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Abstract: The  differential  cross-section  of  diffractive  vector  meson  production  in  electron-proton  deep  inelastic
scattering is considered one of the most promising observables to probe the spatial structure of the proton and QCD
dynamics in  the high-energy limit.  In  this  work,  we investigate  the dependence of  the differential  cross-section of
vector meson production on the position distribution of the constituent quarks within the hot spot model.  We con-
sider two types of distribution functions, Gaussian and exponential, and include them in the dipole-proton scattering
amplitude, which is a key ingredient of the vector meson production cross-section. We calculate the cross-sections
for the production of  mesons as a function of the center of mass energy (W) and momentum transfer ( ), re-
spectively. At low  ( ), the coherent cross-sections calculated with both Gaussian and exponential po-
sition  distributions  of  the  constituent  quarks  provide  similarly  good  descriptions  of  the  production  data  at
HERA. However, we find that at relatively large  ( ), the coherent cross-sections calculated with the
Gaussian position distribution function cannot describe the HERA data, while the coherent cross-sections computed
with the exponential position distribution function are in good agreement with the HERA data. This outcome indic-
ates that the position of the constituent quarks in the proton may follow an exponential distribution, and the coherent
process can serve as a probe to resolve the position distribution of the constituent quarks. Moreover, our calculations
show that the description of the coherent cross-section of  production remains robust when modeling the con-
stituent quark positions with an exponential distribution, independent of the particular distribution function selected
for the hot spot density profiles.
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I.  INTRODUCTION

Investigating  the  partonic  structure  of  the  proton  has
generated significant interest over the past decades. Deep
inelastic  scattering  (DIS)  is  a  clean  process  to  study  the
proton's internal  structure  through interaction with  virtu-
al photons. A specific type of DIS process, called the dif-
fractive (or vector meson production) process, is particu-
larly suitable for probing the spatial structure of the pro-
ton because there is no color exchange between the virtu-
al photon  and  the  proton.  This  process  requires  the  ex-

change  of  two  gluons  during  the  interaction,  leading  to
the  diffractive  cross-section  being  proportional  to  the
squared  scattering  amplitude,  which  means  the  vector
meson production process is highly sensitive to the QCD
dynamics compared to inclusive DIS. Furthermore, there
are  no  color  strings  between  the  virtual  photon  and  the
proton,  resulting  in  a  rapidity  gap  (a  region  in  rapidity
with no particles  produced),  which is  an effective signa-
ture used experimentally to identify the diffractive events
from the total DIS events. More importantly, the diffract-
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ive  cross-section is  associated  with  the  Fourier  trans-
forms between the transverse momentum transfer ( ) and
impact parameter ( ), where  points to the center of the
dipole from the center  of  the proton.  The dependence of
the  diffractive  cross-section  on  indicates that  the  dif-
fractive process is sensitive to the proton's transverse pro-
file.  This  demonstrates  that  the  diffractive  DIS  process
can serve as a powerful tool to probe the geometric struc-
ture  of  the  proton.  Therefore,  the  particular  process  we
use to  explore  the  proton's  partonic  structure  is  the  dif-
fractive DIS.
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J/Ψ
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|t| 1 ∼ 1.5 GeV2
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Several approaches are used to calculate the electron-
proton  diffractive  cross-sections  in  the  literature  [1−6].
One novel method, inspired by the requirement of fluctu-
ating  geometric  shape  of  the  proton  in  describing  high
multiplicity  proton-proton  and  proton-nucleus  collisions,
is  the  hot  spot  model  (HSM)  which  was  established  on
top of  the  impact  parameter  dependent  saturation (IPsat)
model  with  the  proton  profile  function  modified  by  the
constituent quark picture [7, 8].  In the hot spot model, it
is assumed  that  the  constituent  quarks  distribute  ran-
domly within  the  proton,  and  the  positions  of  the  con-
stituent quarks  follow  a  Gaussian  distribution.  The  con-
stituent quarks emit gluons individually at high energies.
The emitted  gluons  form  a  "cloud"  around  the  constitu-
ent  quarks,  respectively.  This  gluon  "cloud"  is  also
known as  a  hot  spot.  Therefore,  in  the  HSM,  the  proton
profile  function  is  a  summation  of  the  three  constituent
quarks'  density  functions  instead  of  a  simple  Gaussian
function,  and  the  proton  profile  function  varies  from
event to event. The HSM provides a rather successful de-
scription of the vector meson production data at HERA in
the relatively  small  momentum  transfer  region,  espe-
cially  for  incoherent  production.  The  diffractive
cross-section without  a  fluctuating  geometric  shape  un-
derestimates  the  measured  incoherent  cross-section  of

 production  by  several  orders  of  magnitude  [8]. Un-
fortunately,  for  coherent  production,  there  is  some
tension between the HSM and currently available HERA
data  in  the  relatively  large  region  ( )  [8].
The HSM dramatically underestimates the measurements
of  the  coherent  cross-section  of  the  production  in
this regime.

