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Charged black holes in the Kalb-Ramond background with Lorentz
violation: null geodesics and optical appearance of a thin accretion disk”
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Abstract: In this study, we investigate the optical appearance of a charged black hole in the Kalb-Ramond back-

ground, incorporating a Lorentz-violating parameter / = 0.01. By analyzing the null geodesics, we derive the photon

sphere, event horizon, effective potential, and critical impact parameters. We then employ a ray-tracing technique to

study the trajectories of photons surrounding a thin accretion disk. Three different emission models are considered to

explore the observed intensity profiles of direct rings, lensing rings, and photon sphere. By comparing these results
with those of the standard Reissner-Nordstrom black hole (I = 0) and the Kalb-Ramond black hole with different val-
ues of the Lorentz-violating parameter (specifically, / = 0.05 and /= 0.1), we find that Lorentz symmetry breaking
leads to a decrease in the radii of the photon sphere, event horizon, and innermost stable circular orbit. Consequently,

the detection of these black holes is more challenging.
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I. INTRODUCTION

Before the Event Horizon Telescope (EHT) revealed
images of supermassive black holes, Karl Schwarzschild
provided the first exact solution to Einstein’s field equa-
tions in 1916 [1]. In 1963, Roy Kerr introduced the pre-
cise solution describing a rotating black hole [2]. The re-
lease of images depicting supermassive black holes such
as M87* and Sgr A* at the centers of M87 and Milky
Way galaxies, respectively, has confirmed the existence
of black holes [3—5]. These images show a central dark
region, referred to as the black hole shadow, along with a
bright photon sphere [6—8]. Synge first proposed the
concept of the black hole shadow in 1966 [9]. The ob-
served dark disk encircled by a bright ring is attributed to
the powerful gravitational lensing near the black hole
[10]. Photons falling within the shadow are absorbed,
whereas photons orbiting near the shadow may reach a
distant observer multiple times and manifest as part of the
bright photon ring. This ring is often considered the
boundary of the black hole horizon or the critical curve
[11, 12]. In the Schwarzschild spacetime, the bound
photon orbit is located at r = 3M, corresponding to an im-
pact parameter b =3 V3M. Consequently, the black hole
shadow is demarcated by the region defined by this para-
meter.

Observations and theoretical research on black holes
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continue to expand [13—17]. When analyzing black hole
shadows, the accretion flow plays a decisive role in visib-
ility. Various methods focus on the influence of the ac-
cretion disk's geometry and optical depth on its shadow
structure [18—20]. Many studies utilize a thin accretion
disk, as employed by Gralla et al. [21], who classified
photon trajectories near the shadow into direct rings, lens-
ing rings, and photon spheres. Although realistic accre-
tion streams are often not spherically symmetric, ideal-
ized spherical models aid in elucidating black hole shad-
ows. Various corrections to general relativity in modified
gravity theories can alter the shadow’s size and shape, fa-
cilitating novel tests of gravity. Additionally, black hole
parameters such as charge and spin have a significant ef-
fect on shadows [22—28].

Black holes in the Kalb-Ramond background present
an interesting scenario for exploring possible Lorentz
symmetry violations [29—33]. Such a background may
modify the spacetime geometry, black hole thermody-
namics, and the behavior of matter and radiation around
the event horizon [34, 35]. It may also alter the silhouette
of the black hole shadow [36—41]. Because the Kalb-Ra-
mond field emerges naturally in string theory, its study
can deepen our understanding of fundamental physics
[42—45]. Motivated by these considerations, we focus on
examining the shadows and observational characteristics
of a charged black hole in the Kalb-Ramond background,
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with the Lorentz violation parameter set to /=0.01. We
study the observed intensity of the shadow under various
charge values and thin accretion disk emission models.

The remainder of this paper is structured as follows.
Section II derives the null geodesics of a charged black
hole in the Kalb-Ramond background and explores the
corresponding photon sphere radii. Section III applies a
ray-tracing technique to evaluate the observational fea-
tures of a thin accretion disk for different emission mod-
els. Section IV compares our results with the standard
Reissner-Nordstrom black hole to highlight the effects of
Lorentz violation. Section V summarizes our main find-
ings.

II. NULL GEODESICS OF A CHARGED BLACK
HOLE IN THE KALB-RAMOND BACK-
GROUND

In general relativity, the study of a charged black hole
in the Kalb-Ramond field within a spherically symmetric
background has a rich theoretical context. The Kalb-Ra-
mond field, originally introduced in string theory as a
two-form gauge field, can have significant implications
for the properties of black holes. We start from the Kalb-
Ramond field action [46, 47]:

1 1
S=3 / d*x+-g {R ~2A—CH" Hyy =V (BB, £b*)

+& B B/R,, +ngWBWR} + / d*x V=g Lwm,

(D
where
B"B,, = Fb, )
_ 1 uy a3 pyp
Ly = —EF F,,—nB¥B"F4F,,, 3)
Fyv = 6;4Av - avA;u (4)
H""H,,, = H"*H,,, + 2H"" A, F,, + A*FP'A|,F,,.
(5)

Here, R refers to the Ricci scalar, 7 is the coupling con-
stant, &, denotes the non-minimal coupling constant
between gravity and the Kalb-Ramond field, and £y rep-
resents the Lagrangian of the electromagnetic field. To
maintain invariance under Lorentz transformations, we
assume that V (B*'B,, +b?) depends on B"B,,.

