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Abstract: The angular distribution of elastic scattering is highly sensitive to the surface region of the nucleus, mak-

ing it a powerful tool for measuring the neutron skin thickness. Utilizing the CDM3Y 6 double-folding potential, we

extracted the neutron skin thickness of 124Sn from the 12C + 124Sn elastic scattering angular distribution, obtaining
values of 0.1681’8:8123 fm (SLy4) and 0.177 +0.022 fm (SLy7). These results are consistent with measurements from

various other methods. Furthermore, through correlation analysis between the neutron skin thickness and nuclear

symmetry energy slope parameter L, we determined the symmetry energy slope coefficients to be L= 39.0*

20.8
16.5

MeV (SLy4) and L =46.1+18.7 MeV (SLy7) based on the scattering data. These findings validate existing theoret-
ical models and provide valuable insights for further studies on neutron stars and nuclear matter properties.
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I. INTRODUCTION

Neutron stars, the remnants of massive stellar explo-
sions, are among the most extreme and fascinating ob-
jects in the universe. Their interiors are composed of ul-
tra-dense matter, with densities exceeding those of atom-
ic nuclei, making them natural laboratories for studying
the properties of matter under extreme conditions. Under-
standing the equation of state (EoS) of dense matter is
crucial for interpreting neutron star observations, such as
their masses, radii, and tidal deformabilities [1—3].

The EoS of neutron star matter is intimately connec-
ted to the nuclear symmetry energy, which characterizes
the energy cost of deviating from equal numbers of pro-
tons and neutrons in nuclear systems. In neutron-rich nuc-
lei, the symmetry energy plays a critical role in determin-
ing the distribution of protons and neutrons, which is
governed by the isospin asymmetry § = (N —Z) /A of the
system. The symmetry energy not only influences the
structure of neutron-rich nuclei but also determines the
density dependence of the EoS in neutron stars, making it
a key quantity for both nuclear and astrophysical studies
[4, 5].

The nuclear symmetry energy Eym(p) is a key quant-
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ity describing the energy difference between nuclear mat-
ter composed of protons and neutrons at equal density. It
can be expanded as a function of nuclear density p around
the saturation density py:

— L (p-po
ESYm(p)_Esym(pO)+3( 00 )+~~., (1)

where L is the slope parameter of the symmetry energy at
Po-

OEym ()
o ——sym

L=73p p

2)

p=p0

Although the slope parameter is typically extracted
around the saturation density, this information is essen-
tial for extrapolating to both high and low densities.
Compared to the symmetry energy at saturation dens-
ity, the uncertainties in the slope parameter L are even
larger, and extensive research has been conducted. One
approach involves determining the neutron skin thick-
ness of atomic nuclei to extract the slope parameter of the
symmetry energy. In 2009, Centelles et al. determined the
symmetry energy slope parameter to be L =155+25MeV
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using neutron skin thickness data from 26 stable nuclei
measured in antiprotonic atom experiments, combined
with liquid-drop model calculations and multiple nuclear
interaction models [6]. In 2010, Chen et al. derived
L =58+18MeV by analyzing the neutron skin thickness
of 2%Pb through Skyrme-Hartree-Fock (SHF) calcula-
tions and constraints from heavy-ion collision experi-
ments [7]. The following year, Chen reported L = 52.5 £20
MeV based on neutron skin measurements of tin isotopes
[8]. In 2012, Agrawal et al. obtained L =64+5 MeV us-
ing ?®Pb neutron skin data with relativistic mean-field
models [9]. In 2013, Zhang et al. found L=452+10
MeV via SHF calculations on tin isotopes [10]. The fol-
lowing year, Danielewicz and Lee used the neutron skin
thickness of 2®Pb, combined with isobaric analog state
data and the Hohenberg-Kohn functional method, to con-
strain L to a range of 35—-70 MeV [11]. In 2020, Xu ef al.
employed Bayesian analysis of Sn isotope data to estim-
ate L=53.4%13¢MeV [12]. Although these data do not
fully encompass all current theoretical predictions, it can
be observed that the average value of L remains consist-
ent across these analyses. Furthermore, by analyzing re-
cent experimental data on the neutron skin thickness of
208Ph published by the PREX-II collaboration [13], L pre-
dicted by the relativistic mean-field theory is 106+ 37
MeV [14]. This value differs significantly from previous
results obtained based on terrestrial laboratory experi-
ments and astrophysical observations, and it also falls
outside the range of symmetry energy slope parameters
inferred from GW170817 observations [15]. Building
upon the PREX measurement results, subsequent studies
have focused on reconciling these discrepancies. Lat-
timer derived L=53+13 MeV by combining PREX and
CREX neutron skin data with nuclear mass systematics
[16]. Essick et al. obtained L = 53*{¢ MeV using nonpara-
metric EoS methods with PREX-II 2®Pb data and chiral
effective field theory [17]. Hu et al. constrained L to
38.3-68.5 MeV via ab initio quantum many-body calcu-
lations of 2%®Pb neutron skin [18], while Lim et al. repor-
ted 54+8 MeV through Bayesian analysis of 2®Pb meas-
urements [19].