J/Ψ
|t|

|t| 1.0 GeV2

|t|

In this  paper,  we  investigate  why  the  HSM underes-
timates  the  coherent  cross-section  of  production  in
the  relatively  large  region, and  we  find  that  the  posi-
tion distribution function of the constituent quarks within
the proton significantly influences the coherent cross-sec-
tion when  is larger than . Therefore, we modi-
fy  the  Gaussian  position  distribution  of  the  constituent
quarks used  in  the  HSM  with  several  types  of  distribu-
tion functions to improve the capability of  the HSM. To
demonstrate  the improvement  of  our  modified HSM, we
calculate  the  coherent  and incoherent  cross-sections  as  a
function of ,  and the coherent cross-sections as a func-
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J/Ψ
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tion of  center  of  mass energy (W)  with both the original
and modified HSMs for  production, and compare the
results  with HERA data,  respectively.  It  shows that  both
the  original  and  modified  HSMs  provide  similar  quality
descriptions of the incoherent HERA data, indicating that
the incoherent  process cannot be used to probe the posi-
tion distribution of the constituent quarks within the pro-
ton.  For  the  coherent  production  in  the  small  re-
gion  ( ),  we  find  no  significant  difference
between  the  descriptions  of  the  original  and  modified
HSMs.  However,  our  calculations  show  that  only  the
modified  HSM  with  an  exponential  position  distribution
can provide a reasonable description of the coherent 
production data at the relatively large  region, while the
original  HSM  dramatically  underestimates  the  coherent

 production in this  regime. This outcome suggests
a  possible  implication  of  an  exponential  distribution  of
constituent quarks within the proton at high energy. 

II.  COHERENT AND INCOHERENT VECTOR
MESON PRODUCTION AT HIGH ENERGY

The  diffractive  vector  meson  production  process  in
electron-proton deep  inelastic  scattering  is  usually  de-
scribed by the Good-Walker picture, which classifies the
processes  into  two  types:  coherent  and  incoherent,  in
terms of whether the scattered target proton breaks up or
not [9].  The coherent cross-section, corresponding to the
process  where  the  target  proton  remains  intact  after  the
scattering,  can  be  obtained  by  averaging  over  the  target
proton wave function at the amplitude level [1, 2] 

dσγ∗ p→V p

dt
=

1
16π

∣∣∣⟨Aγ∗ p→V p(x,Q2,∆)
⟩∣∣∣2
, (1)

⟨· · · ⟩
γ∗

Q2 ∆

∆2 = −t
Aγ∗ p→V p

where  represents the average over configurations of
the proton wavefunction. The , p,  and V in Eq. (1) de-
note the virtual photon, proton, and vector meson. The x,

, and  in Eq. (1) are the longitudinal momentum frac-
tion of the proton transferred to the vector meson, photon
virtuality,  and  momentum  transfer  (with ), re-
spectively.  The  is  the  scattering  amplitude,
which will be discussed in detail later.

In the Good-Walker picture, the incoherent cross sec-
tion, corresponding  to  the  process  where  the  target  pro-
ton  is  broken  after  the  scattering,  can  be  written  as  the
variance [3, 10], 

dσγ∗ p→V p

dt
=

1
16π

Å¨∣∣Aγ∗ p→V p(x,Q2,∆)
∣∣2
∂

−
∣∣∣⟨Aγ∗ p→V p(x,Q2,∆)

⟩∣∣∣2
ã
. (2)

To clearly  see  the  features  of  the  coherent  and  inco-
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herent  cross  sections,  we  compare  Eq.  (1)  with  Eq.  (2).
We  can  see  that  the  coherent  cross  section  performs  the
average on the level of the scattering amplitude; it is pro-
portional  to  the  average  configuration  of  the  proton,
which provides  the  overall  parton  distribution  informa-
tion of  the  proton.  In  contrast,  the  incoherent  cross  sec-
tion reflects the variance of the proton profile, being sens-
itive to the structural fluctuations of the proton.

