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Abstract: F(R) models for dark energy generally exhibit a weak curvature singularity, which can be cured by

adding an R? term. This correction allows for a unified description of primordial and late-time accelerated expan-

sions. However, most existing models struggle to achieve this, as they become unstable over certain negative ranges

of the Ricci scalar, where either the first or second derivative of F(R) turns negative. These instabilities may disrupt

the post-inflationary evolution when the Ricci scalar oscillates about the vacuum state after the R2 inflation. In this

work, we introduce a new model-building to guarantee global stability, i.e., the first and second derivatives are posit-

ive for all real Ricci scalars. By extending the idea from Appleby and Battye, we demonstrate that viable models can
be constructed by imposing a positive, bounded first derivative of F(R) with a sigmoid shape. As examples, we first
reformulate and generalize the original Appleby-Battye model. Then, we propose a new dark energy model, which
successfully explains the acceleration of cosmic expansion and passes local gravity tests.
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I. INTRODUCTION

Since the discovery of the current acceleration of the
cosmic expansion about a quarter-century ago [1, 2], nu-
merous attempts have been made to explain the underly-
ing repulsive energy source, referred to as dark energy
[3-6]. In addition to the static cosmological constant
[7-9], dark energy could also be attributed to a dynamic-
al scalar field emerging, for instance, from F(R) gravity
[10—12]. By replacing the Ricci scalar R with a general
function F(R), F(R) gravity introduces an additional scal-
ar degree of freedom, dubbed scalaron.

Capozziello was the first to explore cosmic accelera-
tion within the framework of F(R) gravity by incorporat-
ing quintessence, called curvature quintessence [13]. Sub-
sequently, Carroll et al. proposed the first well-studied
model [14], while Nojiri et al. proposed the first potential
unified model to describe both primordial and late-time
acceleration within a single F(R) Lagrangian [15]. Such a
light scalar field would mediate a long-range fifth force,
which is tightly constrained by solar-system tests through
the Parameterized Post-Newtonian (PPN) parameter. For-
tunately, nonlinear effects can screen the propagation of
the fifth force via the chameleon mechanism [16—18].
After a few years of exploration, several viable models
have been successfully developed [19-23].

However, it was soon recognized that these models
typically lead to a weak curvature singularity, occurring
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in the past [20, 22, 24, 25] (for discussions on finite-time
singularities, see [26—29]). As a result, the scalaron mass
exceeds the Planck mass even during the matter-domin-
ated era, signaling the breakdown of F(R) gravity as an
effective field theory. It has been found that adding an R?
term can naturally remove the singularity, and the result-
ing R?-corrected dark energy may provide a unified de-
scription of primordial and late-time acceleration of the
cosmic expansion [30—33]. For general considerations or
related work, see Refs. [34—41].

In such a unified scenario, the standard sequence of
inflation, reheating, radiation-dominated, matter-domin-
ated, and dark energy-dominated epochs must be pre-
served. In the original R? inflationary model, post-infla-
tionary reheating begins when the linear R term domin-
ates over the nonlinear R* term and oscillates around the
vacuum state R = 0. Adhering to this reheating mechan-
ism suggests that not all viable dark energy models can
fulfill these criteria, as many become unstable when
R <0. The only viable model, to the best of my know-
ledge, is the Appleby-Battye model [31], which, unlike
others, was specifically designed with the condition
Fr > 0 for all ranges of Ricci scalar [21]. For recent cos-
mological constraints, see [42].

In this paper, we will generalize the idea from the Ap-
pleby-Battye model and demonstrate that the favored
form of Fg(R) is a bounded function with a sigmoid
shape, with its midpoint (or center of symmetry) determ-
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ined by the critical curvature. In addition, the ACDM
model (for positive R) can be regarded as an extreme case
of these sigmoid functions, i.e., the Heaviside delta func-
tion of R.