The modified Einstein equation is obtained by vary-

ing the action with respect to the metric g and is given
by the following form:

1
R, - 3 GuR+Agu =T+ ThE. (6)

Here, T}, is the energy-momentum tensor of the electro-
magnetic field, and TL® is the effective energy-mo-
mentum tensor of the Kalb-Ramond field.

In the vacuum, the modified Einstein equation can be
expressed as

Ry=Th—

+& [gub™ VP ,Rop — b P ,Rog — b bysRye — b bygRyo

1
Eg/szM +Ag+ V' (Zbvaa + bzg#")

+%an,, (b%bys) +%VHVV (6% b,g) —%v"va (bu7byy)| -
(7

When the cosmological constant A is set to zero, the met-
ric describing a charged black hole in a spherically sym-
metric spacetime within the framework of the Kalb-Ra-
mond field can be expressed as follows [48]:

b

2 _ 2
dS? = —F(r)df 50

dr? +7° (d6* +sin*0de”),  (8)

where

1 2M 0?

PO =1 " a—pr ©)
Here, M and Q denote the mass and charge parameters,
respectively. The Kalb-Ramond field originates from the
rank-two antisymmetric tensor field in string theory, and
the introduction of the Lorentz-violating parameter / in
Eq. (9) is precisely derived from the Kalb-Ramond field.
In the context of Lorentz symmetry violation, this para-
meter is used to modify the geometric properties and to-
pological characteristics of spacetime. The strength of the
Lorentz-violating effects is represented by the parameter
[ in Eq. (9). Such modifications are consistent with the
framework of effective field theory, as similar terms can
result from higher-dimensional operators or non-minimal
couplings [29, 43, 44].

In string theory, the Kalb-Ramond field couples to the
spacetime metric of black holes, potentially leading to
Lorentz symmetry-violating corrections. These correc-
tions influence the black hole solutions; consequently, the
Kalb-Ramond field may affect key features of spacetime,
such as the event horizon, photon sphere, and other im-
portant characteristics. To ensure that the Lorentz-violat-
ing effects remain perturbative and do not significantly
alter the geometric structure of the black hole, we set the
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parameter in Eq. (9) to a small value (1=0.01) [29, 43,
44].

When [=0, this metric reduces to the Reissner-
Nordstrom black hole. Further setting Q =0 recovers the
Schwarzschild black hole. Throughout this work, we fo-
cus on the case /= 0.01, leading to

1 2M 0?

FO= 1001~ Ta=ooni

(10)

The horizon radius of this charged black hole follows
from

F(r) =0. (11)

The largest positive root of Eq. (11) gives the event hori-
zon. To ensure the black hole solution exists, Q must sat-

isty o s g < (1-1)*. Therefore, we restrict 0 < Q < 0.6.

Subsequently, we investigate the photon motion via
the Euler-Lagrange equation

G- e

OxH OxH

where A is the affine parameter, and % denotes the
photon’s four-velocity. The Lagrangian £ is

F(r)i+ %r+r2(9+ sin?6¢?)| .
(13)

= 1 dx*dx” 1{
2577 da T 2

Because the spacetime is spherically symmetric, we re-
strict photon motion to the equatorial plane 6 = 0, where
6 =0. The time-translation and a-rotational symmetries
yield two conserved quantities:

E=F(i, L=r¢. (14)
The modification introduced by the Kalb-Ramond back-
ground primarily affects the conserved quantities of the
system in terms of the parameter /. As shown in Eq. (14),
the parameter [/ has an impact on the conserved quantity
E but has no effect on the conserved quantity /.

