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Abstract: In this study, we comprehensively investigated charged AdS black holes surrounded by a distinct form of
dark matter. In particular, we focused on key elements including the Hawking temperature, quasi-normal modes
(QNMs), emission rate, and shadow. We first calculated the Hawking temperature, thereby identifying critical val-
ues such as the critical radius and maximum temperature of the black hole, essential for determining its phase trans-
ition. Further analysis focused on the QNMs of charged AdS black holes immersed in perfect fluid dark matter (PF-
DM) within the massless scalar field paradigm. Employing the Wentzel-Kramers-Brillouin (WKB) method, we ac-
curately derived the frequencies of these QNMs. Additionally, we conducted a meticulous assessment of how the in-
tensity of the PFDM parameter a influences the partial absorption cross sections of the black hole, along with a de-
tailed study of the frequency variation of the energy emission rate. The pivotal role of geodesics in understanding as-
trophysical black hole characteristics is highlighted. Specifically, we examined the influence of the dark matter para-
meter on photon evolution by computing the shadow radius of the black hole. Our findings distinctly demonstrate the
significant impact of the PFDM parameter o on the boundaries of this shadow, providing crucial insights into its fea-
tures and interactions. We also provide profound insights into the intricate dynamics between a charged AdS black
hole, novel dark matter, and various physical phenomena, elucidating their interplay and contributing valuable
knowledge to the understanding of these cosmic entities.
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lations of black holes have been observed to emit gravita-
tional radiation, carrying pivotal information about their
internal characteristics [1, 2]. Observations of super-

I. INTRODUCTION
The General Theory of Relativity, introduced in 1915,

is the foremost comprehensive explanation of gravitation-
al phenomena. Notably, Einstein's field equations, formu-
lated within this theory, predicted the existence of one of
the most enigmatic entities in the cosmos: the black hole.
Originating from the collapse and subsequent extinguish-
ment of massive stars, black holes manifest as exceed-
ingly compact regions with gravitational forces so in-
tense that even light cannot escape their grasp. The oscil-
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massive black holes, such as those in M87* [3—5] and
Sagittarius A* [6, 7], provide compelling evidence sup-
porting the existence of these enigmatic entities within
our universe. The formation of the shadow of a black hole
primarily arises from the gravitational deflection of light
[8, 9]. Accurate measurement and analysis of this shad-
ow offer valuable insights into the gravitational field sur-
rounding the black hole [10—14].
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The study of black hole oscillations when subjected to
external perturbations is central in the analysis of the sta-
bility of the spacetime of black holes. This study primar-
ily examined the evolution of the background field or
black hole mergers. When an external field is present, it
triggers the generation of QNMs in scalar [15], electro-
magnetic [16], and gravitational fields [17] surrounding
the black hole. These QNMs, characterized by complex
frequencies, dominate the gravitational waves emitted
during perturbation processes. The real component of the
frequency represents the oscillation frequency exhibited
by the black hole, while the imaginary part denotes its de-
cay rate. The study of these QNMs offers valuable in-
sights into properties within the event horizon radius of a
black hole [18]. Gravitational waves are emitted during
the merger phase when black holes collide. The first de-
tection of these waves from black hole mergers was an-
nounced by LIGO/VIRGO in 2016 [19]. The phenomen-
on known as ringdown in gravitational wave signals is in-
triguing, providing essential insights into the complexit-
ies of black hole physics. Ring decay refers to the rapid
attenuation of oscillations observed towards the end of
the waveform, representing QNMs exhibited by rem-
nants of black holes during this phase. These QNMs can
be conceptualized as characteristic vibrations or reson-
ances arising when perturbations disrupt the event hori-
zon of a black hole. QNMs in black holes have attracted
significant attention from the academia. In Ref. [20], the
authors explored the pseudo-spectra of non-horizon exot-
ic compact objects (ECOs) with reflective surfaces situ-
ated near Schwarzschild radii. Their findings revealed
that the QNMs of ECOs are influenced by their spectral
instability, offering valuable insights into the dynamic be-
havior of peculiar entities surrounding black holes and
the mechanism behind gravitational wave signals.
Moreover, in Ref. [21], researchers discovered that, des-
pite the distinct QNM spectra exhibited by black holes,
very compact objects with rings demonstrate a similar de-
cay phase in their rings. Therefore, precise observation of
the late-time decay signal becomes crucial to eventually
distinguish differences in QNM spectra. The WKB meth-
od is widely acknowledged as one of the primary math-
ematical tools for studying QNMs. Konoplya and Zhiden-
ko proposed a more precise sixth-order WKB method to
accurately compute the QNMs and grey factors of vari-
ous black holes [22—29].