The Appleby-Battye model contains exponential
terms, and as we will show, the first derivative is actually
the logistic function. For comparison, we will also intro-
duce a new model whose first derivative approximates a
power-law behavior in the high-curvature limit. Con-
sequently, our model resembles the well-studied Hu-
Sawicki model in the high-curvature limit but achieves
global stability. We demonstrate that this model can ac-
count for the current cosmic acceleration by explicitly
solving the Friedmann equation. Furthermore, the effect-
ive Equation of State (EoS) parameter for the dark en-
ergy component exhibits phantom crossing behavior, a
common feature of F(R) dark energy models [43—45].
Next, We constrain the model parameters by confronting
our model with local gravity tests. Finally, We discuss the
unified description of dark energy and inflation within the
framework of globally stable models.

Throughout this paper, we adopt natural units with
c¢=Fh=1 and focus exclusively on the metric formalism,
where the metric signature is (—,+,+,+). A prime "/" and
a subscript "R" denote derlvatlves with respect to the
function's argument and Ricci scalar, respectively.

II. BASIS OF F(R) GRAVITY
The action of F(R) gravity is given by

1
S = T Pyl d4x V— F(R) + S Mateer »

@)
where «* =8rG = 1/M3, with G being the bare gravita-
tional constant and Mp ~2.44x 10" GeV being the re-
duced Planck mass, Sy 1S the matter action describing
all non-gravitational parts. For convenience, we define
F(R) = R+ f(R), such that the modification to the general
relativity is encoded in f(R).

Variation with respect to the metric g" gives the
modified field equation,

1 2
8wl =«T,,.

guvDFR_ )

V. V,Fr+R,,Fr— 2)

where Fr=0F/0R. The trace of the field equation (2)
reads

30fx+Rfx—2f —R=K*T", 3)
indicating a propagating scalar degree of freedom, f,
dubbed scalaron. The dynamics of the scalaron is subject
to an effective potential U.g:

6Uetf

Ofz = A E(Zf Rfx+R+« T") 4)
The mass squared of the scalaron at the extremum
OUer _ 0 i defined b
af, O is defined by
w2V L - R )
fr (9f,§ 3fRR R™ RR) -

On the other hand, the vacuum solutions can be de-
termined from

2f—Rfx+R=0. (6)

Especially we have R =4A in the ACDM model. If the
solution satisfies

1+ fz
Srr

>R, (7)

then the de sitter point is future-stable with the mass
squared being positive.

We can rewrite the action in the form of scalar-tensor
theories by introducing an auxiliary field y:

S =55 [ AN [FQO+F ) R=0] +Svaer- (®)
Variation of the action with respect to y yields
FoR-x)=0 9)

If F,, is not identically vanishing, then y = R. Therefore,
we can define

Y=F,(x), (10)
F F
Uy = XTI, (an
such that
/d4x \/_( WR U(l!/)) +SMatter- (12)

Since the field equation (3) is a fourth-order differential
equation of g,,, an intuitive way is to transform the ac-
tion into the Einstein frame through the Weyl transforma-
tion:
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8w =Fr(R)g, = e’zﬁ“"gﬂy, (13)

where f is the coupling constant, and ¢ is a new scalar
field defined in the Einstein frame:

1
QDE—%MPIIHFR. (14)
. 1 o . .
Choosing 8= e the action is rewritten as the Ein-
stein-Hilbert term plus a canonical scalar field:
i P e DT
S= [ dx\/-8|5;R-58"0,9)0¢)
2k 2
- V(‘P) + e4ﬁKW~EMatter:| s (1 5)
where, V(p) is the potential of the scalaron given by
Il RFR(R)-FR) _ UW)
Vip) = — = . 16
@)= 3 R® F2(R) (16)

In the Einstein frame, the scalaron is non-minimally
coupled to the matter fields, and the energy-momentum
tensor of matter fields is

I =T, =T, (17)
So does the energy density p=e*¥p and pressure
P=e*p. Since w=P/p,the EoS parameter is inde-
pendent of frame transformation. On the other hand, the
conserved energy density in the Einstein frame is

ﬁ* = e—(l—3w)[fmpp — e3(l+w)ﬁx«pp’

(18)

rather than 5. For dust-like matter w =0, p, = €¥%p; for
radiation, w = 1/3, p, = e¥p = p.
The equation of motion for the scalaron is

fip =V, - Bre P Th . (19)

Thus, the scalaron is subject to an effective potential:
Veir(p) = V(p) + ' 7Pp, . (20)
so, the effective mass squared is defined by

mi = Vet po(@min), Where @i 1s the equilibrium value cor-
responding to the minimum of the effective potential,
which is determined by the trace T%.

