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Abstract: In this study, we systematically investigate the o decay half-lives of 263 emitters in the 52 < Z < 107re-
gion and clusters “C, 2°0, *Fe, ****Ne, ****Mg, and ****Si in the presence of an extended form of the Sextic poten-
tial to describe the strong nuclear interaction between the daughter nucleus and cluster in the parent nucleus using
the Wentzel-Kramers-Brillouin (WKB) method. We find nuclear potential parameters that explain the decay mech-
anism for each variety of cluster and show that this form of double-well potential provides an excellent description
of the nuclear decay phenomenon. We highlight constraints between the potential parameters and experimental data.
Moreover, we emphasize the importance of the coupling parameters of the nuclear potential in the nature of the pre-
formed cluster. The obtained results are compared with experimental and literature data. Our results are in very good

agreement with the experimental data.
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I. INTRODUCTION

Alpha decay is an important source of information in
the study and understanding of nuclear structure. It was
first demonstrated in 1896 by Henri Becquerel and theor-
etically described independently by Gamow [1] and Con-
don and Gurney [2, 3] through the phenomenon of
quantum tunneling. Moreover, the emission of particles
heavier than alpha or cluster radioactivity, which is of
great importance in modern nuclear physics, was de-
scribed by Sandescu et al. [4] in 1980 and received its
first experimental confirmation by Rose and Jones [5]
with observation of the emission of '“C by the nucleus of
22Ra. Subsequently, other more massive particles, such
as 0, *Fe, **Ne, **Mg, and ***'Si, emitted by
heavy elements in the trans-lead region have been experi-
mentally detected. In the nuclear decay model, the «
particle or cluster is preformed inside the parent nucleus,
where it is under the action of an effective potential, and
then collides with the well-restricted Coulomb barrier
created by the Coulomb-type interaction between the o
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particle and daughter nucleus. The particle eventually
crosses the barrier with a tunneling probability, which is
then used to estimate the decay half-life. Several meth-
ods can be used to determine this probability, such as the
Born distorted wave approximation [6], the WKB ap-
proximation [7—11], coupled channel approaches [12,
13], the Coulomb Proximity Potential Model (CPPM)
[14], and modified two-potential approaches [15, 16].
Some of these methods, notably the Wentzel-
Kramers-Brillouin (WKB) approximation and the Cou-
lomb Proximity Potential Model (CPPM), as well as uni-
fied (alpha and cluster) models, such as the Universal De-
cay Law (UDL)[17, 18], Ni's empirical formula[19], and
Scaling law [20], are the most commonly used in the
study of alpha decay and radioactivity of clusters. These
methods differ in the way they consider the nuclear inter-
actions between the daughter nucleus and preformed
cluster. For example, in the WKB method, nuclear inter-
actions are represented by microscopic and phenomeno-
logical potentials; in the case of the CPPM, we have nuc-
lear proximity potentials [14, 21], and for the unified law,
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they are completely neglected because the distance
between the daughter nucleus and cluster is assumed to
be sufficiently large. If we want to determine the nature
of the dynamics of our preformed system in the parent
nucleus within the framework of a unified potential mod-
el (alpha decay and cluster radioactivity), we must take
into account the effective potential, which guarantees the
dynamics between the particle and daughter nucleus in
the parent nucleus. Therefore, it plays an important role
in the decay mechanism and is the combination of three
interactions: nuclear, Coulomb, and centrifugal. The Cou-
lomb and centrifugal potentials pose no problem here be-
cause they are well known in the literature, whereas the
one we do not know is the nuclear potential. It is worth
emphasizing that the underlying decay process takes
place at the nuclear level. Thus, it is important, if not ne-
cessary, that the expression of the half-life takes into ac-
count the properties of the nuclear potential. Moreover,
with the discovery of new forms of decay in large particle
accelerators (Dubna, Berkeley GSI, GANIL and RIKEN)
[22—24], there has been growing interest in finding the
fields that best describe the strong nuclear interaction
between the daughter nucleus and a particle or cluster of
the preformed system that is a radioactive nucleus. Many
studies have considered a variety of potentials, including
the depth potential, Wood-Saxon potential, Cosh poten-
tial proposed by Buck et al. [25—29], and modified har-
monic oscillator potential introduced by Bayrak ef al. [7].
From a molecular perspective, the Morse potential was
studied by Koyuncu [30]. Other models with equally in-
teresting potentials have also been explored, such as the
double-folding model proposed by Satchler and Love
[31] to describe the collision of heavy ions and success-
fully applied to alpha decay by Delion et al. [32—37]. We
also mention the works of Ismaiel ez al. [38] and Soylu et
al. [39] with a nuclear potential @ —« cluster with single-
folding to describe the interaction between the daughter
nucleus and cluster.

With the same aim of proposing a suitable nuclear po-
tential model for decay processes, several studies have
also been conducted on the simple and deformed relativ-
istic mean-field (RMF) with microscopic R3Y and phe-
nomenological M3Y nucleon-nucleon (NN) potentials
[40—48]. The results obtained are in good agreement with
experimental data and provide important information on
the nuclear structure. However, we see from the literat-
ure that singular power potentials, such as Davidson [49],
Sextic [50, 51], Kratzer [52], Killingbeck [53], have not
been explored in the context of alpha and cluster decay.
However, they are attracting increasing interest due to
their ability to describe nucleon-nucleon interaction sys-
tems in a very satisfactory manner in many areas of phys-
ics, including molecular, nuclear, and particle physics.
The case of the Sextic potential, considered as a realistic
model of nuclear interaction, would be particularly inter-

esting to study, as it is possible to obtain an analytical
solution with the WKB method. Moreover, it is a poten-
tial that allows nuclear interactions involving a large
number of nucleons in coherent motion to be interpreted
as vibrations and rotations of the nuclear surface for me-
dium and heavy nuclei. Because a decay is subject to
nucleon-nucleon interactions, it would be interesting to
study the effects of this type of potential and to observe
what information it can give us about the nuclear struc-
ture. Henceforth, the aim of this paper is to study the «
and cluster decay half-lives of 263 atomic-a nuclei loc-
ated in the region 52 <Z < 107 for alpha and in the re-
gion 86 < Z <96 for clusters in the presence of an exten-
ded form of the Sextic potential [54]. To this end, we
used the Wentzel-Kramers-Brillouin (WKB) approxima-
tion to determine and account for the effect of the effect-
ive potential between daughter nuclei and clusters in the
expression of the decay half-life calculations.