Long isotopic chains provide an excellent opportun-
ity to study the impact of symmetry energy on nucleon
distributions at different 6. Tin (Sn) isotopes, with their
magic number (Z =50) shell structure and an extended
chain of stable isotopes (!'2-'#Sn), are particularly ad-
vantageous for such investigations. Several methods, in-
cluding proton scattering [20—22], inelastic a-scattering
[23, 24], spin-dipole resonance [25], and antiprotonic
atom spectroscopy [26], have been employed to study the
neutron skin.

In the present work, we first quantitatively analyzed
the correlation between L and the neutron skin thickness
of '">7124Sn. Then, the neutron skin thickness of '**Sn
was extracted from the elastic scattering angular distribu-

tion of '2C+!%Sn. Finally, the extracted neutron skin
thickness was utilized to place constraints on the sym-
metry energy in the high-density region. The results
provide valuable references for further studies on neut-
ron stars and nuclear matter properties.

II. CORRELATION BETWEEN L AND A

Tnp

To study the correlation between the slope coeffi-
cient of the symmetry energy and neutron skin of Sn iso-
topes with different J, we employed the SHF model,
which has been widely used in nuclear physics. The SHF
model, as described in Refs. [27—-32], employs an interac-
tion characterized by zero range, along with dependen-
cies on both density and momentum. The parameters of
the Skyrme interaction are calibrated to reproduce the
binding energies and charge radii of numerous nuclei
across the periodic table. For infinite nuclear matter, the
nuclear symmetry energy from the Skyrme interaction
can be expressed as follows [31, 32]:

17 (3n2\ 1
Egym(p) =3 <7> p*? - gto Q2xo+1)p

1 1 /322\*°
-t 2 ] o+1 - <7>
23 Cu DA+ 55

X [=3t1x; + (4 +5x,) ] p7°, 3)

where o, 1, - 13, and x, - x; are Skyrme interaction para-
meters.

The neutron skin thickness of a nucleus is defined as
the difference between the root-mean-square radii of the
neutron and proton distributions:

Ay = V= i), 4)

The SHF model calculates neutron skin thickness by self-
consistently solving mean-field equations with selected
Skyrme interactions, computing neutron and proton dens-
ity distributions, and evaluating the neutron-proton root-
mean-square radius difference. The neutron skin thick-
ness is sensitive to the density dependence of the nuclear
symmetry energy, particularly the slope parameter L at
normal nuclear matter density [27, 33—38]. Using 184
sets of Skyrme interaction parameters, we evaluated the
correlation between A, ~and L of 'M&HTHEISI0.1221248y
as shown in Fig. 1. The 184 sets of Skyrme interaction
parameters are BSk1, BSk2, BSk2', BSk3, BSk4, BSkS,
BSk6, BSk7, BSk8, BSk9, BSk10, BSkl1, BSkl2,
BSk13, BSk14, BSk15, BSk16, Bsk17, FPLyon, KDE,
KDEOv, KDEOv1, LNS, MSkl1, MSk2, MSk3, MSk4,
MSkS, MSk5®, MSk6, MSk7, MSk8, MSk9, MSKA,
MSLO0O, NRAPR, Sefm074, Sefm081, Sefm09, Sefml,
SGI, SGII, SGOI, SI, SII, SIII, SHI°, SIV, Skyrmel',
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Fig. 1.
ness A, for 184 sets of Skyrme interaction parameters and
for stable Sn isotopes. The line is a linear fit to the data.

