrivial solu-
tion M, > 0.

The NJL model is a non-renormalizable quantum
field theory. A regularization method must be used to
fully define the model. We will use the proper time regu-
larization scheme [61-63].

1 1 «
— = 7/ drrle ™
X (mn=-D!J,
LR
- — / drr e ™, 4)
(n=1)! 1/AZ,

where X represents a product of propagators that have
been combined using Feynman parametrization.

In the NJL model, the description of a meson as a gq
bound state is obtained through the Bethe-Salpeter equa-
tion (BSE). The BSE in each meson channel is given by a
two-body #-matrix that depends on the type of interaction
channel. The reduced #-matrices for the pion and kaon
meson reads,

“ _2iG,
Tr = s
K = 26, ()

(5)
where the bubble diagram ITpp(g*) are defined as

d'k
(2n)*

I ()6 = 3i / Tty 7:8 (k)Y 7;S sk + @), (6)

where the traces are over Dirac and isospin indices.
The mass of pion and kaon are given by the poles in
the reduced #-matrix,
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142G IT58 (g% = m2,m%) = 0. (7)

Expanding the full #~matrix about the pole gives the ho-
mogeneous Bethe-Salpeter vertex for the pion and kaon,

F;,K = Zn kY54, (8)
the normalization factor is given by
_ o _.
Zn,}( -l Il’((q )|q =m,m’ (9)

62

These residues can be explained as the square of the ef-
fective meson-quark-quark coupling constant. Homogen-
eous Bethe-Salpeter vertex functions are an essential in-
gredient, for example, in triangle diagrams that determ-
ine the meson form factors.

In addition to the ultraviolet cutoff, Ayy, we also in-
clude the infrared cutoff Ajgx. The NJL model doesn't con-
tain confinement, the infrared cutoff is used to mimic
confinement. The parameters used in this work are given
by Table 1, and f; = 0.092 GeV, fx =0.092 GeV.

B. The definition and calculation of pion-photon TDAs

The pion-photon TDAs in the NJL model are shown
in Fig. 1, p is the incoming pion momentum, p’ is the

/% ixP*z y(p)Ig (_7> y q( ) |77 (D)) |+=0.2=0= le€”€ P PP AT

2

[Eor
2w

2

where x is the longitudinal momentum fraction, the pion
decay constant f;, e is the electric charge, ¢ is the photon
polarization vector. Here, we have defined TDAs of a
transition from a n* to a photon. Through symmetry
properties, the TDAs of a 7~ to a photon involved in oth-
er processes can be obtained. For instance, we could wish
to study the y—n~ TDAs entering the factorized amp-
litude of the process. V7' (x,&,¢) and A™ (x,&,1) are the
vector and axial TDAs, respectively. The transverse con-
dition is &-p’ =0. Therefore, the axial matrix element

Table 1. Parameter set used in our work. The dressed quark
mass and regularization parameters are in units of GeV, while
coupling constant are in units of GeV~2.

AR
0.240

Auv My M;
0.645 04 0.59

Gr My

19.0 0.14

mg Zn Zx

047 1785 20.47

“owa(-3) 77 (5) 7 0D lecozo= €@

outgoing photon momentum, and ¢ is the polarization.
The symmetry notation as GPDs will be used in this pa-
per, the alignment of notation used in the manuscript with
that employed in Ref. [52], the kinematics of this process
and the relevant quantities will be defined as

pr=ml, p?=0, ¢@=N=0p-p’=t (10)
+ ot

g=PL P 2oy, (11)
pr+pt

& is the skewness parameter, in the light-cone coordinate

v =005, v=0")), (12)
for any four-vector, n is the light-cone four-vector
defined as n=(1,0,0,—1), then the v* in the light-cone

coordinate can be represented as

vi=v-n (13)

TDAs are defined as the Fourier transform of the mat-
rix element of bilocal currents at a light-like distance. The
definition of the two leading-twist TDAs are,

V7 (x,E,1) (14)
S
/+A”+(x,f,t) Ja x+¢§
AYp fﬂ+e(s«A)m%_te(§)¢( Y ) (15)

[
contains the axial TDA and the pion pole contribution
that has been isolated in a model independent way [64],
which was described in Fig. 2. The latter term is paramet-
erized by a point-like pion propagator multiplied by the
PDA of an on-shell pion, ¢,(x). The pion pole contribu-
tion is not considered in this paper, as the pion pole term
in the t-channel is irrelevant for the evaluation of the axi-
al TDA [25]. In Ref. [53], the pion-photon TDAs in the
Spectral Quark Model were calculated without taking in-
to account this term.