Aγ∗ p→V p γ∗p

qq̄
qq̄

qq̄

Let  us  now  introduce  the  scattering  amplitude,
.  In  this  paper,  we  calculate  the  scattering

amplitude  based  on  the  Color  Glass  Condensate  (CGC)
framework and  color  dipole  picture,  where  at  high  en-
ergy, the virtual photon splits into a quark-antiquark ( )
dipole; then the  dipole interacts with the proton target,
followed  by  the  recombination  of  the  dipole  into  the
vector meson, see Fig. 1. The scattering amplitude for the
vector meson production can be written as [2, 11]
 

Aγ
∗ p→V p

T,L (x,Q2,∆) = i
∫

d2r
∫

d2b
∫

dz
4π

(
Ψ∗VΨγ

)
T,L

exp
ß
− i
î
b− (

1
2
− z)r
ó
·∆
™

dσdip

d2b
, (3)

r
qq̄ b

b− (1/2− z)r
∆

(Ψ∗VΨγ)T,L

where T and L denote the transverse and longitudinal po-
larizations  of  the  virtual  photon,  represents the  trans-
verse size of the  dipole,  denotes the impact paramet-
er  of  the  dipole  with  respect  to  the  proton  target,  and

 is Fourier conjugate to the momentum trans-
fer . The z in Eq. (3) is the longitudinal momentum frac-
tion of the quark. The  is the overlap wavefunc-
tion between the virtual photon and vector meson, which
is given by [2]
 

(Ψ∗VΨγ)T = ê f e
Nc

πz(1− z)

¶
m2

f K0(ϵr)ϕT (r,z)

− [z2+ (1− z)2]ϵK1(ϵr)∂rϕT (r,z)
©
, (4)

 

(Ψ∗VΨγ)L = ê f e
Nc

π
2Qz(1− z)K0(ϵr)î

MVϕL(r,z)+δ
m2

f −∇2
r

MVz(1− z)
ϕL(r,z)

ó
, (5)

ê f

J/Ψ ê f = 2/3 Nc m f

MV

K0 K1

ϵ2 = m2
f + z(1− z)Q2 ϕT (r,z) ϕL(r,z)

where e and  are  the  charge  and  effective  charge;  for
, .  is  the  number  of  colors.  The  and

 are the  masses  of  the  quark  and  vector  meson,  re-
spectively. The  and  in the above equations are the
modified  Bessel  functions  of  the  second kind,  where  we
define . The  and  are the
transverse and longitudinal scalar functions, which can be
modeled  in  several  ways.  Currently,  the  most  popular
modeled scalar functions in the literature are the Boosted
Gaussian  [12, 13],  Gauss-LC  [14],  and  NRQCD  [15]
wave functions. It is known that the aforementioned scal-
ar functions provide quite similar descriptions of the vec-
tor meson production data at HERA [2]. The main differ-
ence in the descriptions between the scalar functions lies
solely  in  the  normalization  factor.  Therefore,  we  choose
to use the Boosted Gaussian wave function in this study.
The Boosted Gaussian scalar functions are written as [2] 

ϕT (r,z) =NT z(1− z)exp
Å
−

m2
fR2

T

8z(1− z)
− 2z(1− z)r2

R2
T

+
m2

fR2
T

2

ã
,

(6)
 

ϕL(r,z) =NLz(1− z)exp
Å
−

m2
fR2

L

8z(1− z)
− 2z(1− z)r2

R2
L

+
m2

fR2
L

2

ã
,

(7)

MV = 3.097GeV m f = 1.4GeV NT = 0.578 NL =

0.575 RT = 2.3 RL = 2.3 J/Ψ
where , , , 

, , and  for  production.
dσdip/d2b

qq̄

The dipole cross section, , in Eq. (3) is a key
ingredient,  as  it  reflects  the  QCD  interaction  process
between  the  dipole  and  the  proton  target.  The  dipole
cross section can be expressed in terms of the optical the-
orem as 

dσdip

d2b
(b,r, x) = 2N(b,r, x), (8)

where N is  the  forward dipole  scattering amplitude.  It  is
well-known  that  the  energy  (rapidity)  evolution  of N
obeys  the  Balitsky-JIMWLK  equation  [16−20].  In  the
mean-field  approximation,  the  Balitsky-JIMWLK equa-
tion  can  be  reduced  to  the  closed  Balitsky-Kovchegov
(BK) equation [16, 21]. The BK equation is a differential-
integral equation,  making  it  very  complex  and  not  solv-
able  analytically,  although  there  are  some  approximate
solutions in the saturation region [22, 23]. The numerical
solutions of  the  BK equation  are  available  in  the  literat-
ure [24, 25]. However, there are some tensions in the im-