III. DARK ENERGY

Generally speaking, a cosmologically viable model
for dark energy in F(R) gravity should at least satisfy the
following viability conditions [31, 43]:

Fr(R)>0, Fgr(R)>0 forR>R,, (21)
where R, be the maximal de sitter solution. The first con-
dition is imposed to evade anti-gravity and ghost state of
the graviton [31, 46, 47] and the second condition en-
sures the mass squared to be positive and avoid Dolgov-
Kawasaki instability and Tachyon instability [31, 48—51].
Other viable conditions can be inferred from dynamical
analysis [43]. To be distinguished with ACDM model, it
is suggested that F(R) gravity does not contain true cos-
mological constant, i.e., F(0) =0 [20].

The above conditions impose stringent constraints on
possible forms of the F(R) function.

Some well-studied viable models satisfying the above
requirements are (with different notations to the original

papers):

e Hu-Sawicki model [19]

R Rc 2n
FR)=R-R, L RIRI" (22)
o (R/IR)™ +1
_ KzﬁmO
where, cj,c, >0 are free parameters. Rc = 3 where

Pmo = Pm(Ina = 0) is the averaged matter density today.

e Starobinsky model [20]

F(R)=R- AR, {1— (1+§z)_n} ,

C

(23)

where, n,4 >0, R. is the order of the observed cosmolo-
gical constant A ~ 107%6eV2,

e Tsujikawa model [22]

F(R) = R— AR, tanh (Rﬁ) , (24)
where, 1,b > 0.
e Exponential model [23]
F(R)=R-AR. (1-¢ %) (25)

where, 1,b > 0.
These models are carefully constructed by requiring
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the F(R) to satisfy the viability conditions. Physically, it
is required that |[F(R)—R| < R, Fr—R < 1, and RFgz < 1
for R > Ry = R(ty) to preserve the success of general re-
lativity [31]. Practically, as shown in Fig. 1, all models
listed above approximate to F(R)~R—-AR.+--- in the
high-curvature limit. Therefore, AR. can be interpreted as
2A. Although it is claimed that there is no true cosmolo-
gical constant in F(R) gravity if we impose F(0) =0, it
effectively introduces a cosmological constant in the Lag-
rangian. Mathematically, this is because one has to intro-
duce a critical curvature R, to ensure a correct normal-
ized argument, R/R., in the nonlinear function f(R). It
leads to different asymptotic behaviors in various limits,
with F(R> R.) » R— AR, in the high-curvature limit. In
this work, we adopt the asymptotic behavior as a con-
straint for parameterizing models while acknowledging
that some alternative models may not satisfy this condi-
tion. It is important to note, however, that this behavior is
not a necessary condition for our model-building process.

As shown in Fig. 2, one also notes that Fr and Fgg
become negative when R ~0 for most models listed

3F ]
2 S ]
/‘/I
1 A7 ]
<
> 0 R N 1
S —
s "'." .J'
~ —1r /// R D, GR b
,’/ === Tsujikawa
-2 Exponential B
----- Hu-Sawicki
-3 —— Appleby-Battye -
L ACDM
iy o " L L L
~4 —2 0 2 4 6
R/A
Fig. 1. (color online) Comparison of F(R)/A versus R/A for

existing models, with all parameters set to unity. The Starob-
insky model is not shown here, as it coincides with the Hu-
Sawicki model for n=1.

above. Although this does not pose an immediate issue
since R ~ 0 is generally inaccessible in redthe current uni-
verse, it introduces challenges when attempting to build a
unified model by adding an R term to the F(R) Lag-
rangian to explain both primordial and late-time cosmic
acceleration. Specifically, in the original R? inflation
scenario, efficient reheating necessitates an oscillating R
around the vacuum state R = 0. Consequently, for model
stability, it is essential that Fg >0 and Fgg > 0 hold with-
in the accessible negative R region. Otherwise, for in-
stance, if Fgr <0, the vacuum state becomes unstable,
and the scalaron mass diverges when Frr =0 [11].