The primary objective of this study was to explore the
Hawking temperature, QNMs, shadow formation, and
emission rate of charged AdS black holes encompassed
by perfect fluid dark matter. In the context of the stand-
ard cosmological model, astronomical observations have
led to conclude that dark energy constitutes approxim-
ately 73% of the cosmos, while dark matter accounts for
approximately 23%, with baryonic matter making up a
mere 4% [30]. Theoretical models, such as the quint-

essence and quintom models, have been proposed to ex-
plain these empirical findings [31—33]. Interestingly, the
quintessence model focuses on elucidating the relation-
ship between the pressure of dark energy and its energy
density. Understanding the interplay between quint-
essence and black holes holds significant importance in
the realm of cosmology. Building upon Kiselev's ground-
breaking work [34], this study further investigated the
Schwarzschild black hole solution enveloped by quint-
essence. Extensive research has been carried out on vari-
ous black holes immersed in quintessence matter
[35-39]. Although real dark matter or dark energy could
not satisfy the perfect fluid condition, perfect fluid is a
good approximation to describe their behaviour. PFDM
has attracted considerable research attention as a novel
dark matter model owing to its efficacy in explaining the
asymptotically flat rotation curve observed in spiral
galaxies [40—42]. Despite manifesting gravitational ef-
fects across diverse systems, the true nature of PFDM re-
mains enigmatic [43—45]. Another important difference
between black holes in AdS space and flat or de Sitter
space-time is that the horizon of black holes in flat or de
Sitter space must have a spherical structure, while the ho-
rizon topology of black holes in AdS spacetime could be
a zero or exhibits a negative constant curvature surface,
except for the case with a positive constant curvature sur-
face. These types of black holes with zero or negative
constant curvature horizon have been studied in the liter-
ature [46—59].

Recently, Abbas and Ali conducted a detailed analys-
is on the thermodynamic properties concerning the stabil-
ity of phase transitions in charged AdS black holes im-
mersed in PFDM [60]. In this study, we aimed to provide
pivotal insights into the horizon structure of charged AdS
black holes hosting PFDM through a comprehensive ana-
lysis of their stability. Our investigation explored the
Hawking temperature and QNMs of these black holes and
evaluated the energy emission rate akin to Hawking radi-
ation using grey-body factors. Additionally, we aimed at
computing the shadow radius of the black hole to offer
valuable insights for astronomical observations focused
on charged AdS black holes featuring PFDM.

The structure of this paper is as follows. Section II
provides a concise review of the solution representing a
charged AdS black hole immersed in PFDM. This sec-
tion also includes an analysis of the critical radius and
maximum temperature associated with the phase trans-
ition of the black hole. In Sec. III, our focus shifts to ana-
lyzing the real and imaginary components within the
spectrum of QNM frequencies pertaining to the black
hole. Additionally, we examine the grey-body factor of
the black hole and the energy emission rate akin to the
Hawking radiation of the black hole. In Sec. IV, we elab-
orate on the shadow radius of the black hole. This sec-
tion aims to provide insights into the observational as-
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pects related to the shadow of the black hole. Lastly, Sec.
V concludes the paper by summarizing our findings and
the implications drawn from the outcomes obtained.

II. THERMODYNAMICS OF A CHARGED ADS
BLACK HOLE WITH PFDM

The electromagnetic and PFDM fields are widely ac-
knowledged to exhibit minimal coupling with gravity and
the cosmological constant [61]. The solution for a
charged AdS black hole with PFDM results in an expres-
sion for the metric as follows [60]:

+ %l (1)

Based on this metric, we can explore the distinct proper-
ties and traits of black holes. As the strength parameter o
tends toward zero, the black hole undergoes a transition
into an RN AdS black hole. This specific type of black
hole retains both the charge Q and mass m, existing with-
in an antisymmetric space. Furthermore, in a scenario
where the charge Q is absent, the black hole transforms
into a Schwarzschild AdS black hole.

