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Abstract: We present the first lattice result of the near threshold A A, scattering with I(J: Py = (0(0*). The calcula-
tion is performed on two Ny =2+1 Wilson-Clover ensembles with pion mass m, ~ 303 MeV and lattice spacing

a=0.07746 fm. Liischer's finite volume method is utilized to extract the scattering parameters from the finite-

volume spectrum. The coupled channel Z..N is ignored in the scattering analysis based on the observation that the

energy levels computed from the A.A. and E..N operators do not mix. The . X, channel is not included either

since the energy range explored in this study is well below its threshold. Our results indicate that the interaction in

the A:A. single channel is repulsive, and the scattering length is determined to be ag = —0.21(4)(8) fm, where the

first error is statistical and the second is systematic.
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I. INTRODUCTION

The study of hadron-hadron interactions is an essen-
tial part of understanding the strong interactions and its
underlying theory — quantum chromodynamics(QCD).
Among them, dibaryon systems have rich dynamics in
nature. The only known dibaryon bound state is the deu-
teron. A possible SU(3) flavor-singlet bound state, the H-
dibaryon composed of two A baryons, was proposed a
long time ago [1], but has not been observed in experi-
ments yet. Compared to meson-meson scattering, lattice
QCD study of baryon-baryon scattering is more challen-
ging mainly due to the poor signal and complexity in the
contractions of dibaryon correlation functions. The lat-
tice results on nucleon-nucleon scattering and the bind-
ing nature of the deuteron are still controversial to date
[2—8]. Concerning the H-dibaryon, most lattice studies
found attractive interactions between two A baryons, but
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consensus on whether they can form a bound state and
the magnitude of the binding energy remain elusive
[9—14]. The bound states of two heavy baryons have also
been predicted in theoretical studies [15—24]. However,
experimental data on the interactions of two heavy bary-
ons are scarce due to the difficulty in producing them in
experiments. On the lattice side, there are few studies on
the scattering of two heavy baryons [25, 26], where the
bound states of Q... — Q... and Q;, — Qu, Were predicted,
respectively. The ground state energy spectra of various
heavy dibaryons were also investigated in lattice QCD
[27—29]. In this study, we focus on the scattering of two
A, baryons, analogous to the H-dibaryon, but with the
strange quarks replaced by charm quarks.

A A, scattering has been investigated in many theor-
etical studies, but the results are inconclusive. In studies
such as Refs. [16, 23, 24], a bound state was identified in
the single channel A A, scattering. Conversely, the res-
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ults in Refs. [15, 17, 21, 30] do not support the existence
of such a bound state. Other works suggest that A.A, can-
not form a bound state in a single channel, but coupling
to X.X. may lead to the formation of a bound state below
the A A, threshold [18—20, 22]. As a first-principle meth-
od, lattice QCD calculation of A.A. scattering may
provide crucial information for other theoretical studies.

This work presents the lattice QCD calculation of
A A scattering based on the 2+1 flavor gauge ensembles
with pion mass m, ~303 MeV and lattice spacing
a=0.07746 fm. Liischer's finite volume method [31-33]
is employed to extract scattering information from the fi-
nite-volume spectrum. The scattering length and effect-
ive range of A.A. scattering are obtained, and the results
indicate repulsive interaction. The coupling with NE,.
and X .X. is also discussed.

This paper is organized as follows. The details of the
gauge ensembles and computational methods are intro-
duced in Sec. II. In Sec. III, we present the single particle
spectrum and two-particle finite-volume spectrum. The
scattering analysis and results are presented in Sec. IV,
followed by a summary in Sec. V.