On the other hand, the Appleby-Battye model (the
black solid line in Fig. 2) has no such problem since it
was constructed by initially imposing Fr >0 for all R
[21]. The advantage of constructing models starting from
Fr(R) rather than F(R) is that it is easier to ensure Fr >0
and Fgp >0 for all R. However, the disadvantage is that it
is not always straightforward to explicitly derive the
primitive F(R) function by integrating the given Fy func-
tion. Frg >0 means that Fr should be monotonically in-
creasing. In addition, Fz >0 and F(R> R.) - R—2A re-
quire that it is a bounded function, 0 < Fg <1 [21]. The
first derivative of the Appleby-Battye model (27) was
chosen as [21]

Fr= % (1 +tanh(aR - b)), (26)

where a and b are free parameters. The resulting F(R)
model reads [21]

F(R) = %R + 2171 In[cosh(aR) —tanh(b)sinh(aR)].  (27)

The other form often seen in the literature is written as
[31]

R h(R/exs -
FR) =R &8y, | c0Sh R/ =D) |

2 2 cosh(b) (28)

Ej; 0.5F 1 4
& !
0.0F " ]
S
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Fig. 2. (color online) Comparison of Fgr(R) (left panel) and AFgr(R) (right panel) versus R/A for existing models, with all parameters

set to unity.
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where €xp = Ry,e/ (b+1In(2coshb)), with b being the mod-
el parameter and R,,. ~ 4A being the vacuum curvature.

Obviously, Eq. (26) is not the only choice that satis-
fies 0 < Fr <1 and Fgg > 0 for all R. To facilitate finding
the primitive function for a given Fr(R), we suggest that
the desired Fr(R) function should adopt a sigmoid shape,
with its midpoint (or center of symmetry) determined by
the critical curvature R.. Moreover, the interval over
which Fg(R) transitions from Fr(R)=0 to Fr(R)=1
should be narrow, enabling Fz(R) to approach the ACDM
limit rapidly; here, (the positive part of) the ACDM is re-
garded as an extreme case of the sigmoid function, i.e.,
the Heaviside delta function. Then, the F(R) model can
be derived by integrating the given Fj function and fix-
ing the integration constant through the condition
F(0) =0. As examples, we shall first reformulate the ori-
ginal Appleby-Battye model (27) to show the exponen-
tial suppressed term explicitly. Then, we propose a new
model whose first derivative exhibits a power-law beha-
vior in the high-curvature limit.

A. Appleby-Battye model revisited

We note that the function (26) is indeed the well-
known logistic function:

L

SO = e

(29)

where L is the maximum, & controls the growth rate or the
curve's steepness, and x, is the midpoint. Analogously,
the suggested form of F function is

Fr(R) = (30)

1 +be Rike

1
One notes that the midpoint is (Rc lnb’i)’ where the

parameter b controls the shift of the midpoint, and the
curvature scale R. controls the steepness of the curve or
the clockwise rotation with respect to the midpoint. Spe-
cifically, the larger R. is, the shallower the curve be-
comes; conversely, the smaller R, is, the steeper the curve
is, and the closer the function to the ACDM model with
F R— 1.

Integrating Fr(R) with respect to R yields the primit-
ive function,

F(R) =R.In ("% +b) +C, (31)

where C is an integration constant. It can be fixed by im-
posing F(0) = 0, such that

C=-R.In(1+b). 32)

Then, the full F(R) function reads

F(R)=R-R.In(1+b)+R.In (1 +be™%)  (33)
In the high-curvature limit, we have
F(R>R.)=R—-R.In(1+b). (34)

To mimic the ACDM model in the high-curvature limit,
we require that AR, =2A, with A defined by

A=In(1+b). (35)
The resulting F(R) model is then
F(R)=R—-AR.+R.In[1+ (e'=1)e™%] . (36)

To quantify how it deviates from the ACDM model,
we further parameterize the model as

F(R)=R-2A+&AIn[1+ (e¢=1) e, 37
where £ =2/1=R./A characterizes the relative size of R,
with respect to A. One finds that £ controls the curve's
steepness: the smaller £ is, the steeper the function is, and
the closer the F(R) model to the ACDM model. When
£=0, the Fp becomes a Heaviside delta function at
R=0, and the model recovers the ACDM model (for
R >0). For fixed curvature, the model approximates as
follows:

R-2A, &—-+0,

F(RIR > 2A) = (38)

R & — +o0.