The subsequent step entails evaluating the Hawking
temperature of the black hole, a crucial parameter that de-
termines its inherent thermodynamic properties:

T _LdN(r)
"= 4 dr

2

r=ri

We calculate the outer horizon by setting the lapse func-
tion to be zero:

oM Q1
Nep=1-M, 2 Tpp g 3
ry rh 3 Iy |G,’|

According to Eq. (3), the mass can be expressed as a
function of the horizon radius as

M=l {i+g+aln<&>+m}, )

"2, |

where we use A = -3/ Therefore, the Hawking temper-
ature is expressed by the following equation:

2 (rh(a/ +r,— QZ)) + 3r2

4nlr; '
Figure 1 shows the Hawking temperature versus the hori-
zon radius. The analysis demonstrates that the evapora-

tion of the black hole gives rise to a residual mass that
emerges in the final stage, contingent upon the a paramet-

Ty = (5)

er. By setting Eq. (5) to zero, we can calculate this resid-
ual mass, which is listed for various a values alongside
their associated radii (r.y) in Table 1. Additionally, the
critical radius () and maximum temperature (7. ), in-
dicative of the phase transition, have also been determ-
ined.

III. QNMs AND EMISSION RATE OF THE
CHARGED AdS BLACK HOLE WITH PFDM

The perturbation caused by the scalar field interact-
ing with the black hole is mathematically expressed
through the covariant Klein-Gordon equation in curved
space-time,

L

0,(\-gg"0,¥ 1) =0, 6
\/_—g l»l( \/_gg 1l ) ( )

where we use the metric

ds? = =N(@)d? + N~ ' (n)de + rAdQ?, (7)

0.04f
— a=0.05
0.03F
& 0.02
0.01F
0 . . . .
0 1 2 3 4 5 6
Iy
Fig. 1. (color online) Hawking temperature for 0 =1, /=20

and various values of a.

Table 1. Q=1, =20 and various values of parameter a.

a Ter Trem Miem Tmax
0.10 1.65092 0.948217 1.11495 0.0344216
0.15 1.60271 0.925066 1.14047 0.0359256
0.20 1.55613 0.902509 1.15687 0.0375213
0.25 1.51114 0.880543 1.16634 0.0392136
0.30 1.46771 0.859165 1.17016 0.0410079
0.35 1.42581 0.838371 1.16918 0.0429096
0.40 1.38539 0.818155 1.16401 0.0449242
0.45 1.34643 0.798512 1.1551 0.0470577
0.50 1.30887 0.779433 1.14279 0.0493158
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with N(r) being determined by Eq. (1).

Next, we proceed by assuming that the wave function
within this spherically symmetric system can be decom-
posed into the following form:

Rwl(r)

\Pwlm(r’ t) = Ylm(g’ ¢)e—iwt’ (8)

where Y,,,(0,¢) represents the spherical harmonics, and @
denotes the complex QNM frequency. Upon substituting
the decomposed wave function ¥, (r,t) into Eq. (6), we
derive the radial wave function R,,(r) as follows:

d dR,; ) ~
N(r)a ( 5 ) +(w* = Veg )R, = 0. )

Here, V.. (r), which is called the effective potential, has
the following form:

l(l+1)

N(r) dﬂ
r

Ve (r) = N(r) O

(10)

Then, by employing a tortoise coordinate defined as
dr* =dr/N(r) in Eq. (9), we transform the equation into a
Schrodinger-like form:

d2

dr?

wl(r ) - (11)

+ (1)2 Vesr.