Generally, the Hamiltonian form of the equation of

... OH 0H
X =, =
motion is y Pu=—52
ponding conserved quantities and the specific spacetime

background, we can obtain an equation of motion similar
to that in the paper. For an axisymmetric spacetime, it is
relatively more complex, and the Carter constant must be
introduced to obtain the analytical form of the equation of
motion. In this paper, it is a spherically symmetric space-
time, which is relatively simple. By combining the con-

. By combining the corres-

served quantities £ and L, as well as the null geodesic
equation, we can describe the equation of motion of
photons on the equatorial plane as

R IR DU

di b.11-0.01 r o (1-0.01)2r2)°

de_, 1

da r2

dr 11 ( 1 oM 0> >

T o (———-2 = (15

da 2 P2 \1-001 r (1-0.0127 (15
where "+" indicates the motion direction. We define the

b, = L r 2

impact parameter as E-F i

From Eq. (15), we have

P === Ver, (16)

with

11 oM Q@ )
o= (- C ), 1
Ver r2(1—1 r T d-ne an

The photon sphere radius r, and critical impact para-
meter b, (shadow radius as seen by a distant observer)
satisfy

d
Vetf(rp) = aveff(rp) =0. (18)

=,
bh

As shown in Fig. 1, the effective potential Vs gradually
increases from the event horizon radius r,, reaches its
peak at the photon sphere radius r,, and then begins to
decrease. Both plots in Fig. 1 show that, as the charge Q
and Lorentz-violating parameter [ increase, the peak
value of the effective potential V.4 increases, and the ra-
dius of the photon sphere shrinks slightly. We find that /
alters only the effective potential and does not transform
the conditions for the stability of the photon sphere.

By effectuating a Taylor expansion of the metric
function presented in Eq. (9), we derive

F(r)=<1+gz—27M) (1+2TQ2> <1+£2)12 (19)

Through the combination of Eq. (18) and (19), we can
obtain the analytical expressions for r, and b,

3M + \OMZ = 4AQQ" + 4Q°T+ 60°D)
= 2A ’

(20)
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(a) The effective potential V¢ varies with the (b) The effective potential Vzs varies with the

charge Q. Lorentz-violating parameter I.
Fig. 1. (color online) With the mass M set to 1, the contours of the effective potential V.4 and the impact parameter b, are presented.
b = \/—27M4 +36M2Q*B-8Q* B> —9IM3> VIM? —80*B +8MQ*BIM? —80Q*B @)
" VZNACME+ 0°B) ’
where
A=1+1+P,B=1+31+6+5F +3I". (22)
Through the photon sphere radius r, and Eq. (19), we can obtain the shadow radius r, as
oM + 40" 3M O —80°B
(3M + VOMZ=30"8) =0 MM 805
r A(-3M>+20°B- M \IM? -80°B) @
BE R 2A ’ )
Subsequently, we fix the mass of the black hole at dw 1 ( 1 M Q% u? ) 25
M = 1. Under this condition, the photon sphere radius r,, dp 2 w\ ;- Mut a-12) (25)

black hole shadow radius r,, and critical impact paramet-
er b, depend on Q and /. From Fig. 2, we observe that as
the parameters / and Q increase, they all exhibit a de-
creasing trend. As the parameters / and Q increase, they
all exhibit a decreasing trend.

In Tables 1 and 2, we calculate a variation patterns of
the values of by, r,, and r, within the Kalb-Ramond
black hole. We can observe that the values of each para-
meters decrease as both Q and [ increase. In Table 3, we
discuss the change in the values of b, r,, and r, with Q
in a Reissner-Nordstrom black hole. We also find a simil-
ar result, that is, each of these parameters decreases as Q
increases.

We introduce u = 1/r. From Eq. (15), we can obtain

dr 211(1 2M 02

Toyp (22, ¥ 24
b T o R\1- Ty +(1-1)2r2)’ @9

thus

Photons with b. < b, fall into the black hole, those with
b. = b, perpetually orbit on the photon sphere, and those
with b, > b;, escape to infinity.

III. IMAGE OF AN ACCRETION DISK AROUND
A CHARGED BLACK HOLE IN THE KALB-
RAMOND BACKGROUND

A. Classification of photon trajectories

For an observer at infinity, we analyze trajectories
governed by Eq. (24). Through transformation, we find
d
dg = ‘ . o)

1 1 Qzuz)
R i
M(l—l 2Mu+(1_l)2

c

whose integral yields
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(a) The variation of the photon sphere radius (b) The variation of the shadow radius rs with
rp with respect to the Lorentz violation respect to the Lorentz violation parameter [.
parameter [.

Fig. 2. (color online) Photon sphere radius r, and shadow radius r, as functions of the Lorentz-violation parameter / for a mass M of
1.

