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Introduction

function formalism [19-22], the kinetic theories of both
massive [23-25] and massless fermions [26-34] are studied. One of the advantages of the Wigner function formalism is that it includes spin degree of freedom naturally,
which is essential in the study of magnetic field and vorticity related phenomena. Further, it is possible to connect
the kinetic description to the hydrodynamic one [31, 3537], as the latter is used in the quantitative simulation of
HIC events.
Although for spin 1/2 particles one expects that the
m = 0 limit of massive representation would connect to
the massless one smoothly, this is not explicitly shown in
the Wigner function formalism, especially when quantum
correction is taken into consideration. This is also related
to the translation or definition of different components in
this theory. More detailed discussions can be found in
[23, 24].
In this paper, we propose a way of splitting the axial
vector component of the Wigner function. With this splitting, we show that the massive Wigner function can indeed go back to the massless one. We also show that our
splitting has a certain physical meaning. We will first introduce the structure of Wigner function formalism for
both massive and massless fermions and their solution up
to the 1st order of h̄ . Then, we demonstrate how to separate both the vector component and the axial vector component into a vanishing part and a non-vanishing part in
the m = 0 limit, as well as the physical meaning of the
non-vanishing part. At the end, we briefly discuss some
possible equilibrium distributions.
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Abstract: We studied the m = 0 limit of different components of Wigner functions for massive fermions. Comparing
with the chiral kinetic theory, we separated the vanishing and non-vanishing parts of vector and axial-vector components, up to the first order of h̄ . Then, we discussed the possible physical meaning of the vanishing and non-vanishing
parts and their different behaviors at thermal equilibrium.

CP

C

Ac

It is widely believed that in relativistic heavy-ion collisions (HICs), a new phase of matter called quark-gluon
plasma (QGP) is created [1, 2]. In non-central HICs, a
strong magnetic field is created by fast moving nuclei [3,
4]. Furthermore, these systems have a large total angular
momentum or vorticity in the fluid picture [5]. The effects of magnetic field and vorticity on QGP systems
have been of great interest, both experimentally and theoretically, in recent years. These include various anomalous transport phenomena, such as the chiral magnetic effect (CME) [6-8] and chiral vortical effect (CVE) [8-10].
The vorticity also has a direct effect on the polarization of
the hadrons produced during freeze-out [11-13]. The polarization of Λ hyperons has been measured by the STAR
collaboration [14], and the results indeed indicate a nonzero spin alignment in the direction of the total angular
momentum.
Due to chiral symmetry restoration, in QGP, the u and
d quarks have only a very small current mass and are often treated as chiral fermions. However, it is still worth
checking whether the effect of finite mass is really negligible. Moreover, Λ hyperons consist of s quarks, whose
mass is larger and cannot be ignored. Therefore, the theoretic study of massive fermions is as important as that of
massless ones.
Because these phenomena are closely related to the
evolution of quantum systems, kinetic theory is a natural
choice for studying them [15-18]. Based on the Wigner
Received 4 May 2020, Published online 15 September 2020
1) E-mail: guoxy@m.scnu.edu.cn

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution of this work must main3
tain attribution to the author(s) and the title of the work, journal citation and DOI. Article funded by SCOAP and published under licence by Chinese Physical Society
and the Institute of High Energy Physics of the Chinese Academy of Sciences and the Institute of Modern Physics of the Chinese Academy of Sciences and IOP Publishing Ltd

104106-1

2

Vol. 44, No. 10 (2020) 104106

Covariant Wigner function

The covariant Wigner function for spin 1/2 fermions
in the presence of an external electromagnetic field is
defined as [20]
∫
Wab (x, p) =

py
y iq
d4 yei h̄ ⟨ψ̄b (x − )e h̄
2

∫

1
2
− 12

dsA(x+sy)y

iq

∫

y
ψa (x + )⟩,
2
(1)

1
2
− 12

dsA(x+sy)y

where q is the charge of a fermion, and e
is
the gauge link that ensures gauge invariance. As we are
considering "free" fermions without fermion-fermion interactions, the Wigner function follows the kinetic equation

where

2

∫
Πµ = pµ − qh̄
∫
Dµ = ∂ µ − q

1
2

− 12
1
2

− 12

Dµ − m)W = 0,

(2)

dssFµν (x − ih̄s∂ p )∂νp ,

(3)

dsFµν (x − ih̄s∂ p )∂νp .