II. COMPUTATIONAL DETAILS

The results presented in this paper are based on the
gauge configurations generated by the CLQCD collabora-
tion with 2+1 dynamical quark flavors using the tadpole
improved tree level Symanzik gauge action and Clover
fermion action [34]. Numerous studies have been per-
formed on these configurations, see e.g. [35—42]. In this
work, we use two ensembles with the same pion mass
m,; ~303 MeV and lattice spacing a =0.07746 fm, but
with different volumes. The parameters of the two en-
sembles are listed in Table 1. The valence charm quark
mass is tuned to reproduce the physical spin-averaged

mass of 7. and J/P, i.e. ZM"" + ZMJ/‘P. The value of m,L

is 3.81 and 5.72 for the two ensembles respectively. We
expect that the volume corrections to the hadron energies,
which are typically suppressed as ~ e, should not
have noticeable impact on our final results.

The distillation quark smearing method [43] is used to
compute the quark propagators. The smearing operator is
composed of a small number (N,,) of the eigenvectors as-
sociated with the N,, lowest eigenvalues of the three-di-
mensional Laplacian defined in terms of the HYP-
smeared gauge field. The number of eigenvectors N,, is

100 for the ensemble F32P30 and 200 for the ensemble
F48P30.

III. SPECTRUM DETERMINATION

We are interested in A.A. scattering with I(J) =
0(0*). The coupled channels E.N and X.X. were also in-
vestigated. In this section, we present the spectrum of the
relevant single particles, i.e., A., E.., N and Z.. Then we
discuss the finite-volume spectrum of the two-particle
systems, which was used to extract the scattering para-
meters through Liischer's method.

A. Single-baryon spectrum

The interpolating operators of A., E.., N and Z. can
be expressed as

Acq = €X' Cysd’)ck, (1)
Era = e* U Cysch)ct, M X d Cysch)ck,

2
Po = €X' Cysdut, n, = €X'’ Cysd’)d", 3)
2:; = eijk(MiTC’}/SCj)ufls

o _ _ _

.= @e’fk[(u’TCysc’)di +(d" Cyschus),
0, = €7d" Cysc))ds, “4)

where u,d,c represent the quark fields, i, j,k are color in-
dices and @ ={1,2,3,4} is the Dirac four-spinor index in
the Dirac basis. These single-particle operators are the
building blocks of the two-baryon operators.

The masses of the baryons are then obtained from the
correlation functions of the above interpolating operators

C(P, t) = Z«)l()a(p,t"' tsrc)P;ﬁO/E(p, tsrc)|0>, (5)

Isre

1
where P* = 5(1 +74) is the positive parity projection op-
erator, the source-time . is summed over all time slices
to increase the statistics, O(p,t) is the momentum projec-

Table 1. Parameters of the ensembles. The listed parameters are the coupling f, lattice spacing a, volume (L/a)? x T/a, the bare quark
masses for the light (am;) and strange (am,) quarks, the pion/Kaon mass m,/x and the number of configurations Nons-
Ensemble B a/fm (L/ay*xT/a amy amg my/MeV mg/MeV Neonf
F32P30 6.41 0.07746(18) 323 %96 -0.2295 -0.2050 303.2(1.3) 524.6(1.8) 567
F48P30 6.41 0.07746(18) 483 %96 -0.2295 20.2050 303.4(0.9) 523.6(1.4) 201
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ted operator defined as O(p,1) =, e 7 O(x,t). The dis-
persion relation E* = m} +¢?p? is investigated by calculat-
ing the single-particle energy at the five lowest momenta
on the lattice: p= (0,0,0), (0,0,1), (0,1,1), (1,1,1),
(0,0,2) in units of 2z/L. The effective mass of A, at the
five momenta for the ensemble F32P30 is shown in the
left panel of Fig. 1. We fit the correlation functions to an
exponential form C(r) = Ae™£' to obtain the energies. The
range for fitting, denoted as [fy, fmax] 1S selected as fol-
lows: 1.« 1s set to a sufficiently large value where the er-
ror becomes significant. We then adjust the 7., until the
fitted mass stabilizes, indicating that the fitting is reliable.
The x?/d.o.f is generally around 1. In the middle panel of
Fig. 1, we display the fitted mass at different ¢,,, along
with the corresponding y?/d.o.f for fitting the zero mo-
mentum A, correlation function. The chosen f,;, is high-
lighted by the dark red point in the lower panel. For each
baryon, we fit the five energies at the five momenta to the
dispersion relation to get the parameters m, and c. The
results are collected in Table 2. The values of ¢ for A., .
and Z.. tend to deviate from 1, primarily due to lattice ar-
tifacts stemming from the charm quark. The effects of
these lattice artifacts are discussed in greater detail later
on. In the right panel of Fig. 1, we display the fitting of
the dispersion relation for A..