 

Fig.  1.    (color online) The  vector  meson production  process
in a virtual photon-proton DIS is described in the dipole rep-
resentation.
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pact-parameter-dependent  numerical  solutions  due to  the
Coulomb  tail  at  large  impact  parameters  [26, 27].  It  is
known that  the  impact  parameter  is  an  indispensable  in-
gredient in probing the geometric structure of the proton
through N. Thus, a mature model is necessary to describe
the rapidity and impact parameter dependence of N.  The
IPsat model [14] is the desired one, providing successful
descriptions  in  both  inclusive  and  exclusive  data  at
HERA. In the IPsat model, N can be written as 

N(b,r, x) = 1− exp
Ä
− π

2r2

2Nc
αs(µ2)xg(x,µ2)Tp(b)

ä
, (9)

xg(x,µ2)where  is the gluon density evolved with the LO
DGLAP  evolution  equation.  The  scale μ in  Eq.  (9)  is
defined as 

µ2 =
4
r2
+µ2

0, (10)

xg(x,µ2) µ2
0and the initial  gluon distribution  at  the scale 

is taken to be 

xg(x,µ2
0) = Agx−λg (1− x)5.6, (11)

µ0 Ag λg

Tp

with the model parameters , , and  taken from Ref.
[28] in this work. The  in Eq. (9) is the proton profile
function,  which  includes  the  spatial  information  of  the
proton. In the IPsat model, it takes a Gaussian distribution 

Tp(b) =
1

2πBp
exp
Å
− b2

2Bp

ã
, (12)

Bpwith  being the proton width.

J/Ψ

J/Ψ

J/Ψ |t|

Note  that  the  above-mentioned proton  profile  func-
tion  doesn't  consider  the  influence  of  the  event-by-event
fluctuations. It is well known that the proton shape fluctu-
ations have a great impact on the diffractive vector meson
production,  especially for the incoherent process [7, 29].
It has been found that the incoherent cross section of the

 production at HERA is underestimated by several or-
ders of magnitude when the fluctuations are not included
in the calculations. Inspired by the constituent quark pic-
ture, the HSM includes the fluctuations by assuming that
the position of the constituent quarks and the density pro-
file  of  each  constituent  quark  vary  from  event  to  event.
The HSM can give a  reasonable  description of  the inco-
herent  cross  section  of  the  production  at  HERA.
However,  the  HSM cannot  reproduce  the  coherent  cross
section  of  the  production  at  relatively  large  re-
gions. In this work, we shall investigate the possible posi-
tion  distribution  of  the  constituent  quarks  on  top  of  the
HSM, which  will  solve  the  issue  of  the  HSM  and  im-

prove the predictive power of the CGC effective theory. 

III.  PROTON SHAPE FLUCTUATIONS

r

Inspired by  the  constituent  quark  picture  of  the  pro-
ton,  the event-by-event  fluctuations of  the proton can be
implemented  in  the  following  way.  Firstly,  the  positions
of each constituent  quark in a proton fluctuate event-by-
event, so we sample the quark positions ( ) from Gaussi-
an or exponential distributions, 

P(r) =
1

2πBqc
exp
Ä
− r2

2Bqc

ä
, (13)

or 

P(r) = exp
Ä
− |r|

B̃qc

ä
, (14)

Bqc B̃qcwhere  and  are width parameters. Note that in this
study,  we  neglect  all  possible  correlations  between  the
constituent quarks  and  assume  that  the  angular  distribu-
tions of the constituent quarks are uniform.