The remainder of this paper is organised as follows:
in Sec. Il we determine the expression of the decay half-
life o in the presence of the extended form of the Sextic
potential in the WKB structure, in Sec. III numerical res-
ults and discussion are presented, and finally in Sec. IV
we present our conclusions.

II. THEORETICAL MODEL

The standard form of the effective potential in the
model of decay of the parent nucleus, which governs the
interaction between the daughter nucleus and alpha
particle, is given by the following relation:

Veff(r) = VNuclear(r) + VCoulomb(r) + VCentrifugal(r)~ (1)

This expression of the effective potential is the com-
bination of three fields: nuclear, Coulomb, and centrifu-
gal. Of these three interaction fields, the forms of the
Coulomb and centrifugal potentials are well known from
literature. The standard centrifugal potential is given by
[11,55,56]

W+ L
Veen(r) = W = 2 2

where y = A;A,/A is the reduced mass of the nuclear sys-
tem, and A, A;, and A, are the atomic masses of the par-
ent nucleus, daughter nucleus, and alpha particle, respect-
ively. / is the orbital angular momentum of our system,
which results from the rotation of the daughter nucleus
and alpha particle about their centre mass. We take /=0
because data are available on favorable and unfavorable
o-transitions for the case of odd-4 or odd-odd nuclei. In-
side the parent nucleus, the Coulomb potential is gener-
ated by the interaction of the daughter nucleus of point
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charge Z,e with the preformed particle of charge Z,e dis-
tributed on a sphere of uniform radius R¢ [7, 8, 29]. Thus,
we have

7.7 2 2
1£2€ (3_%), r<R,,
2R R

Ve(r) = (3)
212262

, >Ry,

where Rc =1.07 (A" +AY?) in fm [7]; Z, and Z, denote
the charge numbers of the daughter nucleus and alpha
particle, respectively. We do not know the correct form of
the nuclear potential because no mathematical equation is
written for the nuclear force. The very first nuclear poten-
tial proposed in the literature was the depth potential in-
troduced by Buck et al. to describe the interaction
between the a particle and daughter nucleus. It has the
peculiarity of offering a single degree of freedom and al-
lows us to obtain analytical relations between the observ-
ables, energy O, half-life T,,,, and parameters of the po-
tential. However, it is not suitable for describing the o-
core interaction. It has no confinement dependence on the
position of the nucleus and cluster and does not take
coupling phenomena into account. This potential is there-
fore not very suitable for obtaining more information
about the dynamics between the elements of the nuclear
system. In this study, we use the extended form of the
Sextic potential to represent the nuclear interaction,
which was constructed from the Sextic and Davidson po-
tentials [54]:

Vn(r) = % +br +crt +dr®, 4

where a,b,c, and d are free and real parameters of the po-
tential. This potential is widely used in literature: in mo-
lecular physics to describe the bonds between the atoms
of the molecule ammoniaNH; [57, 58] and in nuclear
physics to describe the energy levels of the deformed
states in Bohr's Hamiltonian [50, 54]. In Figs. 1 and 3, we
plot the effective potential using the extended form of the
Sextic potential as the nuclear potential (> 0). It takes
the form of a finite and symmetric double well, where we
can see the properties of a repulsive nucleus and a short-
range attractive force described between the turning
points R; and R,. These properties are indeed character-
istics of the nucleon-nucleon interaction. Given the prop-
erties proposed by this form of Sextic potential, it may be
very reasonable to use it to describe the nuclear interac-
tion inside the parent nucleus between the daughter nuc-
leus and a particle. Therefore, the physical system de-
scribing the nuclear decay mechanism in our model is as
follows:

Effective potential
T T

40t B
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4.0 ;
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Fig. 1.
potential of the Tellurium 106 nucleus between the nucleus

(color online) Variation (r:0— oo) in the effective

and Coulomb radii Ry, R, and R; with released energy Q.
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Fig. 2.
the experimental and theoretical a decay half-lives of 263

(color online) Difference between the logarithms of

atomic nuclei as a function of the charge number Z.

a+L 3Z]Z2€2 ( Z1Z262) 5
+ +\|\b- — ) r
r? 2RC 2RC

+cr* +dr®, r<R,.

Ve (r) = (%)

Z1Z,e*
r

, V>R2.

In this study, the potential at R, is divided into two
parts. This choice has also been made in other works [7],
and the main aim of this approach is to take into account
the nuclear and centrifugal potentials in the probability of
tunneling through the Coulomb barrier. R, is given by the
equation V.z(r) = Q. Our current model has three major
advantages: it provides an analytical solution with the
spherical Coulomb potential, it is more realistic than the
model of Buck et al. [25], and it gives the analytical ex-
pression of the normalization factor to guarantee the total
probability of finding the alpha particle or cluster in a
given state. The weakness of our model is that it has a
discontinuity at the R, turning point between the poten-
tial well and top of the barrier. In addition, it does not
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Fig. 3.
nuclear radius in the range bounded by R; and R, for poloni-
um (Po), radon (Rn), radium (Ra), and uranium (U).

(color online) Effective potential as a function of

take into account the effects of nuclear deformation [8]
because many nuclei are not spherical like those in the
neutron-rich region. This discontinuity can be removed
by inserting the inverted harmonic oscillator potential at
the top of the barrier, as proposed in the work of Delion
et al. [59]. To preserve the simplicity of our approach, we

do not take into account the quadrupole, octupole, or
hexadecapole deformation in our nuclear potential.