We see that the new form (36) provides an alternat-
ive understanding of how each parameter and each term
works. Furthermore, one can see how it differs from the
Tsujikawa and exponential models, which also contain
exponential terms. We find that the key point of Eq. (36)
to guarantee Fr >0 and Fgg > 0 for R <0 is that the non-
linear term in Eq. (36) is indeed "linearized" when
R <« —R,.; this results in an absolute Ricci scalar |R|,
which is canceled by the linear term R.

The generalization of model (30) is straightforward:

1

FR(R) = (1 +be_R/RC)n )

(39

where b,n > 0. It is positive for all R, and its derivative is
also positive,
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nb e RIRe
Frr(R) = B 1 _opntl
R, (1 +be R/RC)

>0. (40)
One finds that Fi(R) and Fr(RR) decrease faster as n in-
creases.

Integrating Eq. (39) yields

Rc -n
F®y=— (b+ €M) (be /R +1)
n
2F1(1,1;n+1;—eR/R°/b)+C, 41)
where, C is an integration constant and

ex
2Fy <l,l;n+1;—;> is hypergeometric function. It has

simple form if n € Z; for instance, when n = 2, we have

l—e®E& p
- — R
1+be iR 1+b
+Rcln(1+be"R/R“') ,

F(R;n=2)=R—-In(1+b)R. -

(42)

where the condition F(0) =0 has been applied to elimin-
ate the integration constant. Further exploration of the
generalized model is left for future work.

B. New model

Having shown the benefit of the sigmoid Fy function
and reproduced the original Appleby-Battye model, we
now consider models that exhibit a power-law behavior
in the high-curvature limit. A simple sigmoid Fj func-
tion is

V(R/R.—b)*+c+R/R.—b
2/ (R/R. b)Y +c

where b,c are free parameters and R. is the critical
curvature. It is required that ¢ > 0 for model stability, and
we impose that R. > 0 with b unconstrained.

1
The midpoint of the function is (bRC,E). For fixed

curvature R, b controls the shift of the midpoint and ¢
controls the clockwise rotation: the smaller c is, the steep-
er the curve becomes, and the closer the model is to the
ACDM model. When ¢ =0, it becomes a Heaviside delta
function:

Fr(R) =

(43)

1, R/R.>b,
R/R.—b|+R/R.—b 1, R/IR.—b— 0",
FR(R|c=O)=| / |+R/ _ / -
2|R/R. - b| 0, R/R.—-b—0"
0, R<DbR..

(44)

Therefore, F(R) model is indistinguishable with ACDM

model when ¢ =0 and R > bR..
Integrating Fr(R) yields the primitive function

F(R) = §+% V(R/R.—b)*+c+C,

where C is an integration constant, which can be determ-
ined by imposing F(0) = 0:

(45)

C:—% Vb2 +c. (46)
Then, the full F(R) function reads
R R R
FR) =3 + 3 \/ (R/R.—b)* +c— ? Vb2 +c.  (47)
In the high-curvature limit,
R cR 1
~R— ¢ 2 e =
F(R>R)~R-~ (b+ Vb +c) * 4 RIR D (48)

To mimic the ACDM model, we impose AR, = 2A, with A
defined by

= % (b+ Vb2 +c), (49)
Since ¢, A > 0, the parameter b is constrained to be
b<A. (50)
Therefore, the alternative form is
F(R)=R— AR, + % V(R/R. b +4A(A~b)
—%(R/Rc—b). (51)

One observes that, when R/R.> b, the above equation
reduces to F(R) = R—2A. On the other hand, the relation
R > AR. > bR, gives the following asymptotic behaviors:

R-2A, b—2,

F(R) = (52)

R’

b— —o0.

It seems that b can well describe the deviation of this
model with respect to the ACDM model. Therefore, we
can parameterize the model by defining a dimensionless
parameter

Cc

l-==—.
42

&

(53)

~| S

Then, the model becomes
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F(R)=R—-2A+A\/(RI2A+£E— 1)} +46 - A(R/2A+E—1) .

(54)
It has the following asymptotic behaviors:
R-2A, &§—-07,
3
=S R-2A+2N—""—F— 1
F(R|R > 2A) + RI2ZA+£-1) E>1,

R, & — 4o00.