F (0) = m fV(0) δ(p2 − m2 ),

(17)

Vµ(0) = pµ fV(0) δ(p2 − m2 ),

(18)

(0)
S µν
=

C

CP

1[
F(x, p) + iγ5 P(x, p) + γµ V µ (x, p) + γµ γ5 Aµ (x, p)
4
]
1
+ σµν S µν (x, p) .
(5)
2

Inserting Eq. (5) into Eq. (2), we arrive at the equations for all components:
µ

Π Vµ = mF,
h̄ µ
D Aµ = mP,
2
1
Πµ F − h̄Dν S νµ = mVµ ,
2

(20)

Thus, there are all-together 4 degrees of freedom. It is
also possible to use S µν instead of Aµ as a free component. The total degree of freedom is the same after taking
into consideration all the constraint equations.
The same procedure can be used for massless fermions. However, in the massless case, the vector components Vµ and Aµ decouple from the others, and at the 0th
order, they can be expressed as [28]
Vµ(0) = pµ fV(0) δ(p2 ),

(21)

(0)
2
A(0)
µ = pµ fA δ(p ).

(22)

3

Massless limit

(8)

1
h̄(Dµ Vν − Dν Vµ ) + ϵµνσρ Πσ Aρ = mS µν ,
2

(10)

h̄Dµ Vµ = 0,

(11)

and

1
h̄Dµ F + Πν S νµ = 0,
2
h̄
Πµ P + ϵµνσρ Dν S σρ = 0,
4
h̄
Πµ Vν − Πν Vµ − ϵµνσρ Dσ Aρ = 0.
2

(19)

(7)

(9)

Π Aµ = 0,

pµ A(0)
µ = 0,

(6)

−h̄Dµ P + ϵµνσρ Πν S σρ = 2mAµ ,

µ

1
ϵµνσρ pσ A(0)ρ .
m

Here, we choose fV , or F, together with Aµ to be the
independent components. There is also one constraining
equation for A(0)
µ :

(4)

W satisfies the relationship γ0 W † γ0 = W , so it can be
decomposed using the Dirac matrices [38]
W=

(16)

ce

(γ Πµ + γ

µ ih̄

P(0) = 0,

Ac

µ

These equations can be solved by expanding all operators and functions as series of h̄ and finding solutions order by order. For each order, not all components are independent, as they must follow the constraints given by the
equations above. Thus, we can use a certain number of
components to express all others. For these "free" components, their corresponding kinetic equations are given
by the equations that are one order higher, as the derivatives always contain h̄ .
The 0th order solution is [23]:
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At first glimpse, the m → 0 limit for Vµ is quite clear,
but for Aµ it is not. Actually, in the massive case, there is
no very simple and unique expression for Aµ , with only
one constraining equation. In order to make a comparison with the massless case, we propose the following separation:
(0)
(0)
2
2
A(0)
µ = (pµ fA − θµ )δ(p − m ).

(23)

From Eq. (20), we can determine the relation between

(12)

f (0) and θµ(0) :
(13)
(14)
(15)

(p2 fA(0) − p · θ(0) )δ(p2 − m2 ) = 0.

(24)

However, there is still one redundant degree of freedom. For a given Aµ , we can change θµ(0) by an arbitrary
vector that is parallel to pµ and modify fA(0) according to
Eq. (24). The new set will also give the same A(0)
µ . To re-
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move this arbitrariness, we must fix fA(0) . This can be
achieved by introducing an auxiliary time-like vector nµ
and requiring
θ(0) · n = 0.

(1)
=
S µν

Vµ(1) =pµ fV(1) δ(p2 − m2 )
pµ
− 2
ϵαβσρ pα nβ (Dσ θ(0)ρ )δ(p2 − m2 )
2p p · n
q
+ 2 ϵµνσρ F σρ pν fA(0) δ(p2 − m2 )
2p
1
+
ϵµνσρ nν (Dρ θ(0)σ )δ(p2 − m2 )
2p · n
1
−
ϵµνσρ nν pσ (Dρ fA(0) )δ(p2 − m2 ).
2p · n

(25)

A(0) · n
.
p·n
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(26)

In this derivation, we used the Schouten identity

goes back to

Ac

C

m
ϵµνσρ nν S σρ .
2p · n

CP

θµ(0) δ(p2 − m2 ) = −

(27)

As p · n is generally not zero, θµ(0) must vanish when m
goes to 0.
Therefore, we can see that the m → 0 limits for both,
(0)
Vµ and A(0)
µ are the same as those for the massless solutions.
Next, we proceed to the 1st order components. Similar to the 0th order case, we can also use fV and Aµ as free
components; then, we will have [25]:
P(1) =

1 µ (0)
D Aµ ,
2m

+

1
ϵµνσρ Dν pσ A(0)ρ ,
2m2

(1)
(1)
2
2
A(1)
µ = (pµ fA − θµ )δ(p − m ) −

(30)
1
ϵµνσρ pν Dσ V (0)ρ ,
2(p2 − m2 )
(31)