Table 1. Variation in by, r,, and r;, for a standard Kalb-Ra- du
mond black hole (M =1 and Q = 0.3) as functions of /. Y= 1 1 0% 27
2 (- am )
I by p h b? 1-1 (1-1)?
0 5.11679 2.93875 1.95394
0.01 5.0378 2.90747 1.93297 We classify photon trajectories based on the number of
0.05 472632 2.78228 1.84876 times n they cross the equatorial plane:
0.1 4.34993 2.62677 1.74261
n=2. (28)
2m
Table 2. Critical impact parameter b,, photon sphere radius
rp, and event horizon radius r, for a charged black hole in the We define: - Direct orbits if n < 0.75, - Lensing orbits if
Kalb-Ramond background (/=0.01,M = 1) as functions of Q. 0.75 < n < 1.25, - Photon orbits if n > 1.25.
0 by » i Figure 3 directly shows the classification of trajector-
0.1 51096 296318 1.97489 ies. As Q increases from 0.1 to 0.6, the relevant ranges of
0.2 508295 594254 195938 b. for direct/lensing/photon orbits shrink, and the radius
of the photon sphere decreases. Table 4 shows the corres-
0.3 5.0378 2.90747 1.93297 . . .
ponding calculation results. And Fig. 4 presents the
04 4.9729 2.85686 1.89470 photon trajectories with different collision parameters.
0.5 4.88629 2.78891 1.84298 Fig. 5 further depicts the photon orbits in polar coordin-
0.6 4.77487 2.70071 1.77515 ates, showing how a larger Q decreases both the photon
sphere radii and horizon radius but slightly increases their
thickness.

Table 3. Variation in by, r),, and r, for a standard Reissner-
Nordstrom black hole (M = 1) as functions of Q.

B. Black hole transfer function with / = 0.01

Consider a thin accretion disk lying in the equatorial

Q b " il plane, observed from the north pole at infinity. The emis-
0.1 518748 2.99332 199499 sion is assumed isotropic. The observed intensity is pro-
02 5.16124 2.97309 1.97980 portional to the number of disk-crossings. Through Li-
0.3 5.11679 2.93875 1.95394 ouville’s theorem [21],

0.4 1.91652 2.88924 5.05298

0.5 4.96791 4.82288 1.86603 L™(r) = F()? LM(r). (29)
0.6 4.85869 2.73693 1.80000

Integrating over frequency gives
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Table 4. Range of b, for direct, lensing, and photon orbits under different Q values.

0 Direct (n < 0.75) Lensing (0.75 <n < 1.25) Photon (n > 1.25)
0.1 b. <4.93478 or b. > 6.03871 4.93478 < b, <5.10164 and 5.13981 < b, < 6.03871 5.10164 < b, < 5.13981
0.3 b < 4.85905 or b, > 5.97711 4.85905 < b, < 5.0294 and 5.06918 < b. < 5.97711 5.0294 < b, < 5.06918
0.6 b <4.21945 or b. > 5.50968 4.21945 < b, < 4.43842 and 4.50112 < b, < 5.50968 4.43842 < b. <4.50112

@i2r oi2r gi2m

20 20 20

15 Photon Ring l 15l Photon Ring ) s Photon Ring ‘

1.0 Lensed k 1.0F Lensed k 1.0 Lensed }k

0.5 Direct 051 brect 05 Direct
. . . . = by . . . . = b be
2 4 6 8 10 2 4 6 8 10 2 4 6 8 10

(a) @ =0.1 (b) @ =03 (¢) @ =0.6

Fig. 3. (color online) Variation in the intersection number n with impact parameter b. for M =1 and different values of Q. Red curves
represent direct orbits (n < 0.75), blue curves lensing orbits (0.75 < n < 1.25), and green curves photon orbits (n > 1.25).

(aj Q=01 \ | (b)‘ Q=03

Fig. 4. (color online) Polar-coordinate trajectories of photons for M =1 under different values of Q. The black disk denotes the black
hole horizon, and gray dashed circles mark the photon spheres.

(a) Q =0.1 (b) Q=03 (c) Q=06
Fig. 5. (color online) Photon trajectories for M = 1 and different values of Q. The black region represents the black hole horizon, the
red circle is the photon sphere, and red/blue/green lines correspond to direct, lensing, and photon orbits, respectively.
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L(r) = / I(r)ydv = F(r)* I (r). (30)

Summing over each intersection m with the disk yields
L= FOVE"_, 4 (31)

where r,,(b.) is the transfer function identifying the radial
position on the disk for each crossing.

Figure 6 plots the first three transfer functions. The
slope of each curve is its demagnification factor. Direct
emission (m=1) has a near-constant slope. Lensing
(m=2) has a steeper slope, and the photon ring (m = 3)
exhibits an almost infinite slope. Hence, direct emission
dominates the total observed intensity, whereas lensing
and photon rings are strongly demagnified. As Q in-
creases, all three curves shift to smaller radii. This analyt-
ical result is consistent with our numerical simulations,
further supporting our conclusion.

C. Optical appearance of a charged black hole
surrounded by a thin accretion disk

We consider three emission models:

1. Model A: Radiation starts from the innermost
stable circular orbit (rsco) with a quadratic decay [11]:

1 2
— | , r2rsco
I"(r)= <r— (risco — 1)) 15€0

O, r < Fsco-

(32)

The ISCO in spherical symmetry is

3 F(risco) F' (risco)
2 F'(risco) — F(risco) F7(risco)

risco =

2. Model B: Radiation starts from the photon sphere
r, and decays cubically [11]:

20 20

5 T

T

(=oms)

, 2T,

L") =4 \r=0,=1) g (33)
0, r<rp.