In the second term of Eq. (15), pion PDA ¢(x) is in-
troduced. The definition of pion PDA is

dz

1fr
2 o — Px(x).

(16)

0 (-3) 7 7a (5) I () ke-ozmo=
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k+p+gq/2

k—p—gq/2

Fig. 1. (color online) The n* photon TDAs. The double lines
represent n*, the single line corresponds to the quark propag-
ator, the wavy line corresponds to the photon, the blue dot
represents the gg interaction kernel, the red dots represent the
quark photon vertex. The left panel represents a quark u
changed into a quark d by the bilocal current, the right panel
represents a quark d changed into a quark u.

p p
MWW

Fig. 2.  (color online) Pion pole contribution between the
axial current (the cross) and the incoming pion-photon vertex,
the double line represent the pion, the wavy line corresponds

to the photon, the red dot represents the pion-photon vertex.

In Fig. 1, the insert operators I" look like this:

vV _ .+ _k+
I'=y"olx ) (17a)
M =y%°6 _E 17b
=y ro\x-5 ) (17b)

I'V for vector TDA and I'* for axial TDA.

We believe that the handbag diagram dominates the
process. There are two related contributions to each TDA,
depending on which quark (u or d) of the pion is scattered
off by the deep virtual photon. For an active u-quark in
Fig. 1, in the NJL model, u-quark pion TDAs are defined
as

. . " d*k .
Vi (& 1) =ieN. \/Z,e /(27r)46”(k)

X trp [%Su (ki)Y S u(kon)ysSa(k— P)] ,

(18)
ol ( t)_-Nﬁ*v/ d4k6xk
a,_,(x,&,1) =1eN, & 20 " (k)
X1rp [)’vsu(k+A)7+7’SSu(k—A)’}’SSd(k—P)] ;
(19)

CiNgpt [ dk
PO =75 | 0P
X trp [7+755L4 (k) )/SSd (k - P)} > (20)

where trp indicates a trace over spinor indices, J;(k) =
A
S(xP* =), ken =k+ 5 ka=k=2.

After a thorough calculation, the final form of TDAs
are

1 -
Hina 1) = % da%%cﬁ”’ @1
0
* NC ks Z;TMM ! Qn
a;rad(x7§,t)= —% da?f
0
X a(l _é:) C’z((fz)
X <§ B T) o (22)

and

Ope=x€laE+1)=-¢a(l1-6+ENxe[-1,1], (23)

where x only exist in the corresponding region. One can
write 0/ = O(1—x*/£%), where O(x) is the Heaviside
function, and 6,/ =0((1-a?)—(x—@)*/EH)O(1 —x?).
These results are in the region & > 0. Unlike the pion GP-
Ds [15], TDAs no longer have symmetry properties in x
and &,

The pion PDA in the NJL model is

3M, NZ, -
Gr(x) = TzﬁrCI(Ul)’ (24)

PDA is defined within the region x € [0, 1] and meets the
condition

1
/ O (x)dx =1, (25)
0

in the chiral limit m, =0, ¢,(x) =1, when m, =0.14 GeV,
¢,(x) just varies a little near 1.
One can obtain
2

x+f) 3M, \/Z_ﬂ ir 1 —T(M2+&m2)
22 = dr—e ™M (26
? ( 2 anf, Ja T° (26)

T

where x € [-£,£], that is the ERBL region, the kinematics
in this region enable the emission or absorption of a pion
from the initial state.

In the following section, we will check the basic
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properties of TDAs.

C. The properties of pion-photon TDAs

1. Isospin relations

Isospin relates the two contributions,

Vi (L ED =V (-, (27a)

a7 (E0) = —d, (-x,€,1), (27b)
then we can obtain

VO (E0) = Qv (L ED+ Q0 (RED . (282)

AT (06,1 = Qudl (%, €D+ Qudl (1), (28b)

the diagrams of vector and axial vector TDAs have been
plotted separately in Figs. 3 and 4. We only choose three
cases for the vector TDA when ¢ is positive because the
behaviors of the negative ¢ are the same. This means that
it is an even function of the skewness variable. The axial
TDAs behave differently because of the sign of &, com-
pared to the vector TDAs. The maxima value for the neg-

-
0.04} e
l'\y' 2N Y
— 7 /?‘.\ AN
S 0.02} ri S RN Y
un N ; /,' \\\\-‘
=3 ,'4{" \'1\
x # .
< 0.00 e, -
YN 255}
s, N, N,e2 27 o
0.02 S
- t S

-1.0 -05 0.0 0.5 1.0

Fig. 3.
£=0.5 —blue dashed curve, ¢ =0.75 — purple dotdashed curve.