A. WKB Method

The semi-empirical relationship between the decay
constant and probability of penetration or Gamow factor
is given by [7]

P\Fi’

=
4u

exp(—2G), (6)

where P;is the cluster pre-formation factor in the parent
nucleus. It is a very important parameter in the o decay
model and should be specific to each nucleus. However,
for consistency with literature, we take P; =1 for even-
even nuclei, P, =0.6 for odd-even and even-odd nuclei,
and P; = 0.35 for odd-odd nuclei [8]. F is the normaliza-
tion factor, and G is the action integral or Gamow factor.
The normalization factor is obtained from the expression
[7, 8, 27]

Ry l
F /Rl xn =t ™

2
where k(r) = 4/ hi; (Q - Ver(r) is the wave number of the

nuclear region, and Q is the energy released during the
decay. From a quantum mechanical perspective, alpha de-
cay is described as a preformed alpha particle in the nuc-
leus crossing the Coulomb barrier by tunneling. This tun-
neling probability is calculated using the semi-classical
WKB approximation [7, 10, 60—62]:

R3
P =exp(-2G) = exp (—2/ K(r)dr) , t))

Ry

2
where K(r) = 4/ FT/; (Vesr(r) — Q) is the wave number in the

barrier region of the effective potential. R;,R,, and R; are
the turning points between the potential and Q energy re-
leased during the decay reaction. R; and R, define the
nuclear potential region, while R, and R; define the Cou-
lomb barrier. R, is a very important point as it allows us
to take into account the effects of the nuclear potential on
the tunneling probability. R; is a constant point where the
nuclear interaction is zero and the distance beyond which
the alpha particle is considered to be radiation [33]. These
points are obtained by solving the equation V.z(r) = Q [7,
19, 63].

a+L 3Z]Z2€2 ( ZIZ2€2
+\b-

2, 4 46 _
2 + R 2R )r +er'+dr'=0. (9)

Let us change the variable X = r? to reduce the order of
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our equation at the turning point:

7.7
—dX4—cx‘+< 1£2¢ —b)X2
2R’
3Z,Z,e?
<Q— 21R2€ )X—(a+L):0. (10)
C

We also perform a quantization transformation, similar to
that proposed in the structure of the Extended Nikiforov-
Uvarov (ENU) method [64] to reduce the degrees of free-
dom of our nuclear potential (the equation at the turning
point must be of second degree at most to obtain two
turning points). Assuming here that our equation can be
written in quadratic form,

2 2
—dX* =Xt (Z‘ngf —b) X2+ (Q— 322‘1?26 )X
C C
—(a+L) = (aX*+BX +7)". (11)

If we proceed by identification, we obtain the follow-
ing system:

a=-d
Y =—(a+L)
321Z262
2B8y=0-
I By Re
206 =—-c
Z\Z
B+ 2wy = = 236 -b
a=V-d
y=V-(a+L)
I+ :
Q 3212262
B= 2Rc
2y—-(a+L)

From these different quantification transformations,
we can derive constraints on the parameters b and c of the
nuclear potential with the decay energy Q. This allows us
to determine the value of these parameters and reduce the
degrees of freedom of the system.

( 3Z122€2)2

7\ Z,é T 2R

b= _2\/da+L), 13
R T 4+l (@+D),  (13)

=~(e- 2ot a4

Thus, our equation at the turning points is reduced to

V()= 0= aX*+BX+y =0, (15)

where R, = VX, and R, = vX;. X, and X, are the solu-
tions to Eq. (15).

- A s+ A
77 R2: 77
2« 2«

_ ZIZZeZ

R] = R3 N (16)

where R3 > R2 > R] >0.

(Q 3Z1 Zzez ) :
2R

4a+L)

A=- —4\/da+L) with A>0. (17)

The wave number of the nuclear region can be rewrit-
ten as follows:

1 x 1 pXty).

2,
K= @-Va)=-2 5
(18)

We obtain an analytical expression for the normaliza-
tion factor of the form [65]

Ry

1
5 dr
2425 Q= Verlr)
|
T 32
x h—z“ (@X> +BX +7)
and the Gamov factor is given by the expression

_ ZZ]Zzez Riz R2 R2 2
G= P N larccos( R3> - (R—3>—(R—3> .
(20)

F'=

dx, (19)

The half-life is obtained from its relationship with the
decay constant [7, 30]: Ty, =%In(2)/T. Therefore, it is
written as follows:

4uIn) oo,

P\Fh @)

/2=

In science, to validate a new theoretical model based
on the numerical results it produces, it is necessary for
these to converge with experimental results. However, it
must also be compared with existing models in the literat-
ure.
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-Universal Decay Law (UDL)

This is a law proposed by Qi et al. [17] to describe al-
pha and cluster decay within the framework of R-matrix
theory, using a set of adjustable parameters. In this mod-
el, R is the distance between the corresponding centres of
mass of the cluster and daughter nuclei, which should be
large enough for the nuclear interaction to be negligible.

logyy Tip = aZZyNO™ ' + b uZ 2y (A1 + A1) .
(22)

where u is the reduced mass of the system; Q is the en-
ergy released during the decay; Z. and Z, are the atomic
numbers of the cluster and daughter nuclei, respectively;
A. and A, are the mass numbers of the cluster and daugh-
ter nuclei, respectively; and a, b, and ¢ are empirical para-
meters that can be adjusted according to the nuclear de-
cay described.

-Formula of Ni et al. for alpha and cluster decay

Based on the semi-classical WKB approximation, in
2008, Ni et al. [19] proposed a parametric formula for the
calculation of nuclear decay half-lives. This unified for-
mula for alpha and cluster decay has the following form:

log,oT12 = a VuZ.Z;Q ' +b\Nu(Z.Z) ™ +¢,  (23)

where p is the reduced mass of the system; Q is the en-
ergy released during the decay; Z. and Z;are the atomic
numbers of the cluster and daughter nuclei, respectively;
and a, b, and ¢ are empirical parameters that can be adjus-
ted according to the nuclear decay described.