−

q
ϵµνσρ F σρ pν fA(0) δ(p2 − m2 )
2p2

1
ϵµνσρ nν pσ (Dρ fA(0) )δ(p2 − m2 ),
2p · n

(1)
(1)
2
2
A(1)
µ =(pµ fA − θ̃µ )δ(p − m ) −

−

(34)

1
ϵµνσρ pν Dσ V (0)ρ
2p2

1
ϵµνσρ nν pσ (Dρ fV(0) )δ(p2 − m2 ),
2p · n

(35)

m
ϵµνσρ nν S (1)σρ
2p · n
m2 q
−
ϵµνσρ nν F σρ fV(0) δ(p2 − m2 ),
2p · n(p2 − m2 )
(36)

θ̃µ(1) δ(p2 − m2 ) = −

(28)

qpµ
ϵαβσρ F σρ pα A(0)β
2m2 (p2 − m2 )

Vµ(1) =pµ fV(1) δ(p2 − m2 ) +

which is the same as the result for chiral fermions [28].
For nµ , we can use the same definition as in the 0th order
case.
For A(1)
µ , we rewrite it as

fA(1) δ(p2 − m2 ) =

1
F (1) = m f (1) δ(p2 − m2 ) −
ϵµνσρ pµ Dν pσ A(0)ρ ,
2m(p2 − m2 )
(29)
Vµ(1) =pµ fV(1) δ(p2 − m2 ) +

(33)

pµ ϵνσρλ + pν ϵσρλµ + pσ ϵρλµν + pρ ϵλµνσ + pλ ϵµνσρ = 0 and also
2Fµν pν
2
2
Dµ δ(p2 − m2 ) = p2 −m
2 δ(p − m ) . If we take the massless
(0)
limit, θµ vanishes and one can easily check that Eq. (33)

ce

Different choices of n correspond to different values
of fA(0) and θµ(0) . Therefore, it is important to choose an nµ
with proper physical meaning. One of the natural choices
is relating nµ to the local "average velocity," which corresponds to fluid velocity in ideal hydrodynamics [39].
Then, this can be related to the physical fact that when
observed in different reference frames, the helicity of
massive fermions can be different. For comparison, although we can write the same expresion for fV(0) and Vµ(0) ,
fV(0) actually does not depend on n because Vν(0) is proportional to pµ .
Regarding the masslese case, from Eq. (21), we can
see that relation in Eq. (26) holds naturally. Now, we only
have to prove that θµ(0) vanishes when m goes to zero.
This can also be demonstrated using nµ . If we assume
that the Wigner function will not diverge when m goes to
0, then Eq. (19) requires that θµ(0) vanishes. We can rewrite it in another form to see this more clearly:

(32)

Vµ(1) can be rewritten as

These will lead to the relation
fA(0) =

1
1
(Dµ Vν(0) − Dν Vµ(0) ) + ϵµνσρ pσ A(1)ρ .
2m
m

A(1) · n
p·n
q
−
ϵµνσρ nµ pν F σρ fV(0) δ(p2 − m2 ).
2p · np2
(37)

Again, θ̃µ should vanish in the massless limit, and the
remaining part is the same as the massless expression
[28]. Thus, we have shown explicitly that up to the first
order of h̄ , the massive Wigner function can connect to
the massless one continuously. This is consistent with the
results found in Refs. [23, 24]. Actually, at the lowest order, the dipole-momentum tensor Σµν used in [23] can be
expressed as
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1
ϵµνσρ pσ θρ .
m2

Using the same procedure as that for deriving Eq.
(33) and Eq. (35), this can be shown to be equal to
1
σ ρ
p·n ϵµνσρ n A , which is the spin tensor used in [24]. When
1
ϵµνσρ pσ nρ , as required by
taking m → 0 , it will go to − p·n
[23]. Therefore the different formulations are connected,
and this connection is closely related to the massless limit itself.
We should also check the meaning of fV and fA . In
our case
fV(0) =

V (0) · n
,
p·n

(39)

fA(0) =

A(0) · n
,
p·n

(40)

(43)

(p · Dθµ(0) − qFµν θ(0)ν ) − pµ p · D fA(0) = 0.

(44)

Without the collision term, one cannot determine the
true equilibrium state only from the kinetic equation.
However, we can still perform some general discussions.
The equation for fV(0) is just a Boltzmann-type equation
without a collision term. It would be natural to assume
that in equilibrium, fV(0) takes the form of the usual
Fermi-Dirac distribution. In the other equation, there is
also a Boltzmann-type equation for fA(0) , coupled to a
BMT equation [40] involving θµ(0) . A straightforward
guess is that fA(0) also takes the Fermi-Dirac distribution,
leaving the equation for θµ(0) as
p · Dθµ(0) − qFµν θ(0)ν = 0.