(55)

The allowed parameter space of & is 0 < & < +oo0, while
observational constraints suggest £ < 1. Furthermore, we
find that » and c are not entirely independent according to
the definition of & Following Ref. [19], one can fix

8m
R. = 3 Pm, such that the physical density parameter in-

ferred from the ACDM model applies to F(R) models as
well. With R, determined, once £ is known from the ob-
servation, other parameters are also determined,
& — b — 1 — c. Therefore, our model has only one addi-
tional free parameter compared with the ACDM model.
Moreover, £ < 1 means that b — 1 and ¢ < 442,

Finally, the generalization of this model to higher
powers is straightforward:

F(R) =

|

R. n
= [(R/R. by +¢]"™ +C. (56)
where C is a constant. Imposing F(0) = 0, we have
R, n
c=-3 (" +c)'. (57)

Then, the full function reads

F(R)Z 1/2n_

(ST

RC n RC n 1/2n
ey [(R/R.— )" +c] 5 (0" +c) . (38)

In the high-curvature limit,

cR.

o _ & 2n 1/2n -
FR>R)~R=7 [o+ (67 +) ] + (R/Rc— by
(59

We require AR = 2A, with 4 defined by

1

A== b+ (b +c)™] (60)

N

Since ¢, A > 0, the parameter b is confined to

b<A. (61)

Therefore, the alternative F(R) form reads

F(R)=R-AR. + % [(R/R.— )™

/2n
+QA-b)" ] :

- % (R/R.-b).  (62)

b
Likewise, by defining &= 1—1, the model can be

parameterized as

1/2n

F(R)=R-2A+A[R/2A+£-1)"+(1+6)™ - (1-9™]

—AR/2A+E-1).
(63)

For later convenience, we define x = R/A and rewrite the
model as following dimensionless forms:

FR)/A=x-2+ [(x/2+¢f— 1)2" +(1 +§)2n - _§)2n:| 1/2n

—(x/2+£-1),
2n—1
FaR)= -+ 1 (x/2+&-1) _
2 2 [(.X'/2+§— 1)2n+(] +§)2n_(1 _6)2'1]7
-1 (2+£-D"2[(1+9" - (1 -]

Yol DM T - (-6
(64)

One can readily observe that Frr >0 if n> 0.5, and the
Fr(R) function satisfies

1, R— +oo,
Fr(R) = { (65)

0, R— —oo.

In the high-curvature limit, Egs. (64) approximate to
(up to first order of &)

fIAN= -2+ (é)%* 2¢,
f z—(zn—l)(ﬁ)%f,

2 2n+1
AfRRzn(Zn—l)(m) &. (66)

Note that the &s in the two classes of models have dif-

ferent meanings. In the Appleby-Battye model,
R, . . . o
=7~ A Mmeasuring the relative size of the critical

curvature with respect to the cosmological constant,
whereas in our model,
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2A—bR,

¢ 2N

(67)

measuring the relative difference of bR. with respect to
2A. To satisfy the observations, therefore, £ < 1 in our
model, while £ <1 in the Appleby-Battye model. It is
known that the potential for most of F(R) dark energy
models are multi-valued, and only the branch correspond-
ing to Fy > 0 is physical. Using the Hu-Sawicki model as
an example, we observe that, as illustrated in the left pan-
el of Fig. 3, only the black sections of the curves are
physically relevant. This is not true in globally stable
models since Fr >0 for all R. As shown in Fig. 3, the
multi-valued nature of the potential naturally disappears
in our model. Therefore, the scalar fields defined in both
frames exhibit a one-to-one correspondence.

IV. COSMOLOGICAL EVOLUTION

We now study the cosmological evolution by expli-
citly solving the Friedmann equation. In the flat Fried-
mann-Lemaitre-Robertson-Walker (FLEW) spacetime,
the modified Friedmann equation is

8nG

8nG
H* = Tptot = 3 (o +pae) (68)

where we have defined an effective energy density rising
from modified gravity

3 [1 .
e=— |-Rfr——Hfz—H fz| . 69
Pd 871G 6( fr=1) Iz fr (69)
Analogously, the modified acceleration equation is
2H +3H" = -87G P, = —81G (P + Py.) , (70)

where the effective pressure is

1
Pdezi

— [f'R+szR+(2H+3H2)fR_%(RfR_f> .