B. Spectra of dibaryon systems
We focus on the S-wave scattering in the 1(J) = 0(0)
channel. Therefore we construct the dibaryon operators in
the A} irreducible representation(irrep) of the octahedral
group (O;), which is the rotational symmetry group on

F32P30 Ac Mefr

F32P30 A. Moy and x%(tmax=31)

lattice. The operators for A A., E..N and X X, are:

Orn (PO = CappPea(P-DAH(-p.D),

ap.p

(6)

++

O= n(PLD) =Y Capp (B, (. Dp(=p.1)
ap.p

—_+

_‘:‘cc,a(p’ t)pﬂ(_p’ t))’ (7)

Os,s.(IPLD) = Y capp(Z20(p.DEL4(—p.1)

ap.p
- 2:,0(p7 t)E:p(_P, t)

+30, (PO (=p.D)), (8)

where the coefficients ¢, g, are chosen such that the oper-
ators transform in the A} irrep. To be specific, for a giv-
en |p|, the non-zero coefficients are c¢;,,=1 and
21 =—1 for all p. We only used the operators with zero
total momentum.

The spectra of the dibaryon systems in finite volume

are determined from the matrix of correlation functions of
the operators:

Cij(t) =Y (01Ot + 1) O (11c)[0).

Lsre
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Fig. 1.

(color online) Left: the effective mass of A. at the five momenta. The fitted mass and fitting range are indicated by the hori-

zontal band. Middle: The fitted mass of the zero momentum A, at different #y;,. The corresponding values of x?/d.o.f of the fits are

also shown in the lower part of the plot, where the chosen ryi, is highlighted by the red point. Right: The fit of the dispersion relation

for A.. All of the three plots are for the ensemble F32P30.

Table 2. Fit results of the dispersion relation for A., =, E. and N.
Ac X Ece N
my/GeV c my/GeV c my/GeV c my/GeV c
F32P30 2.413(3) 0.991(8) 2.572(3) 1.01(1) 3.747(1) 0.948(5) 1.070(4) 1.01(1)
F48P30 2.410(1) 0.988(7) 2.566(1) 1.01(1) 3.7504(7) 0.931(8) 1.062(2) 1.005(8)
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Solving the generalized eigenvalue problem(GEVP)
COV' (1) = 2(OC(10)V" (1), (10)

the energies can be extracted from the time dependence
of the eigenvalues A"(¢t). We set 7, =4 and fit the eigen-
values to a two-exponential form A"(f) = A,e B0y
(1-A,)eFn=0 to obtain the n-th energy level E,. The
overlap factor between the n-th GEVP eigenstate and i-th
operator can be evaluated as (n0i0) = V2m,V}*Cji(to)
[44].

In order to investigate the coupling between A A, and
E..N, we compute the matrix of the correlation functions
of the four operators: O, (p* =0,1) and Oz, y(p* =0, 1)).
We found negligible coupling between the A.A. and
E.N operators. In Fig. 2(a), we compare the energy
levels obtained from the GEVP analysis using the four
operators (right panel) and those obtained using only the
two A A, operators (left panel). In the right panel, the
black and blue points present the energy levels predomin-
antly overlap with the A A, and E.N operators, respect-
ively. The overlaps of the operators onto the eigenstates
are shown in Fig. 2(b) for the ensemble F32P30. The
overlaps for the ensemble F48P30 exhibit a similar pat-
tern. These overlaps are calculated at time slice 7= 14,
which is the region where the fit windows are typically
situated. It is evident that the two energy levels primarily
associated with the A.A. operators are almost identical to
the energies obtained using only the A.A. operators.
Therefore, in this study we did not consider the coupling
effects from the =..N channel.