Various approaches have been employed to explore
the wave function and scattering properties [62—67]. One
frequently used method for QNM analysis, initially sug-
gested by Schutz and Will [68], is the WKB method [22,
23]. Notably, higher-order corrections for this method
have been proposed by Konoplya [24, 25]. In our invest-
igation, we aimed to assess the influence of the paramet-
er a associated with a charged AdS black hole featuring
PFDM on its QNMs. These QNMs can be computed by
solving the wave equation presented in Eq. (11) using the
sixth-order WKB approximation method. Within this ap-
proach, the QNMs are determined based on boundary
conditions that mandate outgoing waves extending to in-
finity and incoming waves reaching the event horizon ex-
clusively. The expression for the QNMs is given by

@'~ Vo) Z -_n+7 (12)
N

Here, V, denotes the second derivative of the potential
evaluated at its maximum point r;, while Q; represents
correction terms dependent on the effective potential and
its derivatives at this maximum. The QNMs are denoted

by w, having a form w = wg —iw;. Figures 2—5 show the

real and imaginary parts of the QNMs, computed using
the sixth-order WKB method, for various values of the
parameter a. These figures are categorized based on the
multipole number /, as shown in Figs. 2, 3, 4, and 5, cor-
responding to /=0,1,2, and 3, respectively. The results
presented in the tables indicate a trend in which both the
real frequency and magnitude of the imaginary compon-
ents of the QNMs increase with higher values of the a
parameter. Our findings suggest that higher a values lead
to higher propagating frequencies and faster damping of
scalar waves.

Furthermore, the WKB method has demonstrated its
efficacy in analyzing wave scattering and absorption
cross-sections within black hole spacetimes. The grey-
body factor, a critical element in determining the tunnel-
ing probability through the potential of a black hole
[69—71], relies on the probability of either incoming
waves being absorbed or outgoing waves reaching infin-
ity. This factor can be determined via the WKB method
by imposing appropriate boundary conditions expected
near the horizon and at infinity [27]:

e7 " £ Rel”"  if r* — —o0 (r = 1),
R, = (13)

Te e if 7 — +o0 (r — o0),

-0.1

-0.11p

wr

-0.121

-0.13

0.02 0.04 0.06 0.08 0.1

0.b2 0,64 0.66 0.I08 Ojl
@
Fig. 2. (color online) Variation of real wg and imaginary wg
QNMs with o, using M=1, 0=0.2, [=20, /=0, and its re-
lated monopole n < 1.
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n=0
-0.1

-02F

wr

0.02 0.04 0.06 0.08 0.1

Fig. 3. (color online) Variation of real wg and imaginary wg
QNMs with a, using M=1, 0=02, [=20, [=1, and its re-
lated monopole n < 1.

n=0

0.02 0.04 0.06 0.08 0.1

Fig. 4. (color online) Variation of real wg and imaginary wg
QNMs with a, using M=1, 0=0.2, [=20, [=2, and its re-
lated monopole n < 1.

-0.2F

—04f

wr

—-0.6}

—-0.8}

0.85}
0.8}
= 0.75F

3

0.7

0.65}

0.02 0.04 0.06 0.08 0.1
a
Fig. 5. (color online) Variation of real wg and imaginary wg
QNMs with o, using M=1, 0=0.2, [=20, /=3, and its re-
lated monopole n < 1.

The reflection coefficient is symbolized as R, while the
transmission coefficient is defined as 7. When employ-
ing the WKB method to investigate the influence of the
PFDM parameter o on the scattering problem [24, 27,
72], it can be expressed more precisely as follows:

1

2 _
IRl = 1 4 -2irT’

(14)

=1-|RP, (15)

2 _
7" = 1 4 e+2inY -

where T is the phase factor; T can be expressed as [73]

1(0) Vo)
— Q;(7). (16)
v/ =2V} ;

The coefficients Q;(T) represent functions of the effect-
ive potential, its derivatives, and the quantity Y. With this
information, we can calculate the grey-body factor using
the following expression:

1

2P
A" =1-|R|" = o

(17
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Figure 6 presents the grey-body factors of the scalar field
computed using the WKB method for different values of
the dark matter parameter o (I = 1). The graphical repres-
entation demonstrates that an increase in the o value res-
ults in a reduction of the grey-body factors. This de-
crease means that a smaller portion of the scalar field can
traverse through the potential barrier. The computation of
the partial absorption cross-section involves utilizing the
transmission coefficient [73—75], which is defined as fol-
lows:

21+1
o= "2 i, (1)

and the total absorption cross-section is derived by ag-
gregating the partial absorption cross-sections, where /
denotes the number of modes and w denotes the fre-
quency. Hence, it can be expressed as follows:

O—abs=zo-l- (19)
!