(71)

Hence, the effective EoS of the system and dark energy
are defined by

P 2H
off = =—1-—, 72
et Prot 3H? (72)
and
P, 3H?>wes—8nGP
W = = 22 (73)

Pde 3H?—-87Gp

respectively. Substituting p oc a=>*") into the Friedmann
equation gives

3l 5 ] 1.0 i
i o8t .
2 H ]
& Koep 1
” 1 F o osenssnnnnnnsnnsnnnnnnnann® ‘.“ - ||
= : = 04f ]
0 . ]
. 02} i
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= o025} 1=
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Fig. 3.

-8

Comparison of the Jordan-frame field (upper panel) and potential (lower panel) between the Hu-Sawicki model (left panel
with n=1 and £ =0.1) and our model (right panel with n =1 and £ =0.1). Here, pp = 5

A
2
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1 R
H* + H* fr— ¢ (Rfe=f)+HfuR

= H; (Qmo(l +2’ + Q1 +z)4) ) (74)

where the density parameter Q; and Hubble parameter H,
are model-dependent, i.e.,

Q 0 + Q/_\CDM

ACDM
i0 ’ HO # HO ’

(75)
However, their combination, the physical density para-
meter w; = Q;42, is usually model-independent. Therefore,

QuH? = QI{BCDM ( H(/)\CDM)Z . (76)
This relation is convenient when making comparisons.

We now rewrite the equations in a dimensionless
form. We first define dimensionless Hubble parameter
E=H/H)™ (in the following, we neglect notation
ACDM) and replace the cosmic time ¢ by redshift z.
Then, the Friedmann equation becomes

2 E* 3E
E3 (1 Z(E Zz _ Z>A
0y, " IO\ Bty ) M
+[(1+2)EE.~E?] fy
Q
+{E%TAO%—Qmo(1+z)3—£zm(1+z)4}=0, (77)

where the subscript ”z” denotes a derivative with respect
to z. According to f(R) and its derivatives, the above
three terms, respectively, represent the second-order,
first-order, and zeroth-order corrections of the Fried-
mann equation in F(R) gravity with respect to the ACDM
model (with f=-2A). In addition, we have written all
quantities in dimensionless forms, i.e., f(R)/A, fx(R) and
A fzr. The Ricci scalar is normalized by

R/A = 2E (QE-(1+2)E.), (78)
Qo

where, Qo = A/3H;.

We assume that the F(R) model reduces to the
ACDM model in the high redshift to solve the modified
Friedmann equation. Then, the initial conditions can be
inferred from the ACDM model:

E= \/Qro(l +2)" + Qo (1+2)° +Qao,

1
E.= —

=0 [4Q0 (1+2)° +3Quo (1 +2)] .

(79)

Therefore,

E(zini) = EM™(zin),

Ez(Zini) = E?CDM(Zini) . (80)
After solving E(z) and E.(z), the calculation of the eff

EoS for the system and the dark energy component is
straightforward:

2E.(1
N 2 ( +z)’

Wetf:_l 3E

(81)

EE. — EACDMEACDM
E? - E12\CDM + QAO ’

wde:—l+§(l+z) (82)

Note that the density parameters used here are those from
the ACDM model. The resulting Hubble constant and
density parameter are

Hy = HY™ME(z = 0), (83)
QACDM

Qm — 'm0 . 84

0= E2:=0) (84)

Substituting our model into Eq. (77), we can extract
the Hubble parameter and EoS. As shown in Fig. 4, the
Hubble parameter in F(R) deviates from that in ACDM
model when z <2, resulting in a slightly larger Hubble
constant. Figure 5 compares the differences in EoS
between the two models. We find that the two models ex-
hibit a similar evolution of the EoS for the system;
however, the EoS for the dark energy component shows
significant differences: there is a phantom crossing in our
model when z < 4 (with initial values chosen above). This
behavior is a universal characteristic of F(R) dark energy
models [19, 44, 52—55]. Therefore, our model can be dis-
tinguished from the ACDM model.