3. Model C: Radiation originates from the event hori-
zon r;, with a certain arctangent-based decay [11]:

g —tan”" (r = (risco — 1))

T r=ry,
2 —tan™! () (34)

I"(r)=

0, r<ry.

Figures 7, 8, and 9 show the emission intensity vs. r,
observed intensity vs. b., and two-dimensional snapshots
for Models A, B, and C, respectively, at different Q val-
ues.

Using the first model, we have constructed Fig. 7.
The first row of Fig. 7 represents the relationship between
the emission intensity and r. The emission intensity
reaches a peak when r = risco and then rapidly decays to
zero. When the charge quantity Q =0.1, the emission
peak is at r ~ 5.92M. When the charge quantity Q = 0.3,
the emission peak is at r~5.78M. When the charge
quantity Q = 0.6, the emission peak is at r~ 5.32M. We
find that the larger the charge, the smaller the position of
the curve peak, and the peak value decreases slightly.

This trend can be explained by the increasing gravita-
tional influence of the charged black hole, which causes
the emission region to contract. The decreased emission
intensity with increasing Q also suggests a possible modi-
fication in the underlying emission mechanisms as the
charge affects the photon trajectories.

The second row represents the relationship between
the observed intensity by the observer and the impact
parameter b.. The three images in the second row all have
three peaks, which correspond to the photon sphere, lens
ring, and direct ring as b, increases. When the charge
quantity Q =0.1, the observed intensity peaks occur at
b. ~5.12M, b. ~5.36M, and b. ~ 6.80M. Similarly, when
Q =0.3, the peaks of the observed intensities are located
at b, ~5.01M, b. ~5.30M, and b, ~ 6.67TM. For Q0 =0.6,

20

— 7

0 2 4 6 5 107 % 2 4

(a) Q = 0.1
Fig. 6.
red to photon rings.

(b) =03

(color online) Transfer function for different Q values. Black curves correspond to direct rings, orange to lensing rings, and

. . b . . . . b
6 8 10 ° 0 2 4 6 8 10 °

() =06
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12°™(r) 12°™(r)
1.0 1.0

(&) Q=01

(color online) Model A results, where radiation starts from rigco. First row: emission intensity vs. r. Second row: observed in-

Fig. 7.

(b) Q=03

10

(©) Q=06

tensity vs. b.. Third row: two-dimensional appearance in the celestial plane.

the observed intensity peaks are also found at b. ~ 4.78M,
b, ~5.04M, and b, ~ 6.20M. Additionally, as the charge
quantity Q increases, the positions of the emission peak
and observed intensity peak both shift inward.

In the region of the impact parameter b. correspond-
ing to these three rings, the photon sphere is the smallest,
the lens ring is smaller, and the direct ring is the largest.
Therefore, the direct ring contributes the most to the ob-
served intensity, the photon sphere contributes the least,
and the lens ring contributes slightly more than the
photon sphere. Thus, the observed intensity is primarily
derived from direct emission. At the same charge quant-
ity Q, the position of the emission peak is smaller than
the observed peak position of the direct ring, a phe-
nomenon caused by the gravitational lensing effect. The
third row represents the appearance of a two-dimensional
thin disk with different charge quantities Q in the celesti-
al coordinate system. We can observe that each two-di-
mensional image has three rings, corresponding to the
photon sphere, lens ring, and direct ring from the inside
to the outside. Because the photon sphere contributes
only slightly to the observed intensity, it forms a weak
ring. The brightness of the lens ring is slightly greater

than that of the photon sphere. The outermost direct ring
is the brightest and widest because it is the main source of
the total observed intensity.

In Fig. 8, we have plotted the emission intensity
versus radius r for the second emission model, starting
from the photon sphere, the intensity observed by the ob-
server versus the impact parameter b., and the two-di-
mensional image of the black hole starting from the
photon sphere. From the emission intensity versus radius
r graph, we know that no radiation occurs at point r < r,.
At point r =r,, the radiation intensity reaches a peak. At
point r>r,, the radiation intensity begins to decrease.
When the charge quantity Q = 0.1, the emission peak is at
r~2.96M. When the charge quantity Q = 0.3, the emis-
sion peak is at r~2.90M. When the charge quantity
Q =0.6, the emission peak is at r ~ 2.70M. The first and
second emission models follow the same pattern: the lar-
ger the charge quantity, the smaller the position of the
peak of the emission intensity. The peak also slightly de-
creases. The observed intensity of the second model dif-
fers from the first model, as the second model starts radi-
ating from the photon sphere. We find that the peaks of
the photon sphere and the lens ring overlap, making them
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o) 2™