III. RESULTS AND DISCUSSION

In this section, we present the numerical results ob-
tained in the calculation of o and cluster decay half-lives
in the presence of an extended form of the Sextic poten-
tial. We systematically studied the half-lives of 263 par-
ent nuclei in the region 52 < Z < 107 and 21 emitting par-
ent nuclei '“C, 2°0, ZFe, *****Ne, Mg, and ***Si. In
the analytical expression for calculating the half-lives, we
had three free parameters: the preformation factor P, and
real coefficients a and d of the nuclear potential. The
parameter a is the coupling constant. It allows us to char-
acterize the grouping of nucleons in the parent nucleus, in
particular, the nature of the preformed cluster of our mod-
el, giving the possibility to describe the alpha decay and
radioactivity of the clusters. The parameter d isa con-
stant for the diffusion of nuclear forces between nucleons.
These nuclear potential parameters are obtained for each
decay path (alpha decay and cluster radioactivity) through
implementation of the fitting procedure. For the purposes

of quantitative analysis, we use the formula for the logar-
ithmic standard deviation as follows [7, 8, 39]:

1 < x
o(RMS) = — 5 [log,, (T5 p/T}:heo)]z’ (24)
=

where m, T, and T}* are the number of parent nuclei,
experimental half-life, and theoretical half-life, respect-
ively. We found optimal nuclear parameters a, = —5.287
and d =-0.0125 for 263 parent nuclei that explain the o
decay mechanism by using the RMS deviation and ob-
tained a total standard deviation of o = 0.51. It is obvious
that the alpha and cluster decay mechanisms differ in the
size of the emitted particle. For alpha decay, we have
Z =2 and mass number A =4 with a decay energy ran-
ging from 2 to 9 MeV; for cluster decay, we have Z > 2
and mass number A > 4 with a decay energy ranging from
10 to 90 MeV. The different parameters of the nuclear
potential for each variety of cluster are depicted in Table
1.

In Table 4, we calculate the decay half-lives of 263 a-
emitting parent nuclei and 21 cluster emitters from the
ground state to the ground state transitions and compare
them with experimental results. In the calculation, the re-
duced mass u of the daughter nucleus-cluster system, de-
cay energy O, and experimental half-lives 77); are taken
from NUBASE 2020 [66—69]. In this new database, re-
commended experimental values of nuclear properties are
reported with associated uncertainties in the form of
standard deviations. As a result, the quality of this in-
formation already provides greater precision in the evalu-
ation of our theoretical results, as the parameters derived
from the model are strongly correlated with the experi-
mental data. The first column shows the symbols of the
parent nuclei and the second column the decay energy.
The third and fourth columns show the decimal logar-
ithms of the experimental and theoretical half-lives, re-
spectively. The fifth column shows the logarithmic ratio
of the present model. It could be observed that the model
produces results that are in very good agreement with the

Table 1. Free parameters of the nuclear potential used in
this study.
Cluster a d

o —5.287 -0.0125
C(Z=6) -22.553 -0.0125
0(Z=38) -32.826 -0.0125
Fe (Z=9) —44.814 -0.0125
Ne(Z =10) —46.313 -0.0125
Mg (Z=12) —58.625 -0.0125
Si(Z = 14) —66.425 -0.0125
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experimental data, producing better results than those ob-
tained by Denisov et al. [70] with an error of o =0.62 .
Those proposed by the Universal Decay Law (UDL) have
an error of o-=0.71 [30], and those proposed by Royer
have an error of o =1.1130. In addition, our model has
two degrees of freedom on the effective potential, the
UDL model has three free empirical parameters
(a=0.4314, b =-0.4087, and ¢ = -25,7725) [17, 18], and
the model proposed by Koyuncu with Morse potential
(D,: dissociation energy, a: paramter that changes the
width of the potential well, and r,: equilibrium distance
[30]) and that of Denisov et al. [70] have several free po-
tential parameters. In this respect, the proposed model
provides increased accuracy with reduced degrees of free-
dom. This reduction in degrees of freedom also allows us
to reduce the uncertainty in the effective potential of the
nuclear system in the decay model. The results are sum-
marized in Table 2 for a total of 263 a-emitting nuclei.
Besides the reduced number of real parameters pro-
posed by our model, the probable reason for the excellent
results obtained by the model in the evaluation of half-
lives here is that nuclear interactions are not neglected
and are materialized by the extended Sextic potential.
This is in contrast to notable models, such as those of
UDL [17] and Ni et al. [19], which opt for sufficiently
large distances between the cluster and daughter nucleus
to neglect nuclear interactions. Moreover, the potential
used in this work is a combination of several interactions
that have previously had great success in the field of nuc-
lear physics, namely, the Davidson potential [49] and
Sextic potential [50, 51]. We considered them simultan-
eously to describe nuclear decay. This may explain why
our model combining these two potentials also gives bet-
ter results than those of Denisov et al. [70], who pro-
posed the Woods-Saxon potential, although they took in-
to account the effects of quadrupole and hexadecapole
deformation of the daughter nucleus. We also compared
the results obtained for the cluster decay half-lives (*C,

Table 2. Standard deviation (RMS) of the decimal logar-
ithm for different models.

200, PFe, *¥2Ne, **Mg and ****Si) with the experi-
mental data (Table 3) and with the results of Ni et al.
[19], who proposed a unified formula for alpha and
cluster half-lives (Table 4). The choice of different
clusters emitted here is particularly interesting because
they are particles emitted by parent nuclei in the trans-
lead region (with atomic numbers ranging from 86 to 96)
and lead to daughter nuclei with so-called magic (Z = 82)
or neighbouring (Z=281-83) atomic numbers. This
means that the emission of these clusters in this region of
the atomic map is an important phenomenon in under-
standing the effects of nuclear layer closure and pairing.