0.03f
0.02}
0.01}

An(x,€,0)

0.00

-0.01¢
-1.0 -05 0.0 0.5 1.0

Fig. 4.

ative ¢ is around x =0, whereas for the positive ¢, the
contribution exhibits the opposite sign. From Egs. (28)
we obtain that in the region |£|<x<1 and -1 < x < —|¢],
the isospin relates the values of the vector and the axial
vector TDAsS,

V(X,f, t) = —%V(—X,f, t)s (293.)

A& = SACTED, (29b)

where 1/2 comes from the ratio of charge between u and
d quark. Our results matches these relationships, and the
relationship will not change by evolution. The figures are
similar to the Refs. [27, 52, 54-56]. Axial and vector
TDAs in the NJL model are calculated using the Pauli-
Villars regularization procedure in Ref. [52]. When com-
pared to their diagrams, it can be observed that the TDAs
are qualitatively similar but quantitatively different, in-
dicating that regularization has a negligible impact on the
outcomes of the TDAs. In Ref. [55], they study the TDAs
in the non-local chiral quark model, which is different
from the vector TDA in the local NJL model. Vector
TDA is no longer symmetric in the non-local case. The
behaviors of axial TDAs are similar in both the local and
non-local model for the positive &. For the negative &, the
differences are that at the points x = ££, in the local mod-

0.03f A . ..
AV -
I XN
—~ 0.02} 7 /A N A
— IS 0N N,
| i NNy
- ! ~ ,
Wi 0.01} i
X ;r“ S
N— .
= 0.00 RN 7
> RSN S o
YN N
-0.01y bz
-1.0 -05 0.0 0.5 1.0
X

(color online) The pion-photon vector TDAs (left panel: V™' (x,£,0), right panel: V™ (x,£,-1)): £=0.25 — black dotted curve,

0.025f
0.020
0.015
0.010
0.005
0.000
-0.005}

-1.0 -05 0.0 0.5 1.0

AN(X!61_1)

(color online) The pion-photon axial vector TDAs (left panel: A™ (x,£,0), right panel: A™ (x,£,-1)): £=0.25 — black dotted

curve, £ =0.75 — blue dashed curve, & = —0.25 — purple dotdashed curve, & = —0.75 — red solid curve.

083106-5



Jin-Li Zhang, Jun Wu

Chin. Phys. C 48, 083106 (2024)

el, the values of axial TDAs are zero, but not in non-loc-
al model.

Time reversal relates the 7" —y TDAs to y—n* TDAs
in the following way

D™ 7V (x,&,0) = D' (x, ¢, 1), (30)

where D represents the vector and axial vector TDAs.
CPT relates the presently calculated TDAs to their ana-
log for a transition from a photon to a 7~

VI (,E,0) = VI (—x, =€), (la)
A" T (x,E,0) = AT (—x,—£,1). (31b)
2. Form factors
The pion TDAs satisfy the sum rule
- -
/ V7 (x,&,0dx = == F (1), (322)
1 ny
‘ 5
/ A" (x,&,1)dx = miF;f*(;), (32b)
-1 4
then we can obtain
+ Zﬂ ! o Mumrr A
riw=Ya [ar ] o*eeo o
T Jo 0 03

. N.ANZ, [! = Mame(1-2y) -
F (1) = A / dx / ay M (1=2 e .
0 0

22 o3
(34)
The two transition FFs are identical to the results com-

puted from the definition of the transition FFs in the NJL
model, indicating that our TDAs satisfy the sum rule con-

A ot
0.020} s, i
’*.\\~ -= Fa
o 0.015  "NITel
| R N
L 0.010) Tt T
0005
0.0001.

Q2
Fig. 5.

straint. One can obtain F% (0) = 0.0234, which is in agree-
ment with the experimental value Fy(0)=0.017+0.008
given in Ref. [65]. We obtain the axial TDA at r=0,
FZ'(0) = 0.0233, the prediction value by PDG is F% (0) =
0.0115+0.0005 [22]. The estimate ratio of F% (0)/F% (0)
is 0.7, our results give F% (0)/F} (0) = 1, which is similar
to the results of Refs. [52, 53].

The n° distribution must satisfy the following sum
rule [22]

1
/ dX(QquO(X,f,l‘)— dego(x9§7t)) = \/Eanﬂy*y(t)’ (35)
-1

Fr,, is the pion-photon transition form factor, which is
directly related to Fy. Ref. [66] gives a theoretical predic-
tion for the n° form factor Fy,,(r), at 1 =0, Fy,(0)=
0.272 GeV™'. The neutral pion FF depends on the sum
rule of n* vector FF. Our results give Fy,-,(0)=0.237
GeV’', we have plot the pion-photon transition FFs in
Figs. 5.