100 100

1p°™(r)
100

(@ Q=01 -
Fig. 8.

difficult to distinguish. The contribution of the lens ring
to the observed intensity in the second model is greater
than that in the first model, but similarly, the contribu-
tion of the photon sphere is the smallest, and the ob-
served intensity still primarily results from direct emis-
sion. Examining the two-dimensional black hole images
in the third row, we observe that the radiation regions of
the photon sphere and the lens ring overlap. As Q in-
creases, the range of the central area narrows, and the
brightness of the rings also diminishes. With the increase
in Q, the position and peak of the emission intensity, as
well as the ranges of the photon sphere, lens ring, and dir-
ect emission ring corresponding to the impact parameter
b., and the peaks of the observed intensity, all decrease.
The third model involves radiation starting from the
black hole’s event horizon r,. By examining Fig. 9, we
observe that the larger the charge quantity, the smaller the
position of the emission intensity peak, and the peak
value also slightly decreases. In this model, the observed
intensity still primarily results from direct emission. Sim-
ilar to the second model, the peaks of the photon sphere
and the lens ring overlap, making them difficult to distin-
guish. However, compared with the first two models, the
photon sphere and the lens ring contribute more signific-
antly to the observed intensity. In the appearance of the

b) Q=03

(color online) Model B results, where radiation starts from r,, with the same plotting scheme as that of Fig. 7.

10 15 -15 -10 -5 0 10

(©) Q=06

two-dimensional thin disk, the bright photon sphere and
the lens ring overlap to form a luminous area.

In each model, the emission intensity peaks near its
start radius (risco, 7, OF ;) and rapidly decays. For a dis-
tant observer, the direct ring provides the largest contri-
bution to observed intensity, while lensing and photon
sphere yield smaller (though non-negligible) contribu-
tions. As Q increases, both the peak value and its radial
location shift inward.

IV. COMPARISON WITH THE REISSNER-
NORDSTROM BLACK HOLE

Setting /=0 recovers the Reissner-Nordstrdom solu-
tion [49]

2
F(r) = 1—2—M+%. (35)
r I

The Lorentz-violating parameter / is tightly constrained
and may be extremely close to zero. Here, we compare
the charged black hole in the Kalb-Ramond background
(I=0.01, [=0.05 and /=0.1) to Reissner-Nordstrom at
0=03.
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(color online) Model C results, where radiation starts from r,,, with the same plotting scheme as that of Fig. 7.

Fig. 9.

Table 5.
[=0.1) black holes at 0 =0.3.

() Q=03

10 15 15 10

u(c) é = 06

Range of b, for direct, lensing, and photon orbits comparing Reissner-Nordstrom with Kalb-Ramond (/=0.01, /=0.05 , and

Direct (n < 0.75)

Lensing (0.75 <n < 1.25) Photon (n > 1.25)

Reissner-Nordstrom b, <4.93142 or b, > 6.09956

[=0.01 b. <4.85905 or b. >5.97711
[=0.05 b, <4.57161 or b. > 5.50608
[=0.1 b <4.21697 or b. > 4.95635

4.93142 < b <5.10795 and 5.1499 < b, < 6.09956
4.85905 < b <5.0294 and 5.06918 < b. < 5.97711
4.57161 < b, <4.71861 and 4.75055 < b, < 5.50608
421697 < b, <4.33787 and 4.36176 < b, <4.95635

5.10795 < b, < 5.1499
5.0294 < b, <5.06918
4.71861 < b. < 4.75055
4.33787 < b. <4.36176

From Table 1, as [ increases, by, r,, and r, decrease
for the Kalb-Ramond black hole. In contrast, Table 5 and
Fig. 10 demonstrate that the photon sphere and lensing
ring for the Kalb-Ramond black hole are narrower. As
lincreases, the photon and lensing rings of the Kalb-Ra-
mond black hole become progressively narrower, al-
though their thickness slightly decreases. We observe that
this behavior is in contrast to the result seen earlier,
where an increase in Q leads to a different outcome.
Lorentz violation enhances the gravitational pull, shrink-
ing these rings. From their transfer functions, direct emis-
sion remains the primary contributor. The photon sphere
of Reissner-Nordstrom is more prominent and thus easier
to observe.