Secondly,  the  large-x valence  quarks  are  considered
to  be  sources  of  the  small-x gluons,  which  are  emitted
around  the  valence  quarks  and  form the  "hot  spot".  The
density profile of each hot spot is assumed to satisfy the
Gaussian 

Tq(b) =
1

2πBq
exp
Ä
− b2

2Bq

ä
, (15)

or exponential distribution 

Tq(b) = exp
Ä
− |b|

B̃q

ä
(16)

Bq B̃q

q q
with  and  being width  parameters,  where  the  sub-
script  denotes quark flavor;  can be up (u) or down (d)
quarks, respectively. Thus, the profile function of the pro-
ton in  Eq.  (9)  is  the  summation of  the  hot  spots'  density
profiles, 

Tp =
1

Nhs

Nhs∑
i=1

Tq(b−bi), (17)

Nhs biwhere  is  the  number  of  hot  spots,  and  is the  dis-
tance  between  the  valence  quark  and  the  origin  in  the
transverse plane.

In the HSM, the authors in Ref.  [8] naively assumed
that  both  the  positions  of  the  constituent  quarks  and  the
density profile  of  each  hot  spot  obey  Gaussian  distribu-
tions  (Eq.  (13)  and  Eq.  (15)),  since  the  purpose  of  that
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|t|

J/Ψ
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work  was  to  demonstrate  the  existence  of  geometric
shape  fluctuation  of  the  proton  and  the  importance  of
shape fluctuations in incoherent vector meson production.
In  fact,  their  work  paved  the  way  for  investigating  and
applying proton shape fluctuations in the field of  heavy-
ion collisions. However, we find that the positions of the
constituent  quarks  in  the  proton  do  not  simply  follow  a
Gaussian distribution, especially in the relatively large 
region. In this study, we go beyond the HSM and invest-
igate  production  with  combinations  of  position  and
density  distributions,  such  as  (13)−(15),  (13)−(16),
(14)−(15),  and  (14)−(16). See  the  next  section  for  a  de-
tailed description of the hybrid combinations. In the next
section,  we  will  find  that  an  exponential  distribution  of
the constituent quark position is essential for the theoret-
ical  model  to reproduce the currently available  pro-
duction experimental  data  in  all  regions at  HERA en-
ergy. 

IV.  NUMERICAL RESULTS

J/Ψ

|t|
|t|

We  present  the  numerical  results  on  coherent  (Coh)
and incoherent  (Incoh) differential  cross sections of 
production from  the  modified  HSM  introduced  in  Sec-
tion III  at  HERA energies.  To demonstrate  the  enhance-
ment  of  our  modified  HSM  over  the  original  HSM,  we
use two types of independent measurements from differ-
ent collaborations at HERA to verify the improvement of
our  model.  Therefore,  we  calculate  the  differential  cross
sections as a function of W at fixed , and as a function
of  at fixed W, respectively. 

A.    Energy dependence of differential cross section
J/Ψ

|t| = 0.3 0.675 1.05 1.5 GeV2

We start  by  calculating  the  coherent  production
differential cross section as a function of W with the ori-
ginal HSM and our modified HSM. In this work, we take
into  account  the  distribution  differences  between  the  u
quark-induced hot spots and the d quark-induced hot spot
due to  the  differences  in  their  mass  and  transverse  mo-
mentum  distribution  [30].  So,  we  consider  the  cases:  (i)
the u-spots  and d-spot  share  the  same  Gaussian  (GAU)
distributions,  (ii)  they share  the same exponential  (EXP)
distributions,  (iii)  the u-spots have  a  Gaussian  distribu-
tion  while  the d-spot  obeys  the  exponential  distribution.
Moreover, we  need  to  sample  the  positions  of  the  con-
stituent quarks.  Combining  the  distributions  of  the  posi-
tion of the constituent quarks and hot spot density togeth-
er,  we  take  into  account  three  groups  of  combinations:
GAU-GAU-GAU1),  EXP-EXP-EXP,  and  EXP-EXP-
GAU, when the differential cross sections are calculated.
We compare our numerical results with the HERA meas-
urements at , , ,  and  in Fig. 2.
In Fig.  2, the  blue  curves  denote  the  predictions  com-

W = 75 GeV

puted by the HSM (GAU-GAU-GAU), while the red and
black curves represent the results calculated by the modi-
fied  HSM  with  the  combinations  EXP-EXP-EXP  and
EXP-EXP-GAU.  Note  that  the  model  parameters  are
fixed  by  aligning  the  model  calculations  with  the

 data (upper left panel in Fig. 3) in this work.
Then, we  use  these  parameters  to  calculate  the  differen-
tial cross sections in other cases.