(color online) L as a function of neutron skin thick-

SkI2, SkI3, SkI5, SkM, SkM’, SkM1, SkKMP, SkO', SkP,
SKRA, SkS1, SkS2, SkS3, SkS4, SkSC1, SkSC2, SkSC3,
SkSC4, SkSC4o, SkSC5, SkSC6, SkSC10, SkSCl1,
SkSC14, SkSC15, SkT, SkT1, SkT2, SkT3, SkT4, SkTS,
SkT6, SkT7, SkTS8, SkT9, SkT1", SkT3", SkT1a, SkT2a,
SkT3a, SkT4a, SkT5a, SkT6a, SkT7a, SkT8a, SkT9a,
SkTK, SKX, SKXce, SKXm, Skxs15, Skxs20, Skxs25,
SKz1, SKz2, SKz3, SKz4, SLy0, SLy1, SLy2, SLy230a,
SLy230b, SLy3, SLy4, SLy5, SLy6, SLy7, SLy8, SLy9,
SLy10, SSk, SV, SV-bas, SV-min, SVI, SVII, SV-K218,
SV-K226, SV-K241, SV-kap00, SV-kap02, SV-kap06,
SV-mas07, SV-mas08, SV-masl0, SV-sym28, SV-
sym32, SV-sym34, SV-tls, T, T11, T12, T13, T14, T15,
T16, T21, T22, T23, T24, T25, T26, T31, T32, T33, T34,
T35, T36, T41, T42, T43, T44, T45, T46, T51, T52, T53,
T54, T55, T56, T61, T62, T63, T64, T65, T66, v070,
v075, v080, v090, v100, v105, v110, Zs, and Zs". The
parameters of these Skyrme interactions can be found in
Ref. [39]. The solid lines in the figures represent the lin-
ear fit of the correlation between A, = and L.

It can be observed from Fig. 1 that Sn isotopes exhib-
it an approximate linear correlation between L and A, .
To give a quantitative estimate of the above correlations,
we define the following linear correlation coefficient R?:

S8 res
_ , 5
S8 1ot ©)
where SS.s and SS,, are the residual sum of squares
(RSS) and total sum of squares, respectively:

R*=1

n

SSws = [Li-(a+bA,,)]’. (6)

i=1

n _ _ 1 n
SSw=D) (Li=LP L=-> L, (7)
i=1 i=1

where a and b are linear regression coefficients. The lin-
ear correlation coefficient R? measures the degree of lin-
ear correlation, and R? =1 corresponds to an ideal linear
correlation. Table 1 presents the linear correlation coeffi-
cient R* for the correlations between L and A, of Tin
isotopes under different Skyrme interactions, as shown in
Fig. 1, as well as the slope and intercept of the linear fit.
From the figure, it also can be seen that as the isospin
asymmetry increases, the linear relationship between L
and A, becomes stronger, with the strongest linearity
between L and A, observed in the '**Sn nucleus. There-
fore, within the stable isotopic chain of Sn, the neutron
skin thickness of **Sn will provide the most effective
constraint on L.
The fitted line for >*Sn is given by

L=(-92.58 + 2.83) +(783.39 + 16.54) x A, ('*Sn). (8)

where L and A, are measured in units of MeV and fm,
respectively. The errors are mainly due to statistical fluc-
tuations arising from different interactions.