3. Polynomiality condition

The pion TDAs should satisfy the polynomiality con-
dition, for the vector TDA

1 n—1
/ PV (g nde= Y Cué, (36)
- i=0

1

which means the polynomials include all powers of £ But
in the chiral limit m2 = 0, there are only the even powers
of ¢ left in the polynomial expansion, this is consistent
with Ref. [52].

For the &-dependence of the moments of axial TDA

1 n—-1
[ ea wen=Y cme. 6D
-1 i=0

similar to the vector TDA, the axial TDA contains all the

1.0Ry
0.8} \

»n 0.6}

L

L 0.4}
0.2}
0.0L.

Q2

(color online) The pion transition FFs, left panel: vector FFs F’{(QZ) — dotted black curve; axial FF Ff(Qz) — dashed black

+

curve; right panel: F’{;(QZ)/F";+ (0) — dotted black curve; FZ'(Q?)/F%" (0) — dashed black curve, electromagnetic FF FZ, (Q%)/FZ,(0) — red

solid curve.

m
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powers of ¢&. Different from the vector TDA, the polyno-
mials of axial TDA still contain all the powers of £ in the
chiral limit.

D. The properties of kaon-photon TDAs

The results of kaon-photon TDAs in the NJL are as
follows

v (€0 = N"JZ(;/Z_K "f((l —a)(M,— M)+ M, )CZ(C’S) (38)
Vs e o
a&' (nE.0) = NfK\/Z_K/ dor Oa¢ (M. - M) (a(2a— D -¢) N (I-a)x x—g) Ca(075)
é‘: 2§ O5

_chK\/Z_K/ mf (M +M)<

472

2%

where 6, is defined in Eq. (23).
In the NJL model, the kaon PDA is

-\/_
f u

dx(x) = Ci(04), (40)

PDA is defined in the region x € [0,1] and satisfies the
condition

1
[ sxtar=1, (1)
0

different from pion PDA ¢,(x), kaon PDA ¢ (x) is no
longer symmetry at x = 1/2.
Then we obtain

¢k (“5> 3z [T (‘f M, + Hng)
3 4’ fx Jo, 2% 3
e CF IR F M ) (42)

where x is also in the ERBL region x € [-£,£].

1. Isospin relations

Isospin relates these two contributions,

v (L EL M, M) =V (—x €M, & MM, & M,),

u—s

(43a)

R E))+Ms) 62(0'5),

% (39)

J5

gau(xé:tMmM)_ u%j( xé:tMuHMAaM (_)Mu)

(43Db)
then we can obtain
VE (6,0 = Qi ((n 60+ Qi (60, (44a)
A (&0 = Qual (xE0)+Qual  (x.£,1),  (44b)

we have plotted the diagrams of kaon vector and axial
vector TDASs in Figs. 6 and 7 separately. As shown in the
diagram, the kaon TDAs are similar to pion TDAs. For
the axial TDAs, when ¢ is negative, the difference is that
at the points x = ££, pion-photon TDAs are zero, but ka-
on-photon TDAs are not, the values at x = £ are positive,
the values at x = —¢ are negative. The first thing to note is
that the relations in Eq. (29) are invalid for kaon TDAs,
which is due to the breaking of isospin symmetry.
Secondly, for the vector TDAs, the maximum value of pi-
on is larger than the kaon vector TDA, and the quality be-
havior is similar. The kaon axial TDA behavior is similar
to that of pion results when ¢ is positive. When £ is negat-
ive, the values are very different at the points x = +£, the
values are not zero anymore. The values are positive at
x =&, but negative at x = —£.

2. Form factors

The kaon vector and axial form factors

1 1-x A
F\I/{+(t) = - ;/E/ d)C/ dy Cz(f_o-G)mK(Mx+(x+y)(Mu_Ms))
0 0 6
1 1-x A
Y / dx / ay T (0, ) (M- M), (43)
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1 1-x e
FY ()= Y& / dx / ay ST (@1 = x )+ 3) (M, = M)~y (M, + M) + M)
0 0

272 o
1 1-x e

2 [ T (@1 -5+ 0 (M= M=y (M, M)+ M. #6)
0 0 7

The results are the same as the kaon-photon trans-
ition form factors calculated from the definition. This im-
plies that pion- and kaon-photon TDAs all satisfy the sum
rule constraint. Similar to the pion TDAs, kaon TDAs
also satisfy the sum rule and polynomiality condition. We
plot the vector and axial FFs of kaon in Fig. 8.
FX'(0)=0.041 GeV™, FX(0) =0.061 GeV"'. Based on the
figures, it can be observed that FX'(Q?) is quite different