Figure 7 depicts the partial absorption cross-sections as a
function of the frequency for / = 1, showing variations for

:T — a=0.02
N — @=0.04
a=0.06
— a=0.08
0.2 0.4 0.6 0.8 1
w
1 L
0.8}
0.6
<
0.4}
0.2}
0.2 0.4 0.6 0.8 1
w
Fig. 6. (color online) Grey-body factors of the scalar field

obtained by the WKB method for M =1, 0=0.2, and 7=20. In
the upper panel, /=1 and «=0.02,0.04,0.06,0.08; the lower
panel shows plots for @ =0.02 and /= 1,2,3.

different values of the dark matter parameter.

The plots show that higher values of the dark matter
parameter correspond to lower partial absorption cross-
sections. Furthermore, we analyzed the behavior of the
energy emission rate with respect to the frequency.

Near black hole horizons, certain particle pairs can be
generated by quantum fluctuations. Pairs with positive
energy can escape from the black hole via tunneling,
leading to the phenomenon known as Hawking radiation.
This process is responsible for the eventual evaporation
of black holes within a specific timeframe. It is important
to mention that, in many scenarios, the final mass of the
black hole is not considered zero owing to the existence
of a residual mass in the final phase. This residual mass
holds significant importance because it ensures that not
all information within the black hole is lost.

According to Ref. [76], the energy emission rates are
calculated as

’E  2now’
dwodt  e7f-1"

(20)

where w symbolizes the frequency of a photon, and 7 de-

50 T T T T
40F
30
=
201
10}
w
50 T
40t — 1=1
— 1=2
30t 1=3
5
20F
ol \.
0.4 0.8 1.2
w
Fig. 7. (color online) Partial absorption cross-section of the

scalar field obtained from the WKB method for M =1 and
0=0.2, and I =20. The upper panel presents plots for /=1 and
various values of o, whereas the lower panel shows plots for
« =0.02 and different / values.
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notes the Hawking temperature corresponding to the out-
er event horizon.

Figure 8 shows the emission rate versus the fre-
quency w for different values of a. Note that the maxim-
um emission rate can be determined by setting the deriv-
ative of the emission rate with respect to the frequency to
zero. Additionally, according to the emission rate equa-
tion, when frequencies tend towards zero or infinity, the
emission rate diminishes. Figure 8 clearly shows that, as
the parameter a increases, the peak of the emission rate,
representing the maximum energy emission, decreases.
This escalation in « also leads to a shift of the peak of the
emission rate towards lower frequencies.

0.6 .
— a=1
— a=1.1
0.4t — a=12
N|B a=1.3
%3
— a=14
0.2}
0 I I I
0.2 0.4 0.6 0.8 1
w
Fig. 8. (color online) Emission rate for M=1, 0=1, and

[ =20 for various values of a.

IV. SHADOW OF A CHARGED ADS BLACK
HOLE WITH PFDM

Considering the initial image of a black hole revealed
by the Event Horizon Telescope [3], exploring shadows
and geodesics becomes profoundly significant for under-
standing the physical attributes of black holes [77-91].
This study aimed to investigate the equation of null
geodesics and analyze the influence of the dark matter
parameter on photon evolution. Assuming a spherically
symmetric spacetime metric as that presented in Eq. (7),
the Hamilton-Jacobi action is employed following the
methodology proposed in [92]:

as 1,08 s
i
or 2

. 21
ot orv @

In this context, the Jacobi action S and the arbitrary af-
fine parameter 7 are utilized. We assume the variables to
be separable, allowing us to obtain

S = %sz—Et+L¢+Sr(i’)+Se(9)- (22)