|t| |t| = 0.3 GeV2

|t| < 0.3 GeV2

|t|

|t|

|t|

J/Ψ
|t|

One  can  see  that  both  the  HSM  and  modified  HSM
can  give  a  reasonable  description  of  the  HERA  data  at
small , such as  in Fig. 2. We would like to
note  that  even  better  agreement  is  achieved  when  we
compare  our  model  calculations  with  HERA  data  in  the
case of  (not shown here). By a global ana-
lysis  of Fig.  2,  we  find  that  the  HSM  cannot  reproduce
the measurements at large . Specifically, the deviations
between the HSM calculations and experimental data in-
crease as  increases, see the blue curves in Fig. 2. Inter-
estingly, it is shown that if the position distribution of the
constituent quarks is changed from the Gaussian distribu-
tion  to  the  exponential  distribution  in  the  modeling,  the
results are in agreement with the measurements across the
entire  available  region  at  HERA,  regardless  of  what
distribution function is used for the hot spot density pro-
file,  see  the  red  and  black  curves  in Fig.  2.  It  is  worth
pointing out that we also compute the coherent cross-sec-
tion  in  the  case  with  a  fixed  exponential  distribution  of
position,  but  by  flipping  the u-spot  and d-spot distribu-
tions,  we  obtain  almost  the  same  results  as  the  black
curves. All the above outcomes indicate that the position
distribution  function  of  the  constituent  quarks  is  a  key
factor in describing the  production data at relatively
large , and hints at a possible exponential distribution of
the constituent quarks within the proton at high energy.

|t|
1.5 GeV2

|t|

|t|

Currently, the largest available  data in the coherent
process at HERA are around . It is known that at
large values of ,  the dominant process in vector meson
production is  the incoherent  process in which the proton
becomes excited and finally dissociated in the scattering.
Fortunately,  the  near-future  electron-ion  collider  (EIC)
has  higher  luminosity  and  wider  acceptance  [32],  which
can  provide  unprecedentedly  higher  precision  and  larger

 data in the forward rapidity regions. Thus, one can use
these data to further constrain the position distribution of
the constituent quarks. 

B.    Momentum transfer dependence of
differential cross section

|t|

J/Ψ

The differential  cross sections as a function of  are
calculated  by  the  original  HSM and  our  modified  HSM.
Comparisons  to  the  H1  [33−35, 37]  and  ZEUS  [31, 36]
data  on  coherent  and  incoherent  diffractive  produc-
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<W >= 75, 80, 95, 100, 120, 144, 181 251
x = 1.7 ·10−3

x = 1.5 ·10−4

|t|

tion  at ,  and 
GeV,  corresponding  to  highest  and  lowest 
and ,  are  shown  in Figs.  3 and 4.  Here,  we
consider four different combinations for the position dis-
tributions  of  the  constituent  quarks, u-spots  and d-spot
density  in  the  computations,  such  as  GAU-GAU-GAU,
EXP-EXP-EXP,  EXP-EXP-GAU,  and  GAU-GAU-EXP,
which  correspond  to  the  red,  green,  purple,  and  blue
curves. From the upper left and lower right panels of Fig.
3,  one  can  see  that  all  the  results  (dashed  curves)  of  the
incoherent  cross  section  from  four  combinations  are  in
agreement with the HERA measurements in the entire 
region, which  suggests  that  one  cannot  use  the  incoher-
ent process to probe the position distribution of the con-
stituent  quarks.  We  also  compute  the  incoherent  cross
sections  at  other  energies  where  there  are  no  relevant
HERA data, see Figs. 3 and 4. Although there are no data
points to directly distinguish the differences between the

Qs

J/Ψ
|t| Qs

Qs

results obtained under the four combinations, one can still
infer that the incoherent process cannot provide much in-
formation about  the  position distribution of  the  constitu-
ent quarks within the proton. We would like to note that
the  saturation  scale  ( )  fluctuations  are  considered  in
our calculations  in  order  to  obtain  a  reasonable  descrip-
tion of the incoherent  production data at  very small

. The detailed calculations of the  fluctuations are not
shown here, as they are outside the interest of this work.
For a pedagogical discussion of the  fluctuations with-
in the HSM, we refer the reader to Ref. [8].