III. NEUTRON SKIN THICKNESS OF !2¢Sn

The angular distributions of elastic scattering for '2C
+ 124Sn at 66 MeV were measured using the high-preci-
sion Q3D magnetic spectrograph at the Beijing HI-13
tandem accelerator of the China Institute of Atomic En-
ergy [40]. The isotopic abundances and thicknesses of the
tin targets, as well as the experimental setup, are detailed
in Ref. [41]. The measured experimental differential
cross-section to Rutherford cross-section ratio and uncer-

Table 1.
slope b for the correlation between L and A

Linear correlation coefficient R?, intercept a, and
np OF Sn isotopes

under different Skyrme interactions.

nuclei a b R2(%)
16gy —68.82 + 2.66 1084.08 + 26.11 90.45
17gp ~73.12 £ 2.64 1031.54 + 23.72 91.22
18gp ~76.79 + 2.62 983.36 + 21.80 91.79
199 ~80.64 + 2.65 939.13 + 20.41 92.09
1205y —83.08 + 2.66 897.35 + 19.13 92.36
1228 —-88.39 £ 2.74 835.08 + 17.64 92.49
1248n -92.58 +2.83 783.39 + 16.54 92.50
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tainties are shown as black dots and error bars in the
lower panel of Fig. 2, respectively.

We used the FRESCO code [42] to analyze elastic
scattering data, and the differential cross-section to
Rutherford cross-section ratio was calculated. The total
interaction potential can be written as the sum of three
terms:

Vi(r) = Ve(r) + Ve(r) + Va(r), (€))

where r is the separation distance between the interacting
nuclei. V¢(r) and Vi(r) are the Coulomb potential and
centrifugal potential, respectively. The last term in Eq. (9)
denotes the short-range and attractive nuclear potential
and consists of real and imaginary potential parts, gener-
ated using the fully microscopic (FM) method. The FM
method calculates the real and imaginary parts of nuclear
potential using the double-folded optical model based on
the CDM3Y6 effective NN interactions, ie., V,(r)=
NrVPE(r) +iN;VPE(r), where VPE(r) is the double-folded
potential generated by the BiFold code [43], and Ny and
N; are the normalization factors of the real and imagin-
ary parts, respectively, which are adjusted to obtain the
best fit to experimental data. This method was success-
fully applied in Refs. [44—46] to study of neutron skin
and neutron halo.

The CDM3Y6 double-folded potential has two parts,
the direct part V), and exchange part Vg, and can be writ-
ten as [47, 48]

VPE(r) = Vp(r) + Vi(r) = / dry / drapppV(s)

+/drl/d72PanVEx(S), (10)

where Vp and Vg, represent the direct and exchange ef-
fective NN interactions, respectively. Using M3Y-Paris,
Vp and Vg, are expressed as [47, 48]

6745 672.55' 11
Vp(s) = 110625— —25385 MeV
p(s) s 255 oV (b
and
e—4s —-2.55 0.7072s
Vi(s) = —15245— —51885 78475 Mev,
Ex(S) 4s 255 070725 "< )

Both V;, and Vg, are scaled by a weak energy-dependent
function g(E) and density-dependent function F(p) [47,
48]

e SLy4 (% 1)
= SLy7(x10)

12C +4Ca

10" p= uu-fﬂh---.,..
bl

ﬁ"-'.'

2 Z 6 8 10 12 14

— SLy4(x1)
- SLy7(x10)

12C + 124Sn

10" == gg=p yr Smgmp ~p A= Omfg s "'5\
.

10 20 30 0 50 60 70
Ocm (deg)

Fig. 2.  (color online) Differential cross-section to Ruther-

ford cross-section ratio for 2C+%0Ca at E., ~ 180 MeV (up-

per panel) and 2C+!>*Sn at E.,, ~66 MeV (lower panel).

The dots are the experimental values, while the solid line cor-

responds to the DF calculations.

Ve (E,p, ) = g(EYF(0)VpEg(s), (13)

The energy-dependent function is expressed as [47, 48]

Elab
A’

¢(E)=1-0.003 (14)

where E,, is the incident energy in MeV, and A, is the
mass of the projectile nucleus. Furthermore, the density-
dependent function F(p) can be written as [47, 48]

F(p) = 0.2658(1 +3.8033exp(1.4099p) —4.0p),  (15)

where p is the overlapping density of the interacting nuc-
lei.