¥.X. can also couple to A A.. Its threshold is consid-

AvAYS NN = ZccN

erably higher than A A.. As shown later, the energy
range in which we perform scattering analysis lies well
below the X.X. threshold. However, we still checked the
effects of the £.X. channel by computing the correlation
function matrix of the five operators: Op 4, (p* =0,1,2,3)
and Os s, (p? = 0) for the ensemble F32P30. In Fig. 3, we
compare the energy levels from the GEVP analysis with
and without X.X. operator. The lowest three energies,
which  predominantly couple to the operators
Onn. (P> =0,1,2), exhibit close agreement between the
two cases. The energy level close to the A A (p* = 3) free
energy is shifted slightly upon the inclusion of the X .X.
operator. For the subsequent scattering analysis, we cut
the energy at around aF = 1.98. In this range, the A A,
scattering should not be affected by the coupling from
3. 2.. To explore the coupled channel scattering at the en-
ergy range close to the X.X. threshold, additional energy
levels in this range would be required by incorporating
operators with higher momenta. Moreover, the inclusion
of the E, Nn three-body system would be necessary,
which is out of the scope of this study.

In the remainder of this paper, we focus on the single
channel A A, scattering. For the ensemble F32P30, we
computed the correlation function matrix of the four op-
erators AA.(p*=0,1,2,3) and extracted four energy
levels from the GEVP analysis. The highest one is not in-
cluded in the scattering analysis since it is close to the
2. and E.Nn thresholds. We found that the off-diagon-
al elements of correlation function matrix are very small
and do not contribute to the determination of the energy
levels. The energy levels obtained from the diagonal mat-
rix elements are presented in the left panel of Fig. 3,
alongside those obtained from GEVP method. The res-

aE
I
©
N

=gl
=

.

o

2 a8 2
L/a L/a

(a)
Fig. 2.

AE/\L LLlJ
N
n=0 n=1 n=2 n=3

(b)

(color online) (a) Comparison of the energies using both A.A. and Z.N operators (right), and using only A.A. operators (left)

for the ensembles F32P30 and F48P30. The red and blue lines represent non-interacting A.A. and Z..N channel threshold, respectively.
In the right panel, the black and blue points represent the energy levels predominantly overlap with the A A, and E..N operators, re-
spectively. (b) The overlaps of the operators onto the eigenstates from the GEVP analysis using the A A, and Z..N operators for the en-
semble F32P30. The red and blue bars represent the operators A.A. and Z.N respectively. n=0,1,2,3 are the eigenstates with energy

from low to high.
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Fig. 3. (color online) Comparison of the energies using both
AcA. and T 2. operators (right), and using only A.A. operat-
ors (left) for the ensemble F32P30. The black points in the left
panel are the results from the GEVP analysis, while the gray
points are obtained from the diagonal matrix elements. In the
right panel, the black and green points represent the energy
levels predominantly overlap with the A.A, and X.Z. operat-
ors, respectively. The red lines are the free energies of A:A..
The thresholds of Z..N, E..Nr and £.X, are also shown by the
blue, orange and green lines, respectively.

ults are nearly identical except the highest one of which
the signal is pretty noisy and is excluded in the scattering
analysis due to its closeness to the X.X. and E..Nn
thresholds. For the ensemble F48P30, we employ five op-
erators A A.(p* =0,1,2,3,4). To save computational cost,
only the diagonal correlation functions are calculated.