V ·n
q
− 2
ϵ µνσρ nµ pν F σρ fA(0) δ(p2 − m2 ), (41)
p·n
2p p · n

fA(1) =

A(1) · n
q
− 2
ϵµνσρ nµ pν F σρ fV(0) δ(p2 − m2 ). (42)
p·n
2p p · n

ce

fV(1) =

C

CP

Kinetic equations and solutions

The discussion above naturally leads to the question
of what is the equilibrium distribution of all components.
We will only consider 0th order components in this section. The transport equations for the 0th order components are:

(45)

fA(0)

However, if
really is the chiral imbalance, as supposed, with finite mass it should be dispersed over time
and, at least at a classical level, reach zero at equilibrium.
In the massless situation, we have

Ac

(1)

These are consistent with the massless case. It is
already known that fV is the particle number density. In
the massless case, fA is the difference between left and
right handed particles, or the chiral imbalance. Now that
we have a continuous expression, we might call fA chiral
imbalance as well, but in the massive case it is not a conserved charge. However, we observe that when choosing
the same nµ , the expression of fA(0) becomes different in
some literature, such as [24], while the massless limit is
the same. θµ might be viewed as the real spin degree of
freedom. In the massless case, especially in chiral kinetic
theory, this is not seen because the spins of chiral fermions are bound to their momentum. Of course, the degrees
of freedom are not lost. We could discuss massless Dirac
fermions, and they will have two degrees of freedom in
the S µν component. It is only because Vµ and Aµ decouple from S µν , F and P that the latter are not included
in the usual chiral kinetic theories. In contrast, in the
massive case, the chiral states are not energy eigenstates,
and the spin degree of freedom is coupled to other ones,
just as S µν is coupled to Aµ . In fact, in the massive case,
it is possible to use S µν instead of Aµ as free components
to construct the entire kinetic theory [23].

4

p · Dµ fV(0) = 0,

(38)
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Σµν =
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fV(0) = f+(0) + f−(0) ,

(46)

fA(0) = f+(0) − f−(0) ,

(47)

fχ(0) =

1
esgn(p·n)

p·n−µχ
T

+1

,

(48)

where χ = + and − correspond to the right-handed and
left-handed components, respectively. µχ is the corresponding chemical potential. If the right-handed and lefthanded components are balanced, we would have
µ+ = µ− = µ ; then
fV(0) =

2
p·n−µ
esgn(p·n) T

fA(0) = 0.

+1

,

(49)
(50)

This is consistent with the massive situation we just
discussed.
Of course, when fA(0) = 0 , there is always a trivial
solution θµ(0) = 0 , giving an A(0)
µ value of zero. However, if
(0)
Aµ is the average spin of the system, it should not always be zero. We can imagine starting from a special initial state, in which the spins of all particles are polarized
along one direction. With the addition of a collision term,
either the spin itself is conserved, or it is coupled to the
orbital angular momentum; however, the total angular
momentum is conserved. Either way, it is very unlikely
that the average spin will evolve to exactly zero at equilibrium. Therefore, in general we should expect non-zero
Aµ even at equilibrium. In the special case of only a constant thermal vorticity ωµν = 12 (∂µ βν − ∂ν βµ ) , where βµ =
n
T , there is a very interesting solution
µ
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θµ(0) = aϵµνσρ nν pσ ωρλ pλ ,

(51)

fA(0) = 0,

(52)

where a is an undetermined variable quantifying the
"strength" of the polarization. We can see that now A(0)
µ is
(0)
non-zero, but fA is zero. By our previous translation of
fA , this solution means that there is non-zero spin polarization without any chiral imbalance, which is physical.
For another special case with a homogeneous electromagnetic field and no vorticity, there is also a similar
solution
θµ(0) = bFµν pν ,

(53)

fA(0) = 0.

(54)

1
h̄
ϵµνσρ pν Dσ βρ −
ϵµνσρ pν Dσ V (0)ρ . (55)
2
2mΓ
2(p − m2 )

However, this solution is differernt from the above
ones as now even at the 0th order, A · n is not zero, thus
giving a non-zero fA .

5

Summary

By performing a special splitting of the axial vector
component of the covariant Wigner function for massive
fermions, we showed that the m = 0 limit can be taken,
and that the results are consistent with the massless
Wigner function. We also discussed the different meanings
of the split parts and their possible equilibrium values.
The author thanks Xinli Sheng, Yu-Chen Liu, XuGuang Huang, and participants of the QKT2019 workshop for very helpful discussions. Part of this work was
done during XG's visit to the Institute of Theoretical
Physics, Frankfurt University.
The author became aware of related work [42] after
the completion of this study.
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