The obtained results are in agreement with the experi-
mental data and provide an improved description of
cluster decay compared to that of Ni et al. for a reduced
number of parameters. Moreover, they provide informa-
tion on the dynamics between the daughter nucleus and
cluster.

To better appreciate the results, we plot the logar-
ithmic differences between the experimental and theoret-
ical half-lives in Fig. 2. It can be seen that the majority of
the 263 points lie within the £0.5 interval. Meanwhile, al-
most all the points lie within the +1 interval. At the same
time, we note that some large deviations (9) persist for
the nuclei of '7°Ir, 2%°At, 2'¥Pa (odd-odd),''*I, 23'Pa, 2'Bh
(odd-even), '¥Gd (even-odd), and '"“Hf, **$Cf(even-
even). This set of discrepancies provides a basis for dis-
cussion with the results of other major models, such as
those of UDL and Denisov et al. Similar discrepancies
are found for the same nuclei in the models of UDL and
Denisov et al. and even those of Koyuncu with the poten-
tial of Morse [30], suggesting a general problem due to a
lack of physical consideration. Given that alpha and
cluster decay are asymmetric phenomena [30], our cur-
rent model does not take into account the asymmetry
either in terms of the nuclear potential or in the evalu-
ation of the preformation factor of odd and odd-A4 nuclei.
Furthermore, the discrepancies observed for the odd and
odd-4 nuclei can also be attributed to unfavorable trans-
itions (I # 0)between the fundamental states because, in
this study, we investigated the favorable cases (/ = 0) neg-
lecting the centrifugal potential. Meanwhile, the discrep-

Works o (error) Ref. ancies observed for the two even nuclei are probably due
Our 0.51 This work to exceptionally low decay energy in the case of the "Hf
Denisov et al. 0.62 [70] nucleus, which requires a more careful approach to de-
UDL 071 [30] termine the WKB tunneling probability of the alpha
" ' o particle across the Coulomb barrier. In the case of >*°Cf,
oyer L1130 (101 which is a neutron-rich heavy nucleus, a study of the ef-
Table 3. Standard deviation (RMS) and free parameters.
Works o (error) Parameters Ref.
Our 0.461 a,d=-0.0125 This work
Ni et al. 0.489 a=0.38617, b=-1.08676, c,_, = —21.37195, c,_p = —20.11223 [19]
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Table 4. Evaluation and comparison between the decimal logarithm of theoretical and experimental half-lives for 263 parent atomic
nuclei located in the 52 < Z < 107 region.

Nucleus 0 log (Tle’;g ) log (T}‘};‘)) o Nucleus 0 log (Tle’;g ) log (T}‘};‘)) o
19Te 4.290 -4.15 -4.13 0.02 137 Yb 4.622 3.89 3.44 045
107Te 4.010 -2.35 -2.56 0.21 138vb 4.170 6.63 6.20 0.43
1%8Te 3.420 0.49 0.57 —0.08 13 Hf 6.026 -1.63 -2.15 0.52
19Te 3.198 2.06 2.32 -0.26 13THf 5.880 -0.91 -1.36 0.45
181 2.707 9.30 7.39 1.91 138Hf 5.404 0.81 0.65 0.16
12Xe 3.330 2.53 2.43 0.10 190Hf 4.901 2.77 2.66 0.11
13Xe 3.087 3.89 4.42 —0.53 192 Hf 4.416 5.80 5.44 0.36
114Ba 3.592 1.77 1.73 0.04 173t 2.494 22.80 24.10 -1.30
19Nd 1.901 22.86 23.75 -0.89 AN 6.451 -2.09 -2.69 0.60
9Pm 2.322 17.30 17.90 ~0.60 160w 6.066 -0.99 -1.50 0.51
146Sm 2.529 15.51 15.72 —0.21 19w 6.678 0.46 0.32 0.14
147Sm 2311 18.52 18.91 -0.39 1w 5.278 2.38 1.93 0.45
148Sm 1.987 23.34 23.99 —0.65 10w 4.856 4.74 435 0.39
47 Eu 2.991 10.98 11.45 -0.47 180w 2515 25.75 25.72 0.03
¥Eu 2.694 14.70 14.88 —0.18 199Re 6.698 -2.02 -2.93 091
1%Gd 3.271 9.37 9.31 0.06 192Re 6.119 -0.96 -0.84 -0.12
1%Gd 3.099 13.27 11.30 1.97 183Re 5.926 -0.22 -0.31 0.09
13%0Gd 2.807 13.75 13.91 -0.16 19205 6.767 -2.73 -3.01 0.29
131Gd 2.652 15.03 15.93 —0.90 1%0s 6.143 -0.52 -0.74 0.22
12Gd 2.203 21.53 22.02 -0.49 1%80s 5.815 0.62 0.61 0.01
%Dy 4.351 3.08 3.18 —0.10 1820s 5.713 1.59 1.30 0.29
Sipy 4.179 4.28 4.27 0.01 10s 5.536 1.79 1.65 0.14
22Dy 3.727 6.93 6.86 0.07 1720s 5.224 3.98 3.63 0.35
3Dy 3.559 8.39 8.38 0.01 1B0s 5.055 5.03 4.28 0.75
13Dy 2.945 13.98 13.80 0.18 17%0s 4.871 5.34 5.30 0.04
152Ho 4.507 3.13 2.86 0.27 1860s 2.821 22.80 22.78 0.02
134Ho 4.041 6.57 5.69 0.88 1%1r 6.722 -1.95 -2.24 0.29
132Er 4.934 1.06 0.83 0.23 11 6.119 -0.11 -0.23 0.12
133Er 4.802 1.85 1.53 0.32 1701 6.230 0.08 -0.64 0.72
I3%Er 4.279 4.68 4.43 0.25 176Tr 5.260 2.60 3.65 -1.05
15SEr 4.118 6.16 5.69 0.48 i 5.082 4.70 4.59 0.11
133Tm 5.248 0.21 0.26 -0.05 18Pt 6.990 =270 -321 0.51
15 Tm 4.572 3.06 3.23 -0.17 17oPt 6.707 -1.85 —2.24 0.39
13¢Tm 4.345 5.12 4.79 0.32 17iPt 6.607 -1.35 -1.66 0.31
138Yb 5474 -0.36 -0.95 0.59 74Pt 6.183 0.03 -0.26 0.23
133Yb 5.338 0.30 -0.12 0.43 17ePt 5.884 1.22 1.00 0.22
12¢Yb 4.810 242 241 0.01 177pt 5.642 233 225 0.08
178Pt 5.573 245 2.58 -0.13 26Po 5.327 7.14 7.03 0.11
80Pt 5.276 4.24 4.05 0.19 27Po 5.215 8.00 7.67 0.33
18Pt 5.150 4.86 4.48 0.38 2%Po 5.407 7.08 6.20 0.88