In order to accurately extract the energy levels, it is
favorable to fit the ratio of the two-baryon correlation
function to the square of the single baryon correlation
function:

C;l\c/\c ®) —AE,t _ .
R(?) CLOCL ) A , n=0,1,2,---, (11)
where C} , (?) is the n-th eigenvalue from the GEVP ana-
lysis for the ensemble F32P30 or the diagonal A.A. cor-
relation functions in the case of F48P30, C} (¢) is the cor-
relation function of the single A. with momentum p* = n.
AE,, representing the energy shift of the A.A, system

with respect to two free A, with momentum p? = n, is ob-
tained by fitting R() to an exponential function. In Fig. 4,
we display the effective mass calculated from the ratio
R(1) for all energy levels, the fitted AE and fitting ranges
are also illustrated by the horizontal bands in the plot.
The results are collected in Table 3. The interacting ener-
gies of the di-A, system are then calculated as:

2 2
E,=AE, +2 mf\(—i-n(fﬂ), n=012-. (12

Instead of using the dispersion relation determined by
fitting the A, energies computed on lattice, where the
speed of light ¢ deviates from 1, we employ the con-
tinuum dispersion to estimate the free energies. The E,'s
calculated in this way approximate the interacting ener-
gies under the continuum dispersion relation, and is used
to determine the scattering parameters through Liischer's
formula in the subsequent analysis. Since the continuum
dispersion relation is implicitly applied in the derivation
of Liischer's formula and its generalizations, this ap-
proach is expected to alleviate the effects of the devi-
ation from the continuum dispersion relation, as has been
discussed and applied in the charmed meson scattering
calculations [45—47]. The E,'s are plotted in Fig. 5 along
with the free energies and the solution of the Liischer's
equation, which will be explained in the next section.

IV. SCATTERING ANALYSES AND RESULTS

Liischer's finite volume method provides a direct rela-
tion between the energy of a two-particle system in a fi-
nite box and the scattering phase shift of the two particles
in infinite volume. We consider two A, particles in the
rest frame. The finite volume energies are computed in
the A} irrep of the O, group. If we ignore the contribu-
tions of the partial waves / > 4, Liischer's formula reads

2
Vil

where (k) is the s-wave scattering phase shift, the mo-
mentum k is related to the finite-volume energy E by

E=2 W , Zoo 1s the zeta function and the dimen-

sionless variable ¢ = =—k.
2

We use the effective range expansion up to O(k?) to
parameterize the phase shift:

kcotd(k) = Zoo(L; g, (13)

1 1
kcotd(k) = — + —rok>. (14)
ag 2

0
The parameters ay and r, are determined by minimiz-
ing the x? defined as
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Fig. 4. (color online) Effective mass calculated from the ratio defined in Eq. (11). The red horizontal bands indicate the fitted values

of AE and the fitting ranges.

Table 3. The values of AE fitted from the ratio defined in Eq. (11).

alAEy alAE,

aAE, alAE; alAEy

F32P30 0.00085(47) 0.00475(93)
F48P30 0.00070(15) 0.00255(56)

0.0085(15) 0.0070(16)
0.00433(48) 0.00259(50) 0.00268(37)

[0,0,0] A

2.04 1

2.02 1 Te3e

Z.Nm

2.001

1.98 1 {’

1.96

aE

1.94 4 @

1.92 4

1.901
- $ o AcA

Zcc

1.88 1

2 a8
L/a

Fig. 5.  (color online) Finite-volume spectrum of A.A. sys-
tem. The data points are the energy levels calculated from Eq.
(12). The red solid lines are the free energies of A.A.. The
blue, green and red dashed lines are the thresholds of =N,
r.Z. and E.Nn, respectively. The orange bands are the solu-
tions of the Liischer's equation from "fit1", which will be ex-
plained in the next section.

= Y EL) ~ EPH(Luag, r)ICob [ Ey (L) = Ex(Loag. o),

Lnn
(15)

where E,(L) is the n-th energy level obtained on the lat-
tice with size L, E*"(L,ay,ro) is the n-th solution of Eq.
(13) with parameters ay and rq. C is the covariance mat-
rix of E,(L).