0.03} P
TN
0.02f /N NN
—_~ 1 4,0 N N, ‘_
o ”Io’" ~\’\\ \
u\,:\ 001 F 'l;." \:}‘:“
.
Z 0.00}” Mo o
‘.‘ O . ‘,.;'z,o
> _0.01} Y N
el
-0.02}
-10 -05 00 05 1.0

X

Fig. 6.
£=0.5 — blue dashed curve, ¢ =0.75 — purple dotdashed curve.
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Fig. 7.

from pion F% (Q?). Kaon vector FF is harder than axial
FF, that's different from pion FFs, the same point is that
both of the two transition FFs are harder than electromag-
netic FFs.

II1. SUMMARY AND CONCLUSIONS

In the present paper, we calculate the pion-photon and
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(color online) The kaon-photon axial vector TDAs (left panel: AKX (x,£,0), right panel: AKX (x,£,~1)): £=0.25 — black dotted

curve, ¢ =0.75 — blue dashed curve, ¢ = —0.25 — purple dotdashed curve, £ = -0.75 — red solid curve.
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kaon-photon vector and axial vector TDAs in the NJL
model using the PTR scheme with an infrared cutoff to
mimic confinement.

Firstly, we study the pion-photon TDAs, the dia-
grams of vector and axial vector TDA are plotted in Figs.
3 and 4, and the figures of vector and axial transition
form factors. We have obtained a value of F7 (0)=
0.0234, which is in agreement with the experimental
value of Fy(0)=0.017+0.008. The axial TDA at r=0,
F7'(0)=0.0233, and the prediction value by PDG is
F7'(0) = 0.0115+0.0005.

Secondly, we conduct an investigation of the kaon-
photon TDAs by employing the identical approach in the
NJL model. The TDAs are plotted in Fig. 6 and 7. The
axial TDA at t=0 is FX'(0)=0.0233, the prediction
value by PDG is FX"(0) =0.0115+0.0005. The pion and
kaon-photon transition form factors are compared in Fig.
8, and we can see that, unlike the pion case, the vector
transition form factor is harder than the axial form factor,
what they also share is that electromagnetic form factors
are always the softest. The difference between the axial
TDAs is that at the points x = +£, pion-photon TDAs are
zero, but kaon-photon TDAs are not. At x = £ the value is
positive, at x = —¢ the value is negative. Both the pion
and kaon TDAs are shown to satisfy the sum rule and
polynomiality condition.

In summary, we have provided an explicit calculation
of pion-photon and kaon-photon vector and axial leading-
twist TDAs in the NJL model, and compare the differ-
ence between them. The research on TDAs gives rise to
interesting evaluations of cross-sections for exclusive
meson pair production in yy* scattering [67, 68]. The
analytical results provide insight into the possible shapes
of non-perturbatively generated TDAs. Such estimation
for TDAs or GPDs are useful, they are constraints by
form factors, polynomiality, etc. Our results correspond
to a low-energy scale. After suitable QCD evolution, the
acquired results may be used in the research of the virtu-
al Compton scattering and other exclusive processes in-
volving pion and photons.

APPENDIX A: USEFUL FORMULAS

Here we use the gamma-functions (n € Z, n > 0)

Co(2) I=/ dSS/ dre ™ = g[[(-1,z12,) - T(-1,z73)],
0 T%V

(A1)

Cu(D) = (=)' 5= Coa), (A2)
n! do

G0 = 22, (A3)

where 7,,; = 1/Auvr are, respectively, the infrared and
ultraviolet regulators described above, with I'(@,y) being
the incomplete gamma-function, z represent the ¢ func-
tions in the following.

The o functions are define as

o1 =M —x(1-x)m2, (A4)

UzzMi—a(g;x+aﬁ>m2

28 277
E+x 1+&\ (&é—x 1-¢
_(25 -« 2§)<2§ ta 25)” (A3)
o3 =y(x+y-— 1)m,2r —xyt+Mf, (A6)
oy =(1 —x)M,f +fo —x(1 —x)mi, (A7)

os = (1 —a/)M3+aMf—a(§2_7§x +a,12;§§) m%(

_(5;;_01225) (fz_;mlz_;)t, (A8)

o =yY(x+y— 1)mi—xyt+(x+y)M3+(l —x—y)Mf, (A9)

o7 =y(x+y-— l)m?(—xyt+(x+y)Mf +(1 —x—y)Mi.
(A10)
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