Continued on next page
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Table 4-continued from previous

Nucleus 0 log (Tle’/‘éJ ) log (T;k}‘;") o Nucleus 0 log (Tle’/‘éJ ) log (T;k}‘;") o
18Pt 4.822 7.48 6.57 0.91 H2po 8.954 —6.52 —6.15 -0.37
188pt 4.004 12.53 12.20 0.33 23Po 8.536 -5.38 —4.92 —0.46
170 Au 7.177 -2.55 -2.98 0.44 2o 7.833 -3.78 -3.25 —0.53
178 Au 6.699 -0.81 -1.35 0.54 2%Po 7.526 -2.75 -232 -0.43
185 Au 5.465 4.15 3.87 0.28 Hepo 6.906 —0.84 -0.25 —0.59
185 Au 5.180 4.99 5.12 -0.13 218Po 6.114 2.27 2.89 —0.62
1o Hg 7.233 -2.70 -3.24 0.54 e AL 7.196 -0.57 -1.05 0.47
17¢Hg 6.897 -1.69 -1.90 0.21 1S7AL 7.104 -0.44 -0.71 0.27
17T Hg 6.736 -0.82 -1.33 0.51 138 At 6.889 0.64 0.38 0.26
180Hg 6.258 0.73 0.50 0.23 192AL 6.777 0.90 0.80 0.10
182Hg 5.996 1.86 1.60 0.26 20At 6.596 1.88 1.50 0.38
183 Hg 6.039 1.95 1.43 0.52 LAt 6.472 2.08 2.01 0.07
184 Hg 5.660 3.44 3.13 0.31 22At 6.353 3.01 251 0.50
18°Hg 5773 2.93 2.61 0.31 23 At 6.210 3.16 2.89 0.27
18¢Hg 5.204 5.71 5.4 0.27 W2 AL 6.070 4.15 3.75 0.40
188Hg 4.709 8.72 8.58 0.14 23 At 6.019 4.20 4.00 0.20
17 7.067 -1.61 -1.88 0.27 20 AL 5.883 7.38 4.62 2.74
Tl 6.709 -0.57 -0.86 0.29 2T At 5.872 4.88 4.70 0.18
1%Pb 6.471 0.68 0.26 0.42 28 At 5.751 6.04 5.30 0.74
135Pb 6.109 2.06 1.97 0.09 20AL 5.756 5.68 5.20 0.40
199Pb 5.698 4.25 3.63 0.62 HIAL 5.982 4.79 4.24 0.55
192Pb 5.222 6.57 6.31 0.26 23At 9.254 —6.90 —6.33 -0.57
1%Pb 4.738 9.99 9.43 0.56 HiAL 8.988 —6.25 -5.72 -0.53
219Pb 3.792 16.57 16.50 0.07 23AL 8.178 ~4.00 -3.96 —0.04
1ePo 7.693 -2.59 -3.15 0.56 R0 7.694 222 -2.25 0.03
1%2Po 7.320 -1.48 -1.97 0.49 1%8Rn 7.349 -1.18 -1.34 0.16
124Po 6.987 -0.38 -0.37 -0.01 2iRn 6.860 0.95 0.63 0.32
183Po 6.699 0.79 0.69 0.10 2%Rn 6.629 1.83 1.54 0.29
18P0 6.658 0.77 0.85 -0.08 2%4Rn 6.546 2.01 1.88 0.13
197Po 6.411 2.09 1.83 0.26 2%Rn 6.383 2.74 2.35 0.39
1%8Po 6.309 2.27 2.26 0.01 27Rn 6.251 3.43 3.15 0.28
1%9Po 6.074 3.44 3.28 0.16 2%Rn 6.260 3.37 2.90 0.47
2X0Po 5.981 3.66 3.37 0.29 2°Rn 6.155 4.00 3.59 0.41
21Po 5.799 4.77 4.56 0.21 219%Rn 6.159 3.95 3.37 0.58
2X2po 5.701 5.13 5.05 0.08 212Rn 6.385 3.16 2.54 0.62
2Po 5.484 6.28 6.17 0.11 24Rn 9.208 —6.57 —6.18 -0.39
2°Po 5.325 7.18 7.03 0.15 2°Rn 8.839 -5.64 -5.31 -0.33
2Rn 8.198 —4.35 -3.94 —0.41 23 Ac 7.746 -0.77 -0.98 0.21
2TRn 7.887 -3.27 -2.83 —0.44 2l Ac 9.832 ~7.16 -6.79 -0.37
28Rn 7.262 -1.46 -1.10 -0.35 2EAC 9.384 ~5.94 -5.59 -0.35
220Rn 6.404 1.75 2.11 -0.36 20 Ac 8.826 -4.93 ~4.50 -0.43

Continued on next page
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Table 4-continued from previous