We express S,.(r) and S4(0) as functions solely depend-

ent on r and 6, respectively. Additionally, we consider a
photon with zero mass (m =0)and introduce the con-
stants of motion—energy denoted as £ and angular mo-
mentum as L—along the trajectory of the photon [92].
We can derive the null geodesic equations using Egs. (21)
and (22) as follows:

g_ E g_ VR(r)
dr = N dr 2’

do VQ®e) de Lcsc?0

dr * r2 0 dr r2 (23)

where R(r) and Q(0) are defined as
R(r) = E*r* — (K + L*rN(r)) (24)
Q) = K — L*cot?0, (25)

and K is the Carter constant [93]. In this study, we only
consider the equatorial plane (6 = 7/2). Now, we concen-
trate on the radial equation:

(%) F Ve (1) =0, (26)

Here, the effective potential is expressed as

N(r)

Ver () = (L + K~
;

~E?) 27

and two impact parameters are introduced

K

L

==, n=—. 2
=5 =1 28)
The critical radius of a photon can be determined by ap-
plying the unstable condition to the effective potential:

_ d(veif
Todr

Ver. =0, (29)

which leads to

9_ rN'(r) I =
N(r) "
()
200 2m a 2A “™\jg|
SR T b
2- 2m  Q* 1 a, r Ir=r. = 0. (30)
l-—+=--Ar»+—-In—
r rr 3 rlal
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By applying both Egs. (27) and (28) to the above expres-
sion, we obtain [92]

2

2 _ r(:
£4n= s 31)

The shadow radius for an AdS black hole can be ex-
pressed as

N(r,
Rsh:rc (r)
N(r.)

2 2 Y

L AN YN S

ro r2 3 . |

— e 2m  Q* 1 a. 1’ (32)
l-—+=--Ar2+—In—
re 123 r. o

where r.represents the radius of the photon sphere ob-
tained from Eq. (30), and r, denotes the distance between
the observer and black hole. By employing this formula,
we can now establish constraints on the values of A and «
based on the EHT data. Next, we examine the observa-
tional restriction on the parameters A and a by analyzing
the data acquired from SgrA® in connection with the
black hole shadow. According to the findings reported in
Ref. [6] regarding SgrA”, the observational data include
the distance of SgrA™ from Earth, which is determined to
be D=8277+33pc, and the mass of the black hole,
which is calculated to be Mgga- =4.3£0.013 x 10°M,, [94,
95].

Figure 9 shows the shadow shape for different values
of a. Note that, when o decreases, the radius of the shad-
ow increases. This indicates that the shadow radius is re-
duced as the effect of the PFDM parameter increases.

Figure 10 shows the shadow shape for different val-
ues of . Note that an increase in [ results in a reduction in
the radius of the shadow. However, as the value of [ in-
creases, the discrepancy in the shadow radius becomes
negligible, albeit not entirely absent.

The uncertainty at 1o~ and 20 levels is illustrated in
Fig. 11, which depicts the variation of the shadow radius
with the PFDM parameter o and cosmological constant A
for SgrA™.

We list the upper and lower limits of the acceptable
parameter values in Tables 2 and 3.

We conclude that, considering various potential
ranges of o and A at both 1o~ and 20 uncertainty levels,
SgrA” could be a charged AdS-PFDM black hole within
the current precision of astrophysical observations.

V. CONCLUSION

In summary, this study focused on charged AdS black
holes with PFDM as the primary research subject. Our

22.5

20.0

15.0

Fig. 9. (color online) Shadow shape for M=1, 0=1, and
1= 20 for various values of a.

2
Rsh

24

23

22

21

Fig. 10.
« = 0.01for various values of [.

(color online) Shadow shape for M =1, Q=0.1 and

exploration involved probing the Hawking temperature of
this type of black holes and analyzing the massless scalar
field equation. Additionally, we employed the WKB
method to determine the frequencies of the QNMs associ-
ated with the black hole while examining its partial ab-
sorption cross-section. Using the grey-body factor, we
aimed at understanding how the energy emission rate var-
ies according to frequency. Lastly, we aimed at determin-
ing the shadow radius of this particular type of black
hole. Our findings encompass crucial insights into these
aspects of charged AdS black holes with PFDM.