The matter density distribution of >C projectile nuc-
leus is expressed by the two-parameter Fermi (2pF) mod-

r—R

el p(r)=po/ {1 +exp (7)} with  po =0.207fm™,
R =2.1545 fm, and a = 0.425 fim [45]. For an '**Sn target
nucleus, we consider proton and neutron densities calcu-
lated with the SHF with the widely used SLy4 parameter
set and its refined variant SLy7 as the original density

p(r). The scaled density psciing(r) is determined from the
original density p(r) as

1
pscaling(r) = EP("/Q), (16)
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with a scaling factor

<r2>sca1ing 17
s, (17)

The actual procedure to determine o (of p and n) for each
case is as follows. First, we scale the proton density ac-
cording to R,(scaling) = R,(exp) [21, 49]. Although this
is a minute adjustment, secondly, we scale the neutron
density such that the theoretical angular distribution re-
produces the experimental data well [24].

To verify the reliability of the method, we tested the
results of “’Ca neutron skin thickness extracted from
elastic scattering of '>C +*° Ca. The experimental angular
distribution data was digitally extracted from Fig. 3 of
Ref. [50], shown as black dots and error bars in the upper
panel of Fig. 2. The values of Ny and N; that provide the
best fit to the data are 0.85 and 0.6, and the scaling
factors a,, and «, are listed in Table 2. The results are
shown and compared with the experimental data in the
upper panel of Fig. 2. The errors of radii were extracted
by adjusting «, such that the chi-squared x? value
Xin+1. We determined the neutron skin thickness of
“Ca as —0.01870012 fm (SLy4) and —0.013+0.013 fm
(SLy7). These values together with RMS radius of neut-
ron and mass are listed in Table 3. The neutron skin
thicknesses are consistent with —0.010*9:2> fm by J. Zeni-
hiro et al. [51] and —0.011£0.011 fm by T. Wakasa et al.
[52].

Next, we applied the same methodology to '**Sn. The
values of N and N, that provide the best fit to the data
are 0.7 and 0.4, respectively, and the scaling factors «,
and «, are listed in Table 2. The results are shown and
compared with the experimental data in the lower panel

Reed
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This Work Q00)  pyerage 56
0
Fig. 3. (color online) Constraints on L from this work and 12

other studies. The blue dashed line represents the mean of all
14 results, and the yellow band indicates the 1o~ uncertainty of
the mean. Square markers denote data with no error informa-
tion.

of Fig. 2. We determined the neutron skin thickness of
12Sn as 0.16879%% fm (SLy4) and 0.177+0.022 fm
(SLy7). These values are also listed in Table 3.

Table 4 lists the neutron skin thickness A, of '**Sn
from this work and other studies. It can be seen that the
neutron skin thickness extracted in the present work is
consistent with the values obtained by other methods.
Substituting the neutron skin thickness into Eq. (8), we
obtained a constraint on the slope parameter of the sym-
metry energy: L=39.0*70% MeV (SLy4) and L=46.1+
18.7 MeV (SLy4). Figure 3 presents the results of this
work and other studies mentioned in the introduction. As
evident from the figure, our data align with other data
within the error margins.

The average of all 14 results shown in Fig. 3 yields
L=56.1+189MeV. Using the results from this work
(SLy7) and the average, we derive a constraint on the
symmetry energy described by Egm() = Eqym(po)X
(p/po)-*Eom®) 53], as indicated by the red-shaded and
blue-shaded regions in Fig. 4, respectively. Among the
184 sets of Skyrme interaction parameters mentioned
carlier, only 62 sets satisfy the constraints of this work

Table 2. Scaling factors ¢, and a, for neutrons and protons.
SLy4 SLy7
Isotope
ap fo ap ay

40Ca 0.9832 0.9917 0.9893 0.9969

124g 0.9925 0.9924 0.9939 0.9960
Table 3.  Our results for Ry, Rm, and A,,,. The radii are in
units of fim.

Isotope  Skyrme set R, R Ar,,
40Cq SLy4 336670017 3.375+0.007  —0.01870012
40Ca SLy7 3.371+£0.013 3.378+0.007 -0.013+0.013
1248, SLy4 4.767+0933 4.700+991% 0.168*0923
1248 SLy7 4.775+0.022 4.705+0.014  0.177+0.022
Table 4. Neutron skin thickness A, of '*Sn from differ-
ent research.