In order to check the finite volume effects, we de-
termined the scattering parameters using the energies
from the ensembles F32P30 and F48P30 separately. The
results are consistent with each other within 1o of the
statistical uncertainty, suggesting negligible finite volume
effects. Our final results are then determined using the
energies from both ensembles. Considering that the ef-
fective range expansion is valid only near the threshold,
we also estimated the systematic error arising from vari-
ations of k? range in the expansion. We performed the fit
using two different data sets: 1. using all energy levels of
the two ensembles, and 2. excluding the highest two en-
ergy levels. The discrepancy between these two fits is
considered as the systematic error from the ERE paramet-
erization. The fit results are summarized in Table 4. As
we only have one lattice spacing, we are not able to es-
timate the systematic uncertainty associated with the fi-
nite lattice spacing. However, in the dispersion relation of
A., the value of ¢? is deviated from 1 by around 4%, we
expect that this effect should be much smaller than the
statistical error. Further investigation on the discretiza-
tion effects needs to do the calculations at various lattice
spacings. Different choice of the fit range used to determ-
in the AE values from Eq. (11) may also cause variance
in the final results. To assess this systematic effect, we
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Table 4.

Results of the scattering parameters by fitting the energies from the ensembles F32P30 and F48P30 separately and collect-

ively (F32P30&F48P30). "fit1" uses all energy levels of the two ensembles, while "fit2" excludes the highest two energy levels.

F32P30

F48P30

F32P30&F48P30

fitl fit2

~0.21(5)
-0.22(21)
0.08

ap/fm
ro/fm

X’ ldof

—0.21(4)
0.11(15)

23

—0.21(4)
~0.05(13)
1.6

~0.28(6)
-0.23(11)
0.3

selected 5-8 different fit ranges for each of the eight en-
ergy levels, ensuring that the y? value remains reason-
able. Then we randomly chose one fit range for each en-
ergy level and determined the scattering parameters from
these energy levels. This procedure was repeated 100
times. The mean values and standard errors of the scatter-
ing parameters from these 100 measurements are ay =
-0.21(4) fm, ro = —0.03(18) fm, which are in excellent
agreement with the "fit1" results in Table 4. These errors
are then estimated as the systematic errors arising from
the choice of fit ranges and added quadratically to the
systematic error from the ERE parameterization to obtain
the total systematic error in our final results.

Our final results of the scattering length and effective
range are

ap=—-0214)8) fm,  ro=-0.05(13)(25) fm,  (16)

where the first error is statistical and the second is sys-
tematic. The energy dependence of the phase shift is plot-
ted in Fig. 6. In the scattering amplitude, there are no
poles in the investigated energy range.

V. SUMMARY AND DISCUSSION

We present the lattice QCD study of A A, scattering
based on two gauge ensembles with 2+ 1 dynamical fla-
vors at pion mass 303 MeV and lattice spacing 0.07746
fm. The finite volume spectrum of the A.A, system is
calculated in the rest frame and Liischer's finite volume
formalism is utilized to determine the scattering paramet-
ers from the finite-volume spectrum. It is found that the
interaction between two A. baryons is repulsive. The
scattering  length  and  effective  range  are
ap =—0.21(4)(8) fm, ry = —0.05(13)(25) fm, respectively,
where the first error is the statistical error and the second
is the systematic error arising from the ERE expansion.
We did not estimate the discretization error since we only
have one lattice spacing.

In this study, the effects of the coupled channels Z..N
and X.X, are ignored in the scattering analysis. We com-
puted the spectrum with both A.A. and E..N operators,
and observed that these types of operators do not mix
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Fig. 6. (color online) Energy dependence of the phase shift.

with each other. Therefore, we opted not to include the
E..N channel in the scattering analysis. Furthermore,
since the energy range explored is well below the X .X.
threshold, this channel is also ignored. To adequately in-
vestigate the coupled channel effects, more energy levels
in the finite volume need to be calculated using more op-
erators that interpolate the three channels with various
momentum combinations. In addition, the Z..Nr three
particle scattering needs to be included since its threshold
is below the X X, threshold in our ensembles. These tasks
pose significant numerical and theoretical challenges, ne-
cessitating further efforts in the future to address these is-
sues.
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