Nucleus 0] log (Tf;‘g ) log (T;‘};") 14 Nucleus 0] log (Tle’/‘;J ) log (T}‘}ZO) o
2Rn 5.590 5.52 5.88 -0.36 ZiAc 7.791 -1.13 -1.61 0.48
20 Fr 7.519 -1.21 -1.63 0.42 ZlAc 7.791 -1.13 -1.61 0.48
203Fr 7.275 —0.24 -0.57 0.33 Ac 7.134 0.73 0.82 -0.09
204 Fr 7.170 0.39 0.14 0.25 2l Ac 5.042 11.02 11.00 0.02
20Fr 7.054 0.59 0.56 0.03 23Th 7.837 -0.85 -1.21 0.36
206Fr 6.923 1.28 1.05 0.23 28Th 8.072 -1.57 -2.11 0.54
27 Fr 6.889 1.19 0.85 0.34 28Th 9.849 ~6.96 —6.52 0.44
208 Fr 6.785 1.82 1.59 0.23 2oTh 9.506 ~5.98 =577 -0.21
2X0Fr 6.777 1.75 1.64 0.11 20Th 8.973 -5.01 441 -0.60
2Pr 6.662 2.37 2.11 0.26 22Th 8.132 —2.69 -2.22 -0.47
23Fr 6.904 1.54 0.98 0.56 2Th 7.299 0.12 0.49 -0.37
23Fr 9.540 -7.07 —6.42 -0.65 28Th 6.452 3.39 3.81 -0.42
2P 9.174 -6.15 ~5.60 -0.55 228Th 5.520 7.93 8.40 -0.47
TP 8.469 -4.77 -3.86 -0.91 20Th 4.770 12.49 13.11 -0.62
28Fr 8.013 -2.97 -2.36 -0.61 B2Th 4.081 17.76 18.15 -0.39
2P 7.448 -1.69 -0.93 -0.76 2TPa 8.489 —2.46 -2.76 0.33
2°Ra 7.486 —0.66 -0.93 0.27 2i8pa 9.791 -3.76 =570 1.94
2%Ra 7415 -0.62 -0.58 -0.04 2P 10.128 ~7.28 —6.62 —0.66
27Ra 7.273 0.42 -0.08 —0.50 ZiPa 9.248 -5.23 —4.67 —0.56
2°Ra 7.143 0.67 0.40 0.27 23Pa 8.343 -2.03 -2.29 0.26
29Ra 7.151 0.57 0.38 0.19 226pa 6.987 2.45 2.08 0.37
ZliRa 7.041 115 0.79 0.36 27Pa 6.580 3.73 3.87 -0.14
2Ra 7.031 1.18 0.49 0.69 ZiPa 5.149 12.97 11.10 1.87
2l4Ra 7.272 0.39 -0.21 0.60 20U 7.701 -0.57 -0.21 -0.36
28Ra 9.526 —6.74 —6.35 0.39 Bu 6.800 2.90 3.11 -0.21
2IRa 9.161 -5.79 -5.31 048 U 6.476 443 4.72 -0.29
28Ra 8.540 —4.59 -3.97 —0.62 23U 5.992 6.43 6.35 0.08
Z0Ra 7.594 -1.74 -1.20 -0.54 Bu 5.992 6.43 6.35 0.08
Ra 6.678 1.59 2.09 —0.50 32U 5.413 9.50 9.50 0.00
24Ra 5.788 5.52 6.09 -0.57 U 4.904 12.77 13.38 —0.61
2Ra 4.870 10.73 11.00 -0.27 3u 4.857 13.52 13.38 -0.48
20Ac 7.958 -1.60 -2.08 0.48 Bu 4.573 15.00 15.17 -0.17
28 Ac 7.729 -1.01 -1.02 0.01 3u 4.269 17.25 17.65 —0.40
2 Ac 7.730 -1.04 -1.24 0.20 Z2Pu 6.716 4.13 3.82 -0.31
HiAc 7.568 —0.67 —0.69 0.02 BiPu 6.310 5.89 6.07 -0.18
23Ac 7.498 -0.14 -0.78 0.64 2Pu 5.867 8.11 8.31 -0.20
28Pu 5.593 9.59 9.39 0.20 Bics 6.216 8.01 8.32 -0.31
29Pu 5.255 11.45 11.43 0.02 Bact 5.927 9.31 9.86 -0.55
22Pu 4.984 13.18 13.23 —0.05 23Es 6.597 7.48 6.84 0.64
ZPu 4.665 15.50 15.56 -0.06 23Es 6.739 6.28 6.45 -0.16
28Cm 6.670 5.51 5.26 0.25 2Fm 8.379 0.17 0.33 -0.16

Continued on next page
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Table 4-continued from previous

Nucleus 0 log (Tle’/‘;J ) log (T{k}ezo) 14 Nucleus 1) log (Tle’/‘;J ) log (T{k}ezo) 14
2%9Cm 6.397 6.52 6.51 0.01 28Fm 7.995 1.66 1.62 0.04
22Cm 6.215 7.28 7.41 -0.13 B0Fm 7.557 3.38 3.20 0.18
%4Cm 5.901 8.87 9.05 -0.18 22Fm 7.153 5.04 4.81 0.23
28Cm 5.475 11.26 11.50 -0.24 134Fm 7.307 4.14 4.21 -0.06
28Cm 5.161 13.16 13.49 -0.33 28Fm 7.025 5.14 5.38 -0.25
nce 7.711 2.03 1.88 0.15 INo 8.549 0.74 0.46 0.28
Hact 7.258 3.94 3.83 0.11 #4No 8.226 1.82 1.53 0.29
neer 6.861 421 5.25 -1.04 2No 8.582 0.53 0.41 0.12
8cr 6.361 7.56 7.55 0.01 200s¢g 9.901 —2.04 -2.13 0.09
»oct 6.128 8.69 8.72 -0.03 21Bh 10.500 -1.47 -3.54 2.07