Method Ay, /fm Ref.
0.1689:023 This work
12C Scattering
0.177 £0.022 This work
Proton Scattering 0.25 +0.05 [20]
Inelastic a-Scattering 0.21 +0.11 [23]
Spin-Dipole Resonance 0.19 + 0.07 [25]
Proton Scattering 0.185 + 0.017 [21]
4He Reaction Cross Sections 0.180 = 0.142 [24]
Proton Scattering 0.156 + 0.022 [22]
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Fig. 4. (color online) Boundary of the constrained region for

the symmetry energy as a function of density. The gray lines

depict the density dependence of the symmetry energy with

00 =0.16fm™> for 122 sets of Skyrme interaction parameters

that do not satisfy the constraints of the average.

(FPLyon, KDE, LNS, SkM, SKRA, SkT1, SkT2, SkT3,
SkT1%, SkT3", SkT1a, SkT2a, SkT3a, SLy0, SLyl, SLy2,
SLy230a, SLy230b, SLy3, SLy4, SLy5, SLy6, SLy7,
SLy8, SLy10, SV-sym32, T11, T12, T13, T14, T15, T16,
T21, T22, T23, T24, T25, T26, T31, T32, T33, T34, T35,
T36, T41, T42, T43, T44, T45, T46, T51, T52, T53, T54,
T55, T56, T6l, T62, T63, T64, T65, and T66). When
considering average constraints, this number remains 62,
but with exclusions of FPLyon, KDE, SkM, and SLy10,
while incorporating MSkA, NRAPR, SIV, and SkO' sets.

IV. SUMMARY

The study of nuclear symmetry energy is of para-
mount importance for understanding the properties of
neutron stars, as it directly influences the EoS of dense
matter, the structure of neutron stars, and their maximum
mass and radius. In particular, the slope parameter L at
saturation density, which characterizes the density de-
pendence of the symmetry energy, plays a crucial role in
determining the pressure of neutron-rich matter and thus
the thickness of the neutron star crust and the neutron

skin of heavy nuclei. However, the relatively large uncer-
tainty in the slope parameter L remains a significant chal-
lenge in nuclear physics, making it a focal point of sym-
metry energy research. Using the SHF method, we invest-
igated the relationship between L and A, in stable Sn
isotopes. Our results revealed an approximately linear
correlation between A, and L for Sn isotopes. This lin-
ear correlation strengthens with increasing isospin asym-
metry, with the strongest linear relationship observed in
the '>*Sn nucleus. This indicates that the neutron skin
thickness of '2#Sn provides the most effective constraint
on L. We can imagine that uranium isotopes with even
larger isospin asymmetry would be a better choice for
constraining L. Additionally, the nucleon distribution in
neutron stars, which have an isospin asymmetry close to
1, would provide the best data for constraining L.

We extracted the neutron skin thickness of '>*Sn from
the elastic scattering angular distribution of '>C+!2*Sn us-
ing the CDM3Y6 double-folding potential. The extracted
neutron skin thicknesses were 0.168*03;5 fm (SLy4) and
0.177 £0.022 fm (SLy7), which is consistent with the res-
ults obtained by other methods. Additionally, we con-
strained the slope parameter L of the nuclear symmetry
energy to L=39.07%8 MeV (SLy4) and L=46.1+18.7
MeV (SLy4), which is in agreement with the average val-
ues predicted by other studies and eliminates 122 sets of
Skyrme interaction parameters out of the original 184.
Furthermore, the average constraint derived from 13
works gives L=56.1+18.9 MeV, significantly reducing
the theoretical uncertainty in the behavior of high-dens-
ity nuclear matter, thereby providing a theoretical founda-
tion for understanding the properties of high-density neut-
ron stars.

Despite good agreement, future investigations are
needed to address potential systematic uncertainties. In
this study, for the sake of simplicity, we considered only
the elastic scattering channel in the folding potential ana-
lysis. In reality, nucleus—nucleus interactions can involve
various inelastic processes and coupling effects [54]. In
future studies, a coupled-channel analysis could be em-
ployed to reduce the deviations caused by inelastic scat-
tering.
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