Figures 11 and 12 compare the black hole images un-

der three emission models. In all three models, the emis-
sion intensity reaches a peak and then decreases rapidly.
The positions of the peak emission intensity for the Reiss-
ner-Nordstrom black hole in the three models are de-
noted as r~5.87M, r~2.94M, and r=~ 1.95M, respect-
ively. For the charged black hole in the Kalb-Ramond
background with /= 0.01, the positions of the peak emis-
sion intensity in the three models are denoted as
r~5.79M, r~2.89M, and r ~ 1.92M, respectively. When
1=0.05, the corresponding peak positions are located at
r=~553M, r=278M, and r~1.82M respectively.
Moreover, when [=0.1, the corresponding peak posi-
tions respectively change to r~5.21M, r~2.62M, and
r~ 1.73M. Through the above analysis, we can notice a
pattern, that is, emission intensity of the black hole de-
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Fig. 10.
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(a) Reissner-Nordstrém: n vs. bc.
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(d) Kalb-Ramond(l = 0.01): n vs.
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gi2r
20

Photon Ring |
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1.0 Lensed

05 Direct

(g) Kalb-Ramond(l = 0.05): n vs.
be.

Photon Ring I

A

1.0 Lensed

Direct

(j) Kalb-Ramond(l = 0.1): n vs.

be.

(color online) Comparison of Reissner-Nordstrém (/=0) vs. Kalb-Ramond (/=0.01, /=0.05 and /=0.1) black holes at
0 =0.3. The upper row shows n(b.), photon trajectories, and transfer functions for Reissner-Nordstrom black holes; the following lines
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(b) Reissner-Nordstrom: photon
trajectories.
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(c) Reissner-Nordstrom: transfer

(e) Kalb-Ramond(l = 0.01):
photon trajectories.

(f) Kalb-Ramond(l = 0.01):
transfer function.

(h) Kalb-Ramond(! = 0.05):
photon trajectories.

(i) Kalb-Ramond(l = 0.05):

transfer function.

(k) Kalb-Ramond(l = 0.1):
photon trajectories.

show the same scenario for Kalb-Ramond black holes (/=0.01, /=0.05 and /=0.1).
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creases as [ increases. In addition, we also find that the
peak emission intensity of the charged black hole in the
Kalb-Ramond background with [ is also slightly less than
that of the Reissner-Nordstrom black hole. In each model,
the peak emission intensities for the Lorentz-violating
black hole are slightly smaller and occur at smaller radii.
This shift indicates that Lorentz-violation leads to re-
duced emission strength and more compact emission re-
gions.

We compare the observed intensity images in Figs. 11
and 12. For the observed intensity distribution of Model
A, in the case of the Reissner-Nordstrom black hole, the
observed specific intensity reaches its peak at b, ~ 5.10M,
corresponding to direct emission. A narrower and slightly
lower peak appears at b. ~ 5.38M, corresponding to the
lensing ring. An extremely narrow peak is observed at
b. ~ 6.75M, which corresponds to the photon sphere. In
the charged black hole within the Kalb-Ramond back-
ground with /= 0.01, the corresponding positions shift to
b. ~5.01M, b, ~ 5.30M, and b, = 6.67TM, respectively.

When considering the observed intensity distribution
of Model B, within the Reissner-Nordstrom black hole,
direct emission is observed at b.~ 3.78M, whereas the
lensing ring makes its appearance at b, ~ 5.12M. In the
charged black hole within the Kalb-Ramond background
with /=0.01, these positions shift to b.=3.73M and
b. ~5.02M, respectively. The emission regions of the
photon sphere and lensing ring exhibit an overlapping
pattern, and the peak intensity of the lensing ring is great-
er than that of the direct emission.

In Model C, within the Reissner-Nordstrom black

hole, the observed intensity distribution reveals that dir-
ect emission emerges around b, ~2.85M, whereas the
lensing ring appears at approximately b, ~ 5.26M, over-
lapping with the direct emission. However, in a charged
black hole influenced by the Kalb-Ramond background
with [/=0.01, these positions shift to b.~2.79M and
b. ~ 5.07TM, respectively. As [ increases, both the peak in-
tensity and its corresponding position gradually decrease.

Hence, Lorentz violation leads to smaller photon
sphere, event horizon, and ISCO radii, all shifting inward.
Under the same emission model, both the peak emiission
intensity and its location move to smaller values, and the
impact parameter ranges for the photon sphere, lensing
ring, and direct ring diminish, suggesting that black holes
with Lorentz violation are more difficult to detect.

V. CONCLUSION AND DISCUSSION

Because black holes cannot be observed directly, its
surrounding accretion material is crucial. This study ana-
lyzed the optical appearance of a charged black hole in
the Kalb-Ramond background, focusing on Lorentz viola-
tion with /=0.01.

In a spherically symmetric setup, we examined the
null geodesics, derived the effective potential, and com-
puted the photon sphere radii, event horizon radii, and
critical impact parameter. Under/ = 0.01, these quantities
decreased with increasing Q. Classifying photons by the
number of equatorial-plane intersections yielded three
trajectory types: direct, lensing, and photon orbits. Ray-
tracing enabled us to determine the corresponding
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©  (b) Reissner-Nordstrom:
Observed intensities.

(a) Reissner-Nordstrom:
Models A,B,C.