(i) During the final phase of black hole evaporation, a
residual mass is observed, with a maximum remnant mass

085105-8



Quasi-normal modes, emission rate and shadow of the charged AdS black hole with...

Chin. Phys. C 48, 085105 (2024)

sgr A
(Rsh

Sgr A*
Rsh

Allowed Region

-0.05 -0.04 -0.03 -0.02 -0.01 0.00
A

Fig. 11.
radius of the black hole as a function of the parameter o for
three A values: -0.007, -0.005, and -0.003, represented by
pink, dark red, and gray lines, respectively. In the lower panel,
the shadow radius is plotted as a function of A, with a values
of 0.01, 0.05, and 0.1, represented by pink, dark red, and gray
lines, respectively. The black hole mass is set to M =1. The

(color online) The upper panel shows the shadow

dark cyan regions indicate « and A values inconsistent with
observations of stellar dynamics for SgrA*. The white and
light green shaded areas correspond to the EHT horizon-scale
images of Sgr A* at lo and 20 confidence levels, respect-
ively. In both panels, these shaded regions represent a and A
values consistent with the averaged Keck and VLTI mass-to-
distance ratio priors for SgrA*.

of 1.17016 (Q =20,/=1,a =0.3). The Hawking temper-
ature increases with the dark matter parameter a. Addi-
tionally, we provide insights into the critical radius and
maximum temperature associated with the phase trans-
ition of black holes.

(ii) Utilizing the WKB method, we calculated the
QNM frequency of the black hole. The results reveal that
an increase in PFDM parameter o enhances both the real
and absolute values of the imaginary part of the QNMs.
Higher PFDM values lead to higher frequencies for
propagating scalar waves and a faster damping rate.

(iii) We observed a decrease in the partial absorption

Table 2. Acceptable values for a can be determined based
on three different values of A =-0.007,-0.005, and -0.003,
represented in Fig. 11 by pink, dark red, and gray lines, re-
spectively. These values correspond to the shadow radius of
the black hole that matches the EHT horizon-scale image of
SgrA*within 1o and 20 confidence levels.

lo 20

’ Upper Lower Upper Lower

- 0.05 - 0.12

A =-0.007 2.97 2.26 3.34 1.88
14.62 14.90 14.46 15.02

- 0.03 - 0.10

A =-0.005 3.05 2.33 3.41 1.96
14.38 14.64 14.23 14.75

- 0.02 - 0.08

A =-0.003 3.13 241 3.49 2.04
14.14 14.38 14.00 14.48

Table 3.
on three different values of @ =0.01,0.05, and 0.1, represented
in Fig. 11 by pink, dark red, and gray lines, respectively.
These values correspond to the shadow radius of the black
hole that matches the EHT horizon-scale image of SgrA*with-

Acceptable values for A can be determined based

in 1o and 20 confidence levels.

lo 20
A
Upper Lower Upper Lower
a=0.01 -0.01604 —-0.00147 —-0.02585 -
a=0.05 —-0.02476 —-0.00713 —-0.03665 —0.00031
a=0.1 —0.03430 -0.01334 —0.04843 —-0.00523

cross-section as the PFDM parameter o increases. The
energy emission rate diminishes as the frequency ap-
proaches zero and infinity, causing the maximum energy
emission to decrease with higher parameter values. Con-
sequently, the peak of the emission rate shifts towards
lower frequencies in this scenario.

(iv) Figure 11 shows constraints on o and A based on
EHT data. The upper panel displays two upper bounds
and three lower bounds for both 1o~ and 20 levels. Addi-
tionally, the upper panel in Fig. 11 shows changes in the
behavior of the shadow radius before and after two ex-
tremum points. Specifically, before @ =0.68 and after
@ =9.73, the shadow size decreases with increasing val-
ues of a; in the range (0.68,9.73), the shadow size in-
creases with increasing values of a. In the lower panel,
both upper and lower bounds are presented for the lines
corresponding to a =0.05, 0.1, while for the line corres-
ponding to @ =0.01 at the 20 level, only one upper
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bound exists without a lower bound. However, at the 1o
level, both upper and lower bounds are provided. This

finding may be valuable for astronomical observations of

AdS black holes filled with PFDM.
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