Nucleus 0 log (Tle’;g ) log (T}}}ez") o

2Fr - W1+ 4 31.29 14.52 13.79 0.73

222Ra — 2pb+ 4C 33.05 11.22 11.27 —0.05
24Ra — 210Pb+ l4C 30.53 15.87 15.76 0.11
226Ra — 22Pb+ 4C 28.20 21.20 20.34 0.86
23ac - 2UBi+ e 30.48 17.16 16.49 0.67

28Th — 28pb+ 200 44.72 20.73 20.72 0.01
23}Pa N 223Pb+ nge 51.88 26.02 26.03 —0.01
20Th — 209Hg+ 2Ne 57.78 24.63 24.64 —0.01
23}Pa N 2ng1+ %3Ne 60.41 22.89 22.17 0.71
220 — 208Pb+ 24Ne 62.31 2039 20.67 ~0.28
23§U N 2%2Pb+ %Ne 58.83 25.93 25.11 0.81
25U — 211Pb+ 2Ne 57.36 27.42 27.39 0.03
Z;EU N 28§Pb+ fSNe 60.70 24.84 23.90 0.90
24U — 208Pb+ 2Ne 59.41 25.93 2641 ~0.48
Zg‘z‘U N 2ggHg+ ngg 74.11 25.53 25.48 0.05
230pu — 208pb+ Mg 79.67 21.52 21.46 0.06
28py — 210pb+ Mg 75.91 25.70 25.42 0.28
20U — 20Hg+ IMg 72.27 27.58 27.53 0.05
23§Pu N 28§Pb+ ?(Z)Mg 75.91 25.70 25.31 0.39
28py 5 WHg+ 1si 91.19 25.28 2530 ~0.02
96.54 23.15 23.16 -0.01

242 208 34q;
“2Cm — 2Wpb+ 3si

fects of nuclear deformation, which are pronounced for
neutron-rich heavy and superheavy nuclei (as in the study
of Coban et al. [8]), and a study of the interactions
between nucleons (protons and neutrons), which give rise
to spin-orbit and spin-spin effects that cause the energy
levels to be subdivided into finer sublevels, are required.
These effects might be the reason for the discrepancies
observed between the experimental and theoretical half-
lives of the nuclei mentioned above. However, to pre-
serve the simplicity of our model, we do not consider de-

formed potential forms and the effect of fine structure.

In Fig. 3, we plot the effective potential of the iso-
topes of the Po, Rn, Ra, and U nuclei using Eq. (5)
between the turning points R; and R,. The curves take on
the appearance of wells of different depths for each iso-
tope, reflecting the nucleon-nucleon interaction. Thus,
they highlight the degree of stability of each isotope relat-
ive to the others. These observations are consistent with
the experimental data: the deeper the well, the less un-
stable the nucleus, and the longer the half-life. This inter-
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pretation would justify the greater depth (on the order of
600 MeV for molecular state binding depths or energies
proposed by Koyuncu) of cluster-emitting nuclei (Ra and
U). Our potential model offers greater freedom to con-
sider the instability state of each radioactive nucleus. This
is not the case with the models of Buck et al. [25] and
Bayrak et al. [7], which propose an average value for the
potential well for all nuclei. From the model, we also ob-
tain information about the shape of the experimental well
for each nucleus from the parameters b and ¢, which de-
pend on the decay energy Q.

Figure 4 plots the decimal logarithm of the a and
cluster decay half-lives of the isotopes Pt, Hg, Po, At, Rn,
Ra, Th, and U in our model as a function of 07'/2. It can
be observed that there is a linear correlation between the
decimal logarithm and inverse of the square root of the
decay energy Q, consistent with the law formulated by
Geiger and Nuttal [71-73]. This was also confirmed for
cluster emission.

From the results in Table 2, we can examine other al-
pha emitters and clusters in regions of the nuclear map
beyond the 263 nuclei studied and apply our model to
other nuclear systems. We can extend our model to evalu-
ate the half-lives of the entire nuclear map for all existing
alpha emitters and clusters, considering that once the
parameter a has been defined for each cluster, it is pos-
sible to evaluate the half-lives of the emitting parent nuc-
lei of these clusters. It is also conceivable that our model
could be used to study other analogous physical phenom-
ena, such as spontaneous nuclear fission. Nevertheless, it
would be important to take into account the strong ef-
fects of asymmetry and the deformation of the daughter
nucleus when studying nuclei in the trans-lead and super-
heavy regions in the model, particularly at the level of the
nuclear potential.

IV. CONCLUSION

In this study, we systematically investigated the de-
cay half-lives of 263 a-emitting nuclei in the region
52 <Z <107 and some cluster emitters in the presence of
an extended form of the Sextic potential using the WKB
method. We show that this type of potential, which is a
combination of the Davidson and Sextic potentials in ad-
dition to having an analytical solution with the spherical
Coulomb potential, is suitable for describing the nuclear

Theo
log(TT")

ogT™e)
T
—
R S N
=
&
.

0 L I L L
o 005 01 015 02 025
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Fig. 4.
the o and cluster decay half-lives with the decay energy O~
for the nuclei Pt, Hg, Po, At, Rn, Ra, Th, and U.

(color online) Linear correlation of the logarithm of
12

interaction between the daughter nucleus and cluster. As
alpha decay is sensitive to the surface of the effective po-
tential, this potential allowed us to account for the effects
of the nuclear potential on the action integral G through
the R,turning point. A set of constraints between the
parameters of the nuclear potential and experimental ob-
servables was also obtained, highlighting a link between
the shape of the nuclear potential and observed half-life.
We found a reduced set of real parameters of the poten-
tial that explains the mechanism of o decay and cluster
radioactivity. The obtained results are in very good agree-
ment with the experimental data. Given the good results
obtained with this form of nuclear potential, we believe
that it is possible to explore more exotic structures, such
as nuclear molecules [74].
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