Fig. 11.
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Kalb-Ramond (I = 0.01):

*% 2 7 D K (d)
(¢) Kalb-Ramond (L =0.01): Observed intensities.
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(color online) Observational characteristics of a thin accretion disk around Reissner-Nordstrom (M =1, Q =0.3) and Kalb-

Ramond black hole (/=0.01, M =1, 0 =0.3) for Models A, B, and C. The first and third columns: emission intensity vs. . The second

and fourth columns: observed intensity vs. b,.
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(]

(a) Kalb-Ramond (I = 0.05): (b)
Models A,B,C.

8 10 12 14

Observed intensities.

Fig. 12.

Kalb-Ramond (1 =0.05):

10

(¢) Kalb-Ramond (I = 0.1):

“ (d) Kalb-Ramond (I = 0.1):

Models A,B,C. Observed intensities.

(color online) Observational characteristics of a thin accretion disk around a Kalb-Ramond black hole (/=0.05, M=1,

0 =0.3) and Kalb-Ramond black hole (/=0.1, M =1, 0 =0.3) for Models A, B, and C. The plotting scheme is the same as that of Fig.

11.

b.ranges, and the transfer function analysis indicated that
direct emission dominates the total observed intensity,
with lensing ring and photon sphere contributing signific-
antly less.

Finally, we explored black hole shadows under three
emission models; for each, we found that the emission in-
tensity peaked at the starting radius and then decreased
sharply. For an observer at infinity, direct emission was
the principal source of brightness. As the values of / and
Q increased, both the emission peak and observed intens-
ity peak shifted inward, and their positions decreased
slightly. Comparing with the Reissner-Nordstrdom black
hole, we confirmed that the Lorentz-violation parameter
brought rp, r,, and risco closer to the center, reducing and
shifting the intensity peaks. These results suggested that
black holes with Lorentz violation are comparatively
more difficult to detect observationally owing to their di-
minished and more compact emission characteristics.

In this study, we employed three radiation models (A,
B, and C) to investigate the radiative properties of optic-
ally thin accretion disks. However, for optically thick ac-
cretion disks, the significant optical depth led to highly
complex photon trajectories within the disk, involving
multiple scattering and absorption events. This signific-
antly increased the computational cost of numerical simu-
lations, posing significant challenges for accurately mod-
eling the radiation field. In future research, more ad-
vanced radiation models, such as general relativistic radi-
ative transfer and Monte Carlo simulations, can be util-
ized to further explore the effects of multiple scattering
and optical depth on black hole shadows and photon

rings. These refined methodologies will provide deeper
insights, enabling a better understanding of the observa-
tional characteristics of black holes and the radiative
properties of accretion disks.

The critical value of [ can be discussed using the
shadow of the M87 black hole detected by the Event Ho-
rizon Telescope. The diameter of the M87 black-hole
shadow in units of mass was obtained, that is dygs =
D-6/M ~11x1.5, where D and 6 are the angular size and
distance of the M87 black-hole shadow, respectively [22,
50-52]. Within the uncertainties of 16 and 26, we de-
termined that the shadow diameters were in the regions
9.5~ 12.5 and 8 ~ 14. Therefore, this range could provide
some upper or lower limits to the black-hole parameters.
We assumed that, when Q = 0.3, under the condition of
an uncertainty of 16, the range of / could be calculated to
be between —0.1423 and 0.04687. In contrast, under the
condition of an uncertainty of 26, the corresponding
value of [ was between —0.2449 and 0.1486. In summary,
the shadow of a black hole can effectively place certain
observational constraints on its relevant parameters. This
is of profound significance for delving deeper into the ap-
pearance characteristics of black holes in future observa-
tional studies.

This study primarily investigated the optical proper-
ties of charged black holes in the presence of a Kalb-Ra-
mond field. The Kalb-Ramond field, originating from
string theory, is a rank-two antisymmetric tensor field and
constitutes an essential component of the theory.
However, string theory also introduces other modifica-
tions, such as Dilaton fields. The introduction of the
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Dilaton field further modifies the geometry and thermo-
dynamic quantities of black holes, playing a crucial role
in string theory. Although the roles of the Dilaton and
Kalb-Ramond fields differ in string theory, the methodo-
logies employed in this study to analyze the Kalb-Ra-
mond field—such as null geodesic analysis and ray-tra-
cing techniques—can be extended to models incorporat-
ing the Dilaton field. The dynamical effects of the
Dilaton field influence the geometry and topology of

black holes, potentially affecting observable quantities
such as the photon sphere, black hole shadow, and accre-
tion disk. Therefore, the introduction of the Dilaton field
may alter the shape and size of the black hole shadow,
similar to the Lorentz-violating effects induced by the
Kalb-Ramond field. Future research can further explore
the impact of the Dilaton field on the photon sphere and
black hole shadow and compare the results with our find-
ings to gain deeper insights into these effects.
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