J/Ψ

|t| < 1.0 GeV2

|t|

Apart from the results of the incoherent cross section,
we also present our predictions for the  production in
the coherent process in Figs. 3 and 4. It is shown that the
results  from  the  four  combinations  of  distributions  are
consistent  with  the  HERA  data  at  all  energies  for

, indicating that the coherent process at very
small  also cannot be used to probe the position distri-

 

J/Ψ |t|Fig. 2.    (color online) The coherent  production differential cross sections as a function of W at fixed  values, as compared to the
data from the ZEUS collaboration [31].
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|t|
|t| > 1.0 GeV2

|t|

bution  of  the  constituent  quarks.  When  the  becomes
large ( ), the differences between results cal-
culated  by  the  Gaussian  and  exponential  distributions  of
constituent quarks  start  to  emerge,  and  differences  in-
crease  as  increases.  This  shows  that  the  predictions
computed  by  the  Gaussian  position  distribution  of  the
constituent  quarks  (including  results  from the  HSM,  red
curves)  cannot  reproduce  the  HERA  measurements,  as
seen in the right panels of Fig. 3 and the upper left panel
of Fig.  4. In  contrast,  the  coherent  cross  sections  calcu-
lated  by  our  modified  HSM  can  successfully  reproduce
the  HERA  data,  which  indicates  that  the  position  of  the
constituent  quarks  may  obey  an  exponential  distribution
at high energy. This also means that the coherent process
can be an effective probe to investigate the position distri-
bution of partons within the proton.

Finally, it is worth pointing out that we use measure-
ments from two independent aspects, t-dependence of the
cross  section  in  this  subsection  IV.B  and W-dependence

of  the  cross  section  in  the  above  subsection  IV.A,  to
cross-check the reliability of our outcome. All the calcu-
lations show that the position of the constituent quarks in
the  proton  may  obey  an  exponential  distribution  rather
than a Gaussian distribution at high energy. 

V.  CONCLUSIONS

Deciphering the proton's internal structure is still one
of the major challenges in the field of high energy phys-
ics. Remarkable  progress  has  been  achieved  in  under-
standing this  subject  over  the  past  few  decades,  associ-
ated with the Color Glass Condensate effective theory, a
mass of high precision HERA data,  and the forthcoming
electron-ion collider.  The proton shape fluctuations have
been  identified  through  the  HSM,  which  was  developed
based on  the  Color  Glass  Condensate  theoretical  frame-
work.  In  this  paper,  we  have  performed  an  exploratory
study on the position distribution of constituent quarks in

 

J/Ψ

|t| √
s = 75 80 95 100 GeV

Fig.  3.    (color online) The  coherent  (solid  curves)  and  incoherent  (dashed  curves)  differential  cross  sections  of  production  are
presented as a function of  at , , , and . The experimental data are sourced from Refs. [31, 33−37].
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|t|

J/Ψ

J/Ψ
|t|

J/Ψ

the proton. We modify the HSM, which naively assumes
both the position of the constituent  quarks and the dens-
ity  profile  of  hot  spots  obey  a  Gaussian  distribution,  by
introducing  new  distributions  for  the  positions  and  hot
spot  densities.  In  all  regions, it  shows  that  the  modi-
fied  HSM  calculations  can  successfully  reproduce  both
the W-dependent  and t-dependent differential  cross  sec-
tions  of  production measured  at  HERA,  which  re-
solves  the  issues  encountered  in  the  HSM,  specifically
that  the  HSM cannot  describe  the  coherent  produc-
tion  data  at  relatively  large . We also  find  that  the  de-
scription of the coherent cross-section of  production
remains robust when modeling the constituent quark posi-
tions with an exponential distribution, independent of the
particular  distribution  function  selected  for  the  hot  spot

density profiles. These outcomes hint that the position of
the constituent  quarks  in  the  proton  may  obey  an  expo-
nential  distribution rather  than a Gaussian distribution at
high energy.

In this paper, we assume that the up and down quarks
obey  the  same  position  distribution  although  their
triggered hot spots are treated individually. It is shown by
a recent lattice QCD study that the density profile of the
constituent quark has flavor dependence [38], which sug-
gests  that  the  position  distribution  of  the  constituent
quark  may  also  exhibit  flavor  dependence.  This  inspires
us to further investigate the fine structure of the proton by
considering the  flavor  dependence  of  the  position  distri-
bution of  the  constituent  quarks  and  the  flavor  depend-
ence of their induced hot spots in future work.
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