V. LOCAL GRAVITY TESTS

In this section, we confront our model with local
gravity tests. The calculation details refer to Refs. [11, 16,
17, 56, 57]. For the latest reviews on chameleons, see [58,
59].

A. Chameleon mechanism

In the Einstein frame, the scalaron couples to the trace
of energy-momentum tensor matter with a universal
coupling constant 8=—1/V6. In the dense region, we
have T! ~ —p,,. We consider a spherical static body with
radius 7., in which case the background spacetime is ap-
proximated to the Minkowski one. Variation with respect
to Eq. (15) yields
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where the effective potential is
Veir(p) = V(p) +€™p... (86)

p. 1is the conserved energy density in the Einstein frame
(18) satisfying #p, = r*p. For given mass density p., the
effective potential minimum is determined by

V o(@min) + Bre™minp, = 0. 87)
In dense environments like our galaxy and solar system,
R > R., therefore we can use the approximated forms of
our model (66). Then the potential is approximated as

2n-1

Zﬁi} v é::| , (88)

V(p) ~ pre®s {1 —2Bkp —2n {(Zn mY:

where pa = 2

For convenience, we assume that the density distribu-
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8
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Fig. 5.  (color online) Comparison of the EoS parameter

between our model and the ACDM model, with n=2.5 and
£=0.01. The upper and lower panels display the effective EoS
for dark energy, wq., and the effective EoS for the entire sys-
tem, weg, respectively.

tion is constant both inside (7 <7.) and outside (7> 7.)
the body, denoted by pi, and g, respectively. It satis-
fies Py < Pin. Then, the mass and gravitational potential
are

4
Mc = ?ﬂ;ﬁﬁin’ (89)
GM, # ,._
(Dc = = _ in (90)
e 6
Since R > R., we have R ~ p,, and
SRy RN o
T \p )

PA < Pout < Pin Indicates |kpi,| < |kpou] < 1. The effect-
ive potential has two minima at ¢;, and ¢, correspond-
ing to Vig(pin) =0 and Vig(@ow) = 0. Since pp < Pout < Pins
we have |k < lkgou] < 1. The effective mass of the
scalaron is
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ﬁ*
2pa

2 ﬁz A 2n+1
nn—-1)¢& ( ) '
Eq. (85) can be regarded as an equation of motion in
terms of time 7 under the effective force term —dV.qg/dyp
and friction term 2%¢. We assume the following bound-
ary conditions:

(92)

2 _
m(p = Veﬂ‘,wcp(gomin) ~

7 odr

dy
—N:O :0
d?(r )=9,

@(F—> ) = Qo . (93)
By solving Eq. (85) the field profile outside the body is
approximated to

~ Zﬂeﬁ GMC
tp(r) ~ Pout — -
K r

e—mom(F—Fc) ,

(94)

where the effective coupling B.r =3Ben is defined in
terms of the thin-shell parameter

— K (Qoout - Qpin)

50, (95)

th

The condition €, < 1 corresponds to the so-called thin-
shell effect, significantly reducing the effective coupling.

B. Solar system constraints

We shall first confront our model with the post-New-
tonian solar system tests. The spherical symmetric metric
in the Einstein frame is

d§* =g, dxdx" = — (1-2A()) dr* + (1+28(F)) dF + FdQ°.
(96)

In the weak-field approximation, we hg\]/‘i:l A < 1 and
B(F) < 1. In addition, AR = B(F) = Z .
body. The Jordan-frame metric is written as

outside the

ds* = g,dx'dx’ = — (1 = 2A(r))df* + (1 + 2B(r)) dr* + r*dQ*.

7

For e**¢ ~1+2Bkp, the gravitational potentials trans-
form as

A(r) = AF) - Brgp(F), (98)

B() = BE) - et 99)

dln#’

|‘pout| > |§Din| ]mplles that

- 6ﬁ6th GMC

_ 6ﬂ €th (Dc
Pout ~ = .

K Te K

(100)

Setting 7 =~ r, the thin-shell solution (94) at r > r. approx-
imates to

o(r) ~ P GMe {5—1}. (101)
K r re
Substituting the above into the potentials gives
Ar) = Giﬂ {1 +68%u (1 - ri)} , (102)
B(r)= Gjrm (1-68) - (103)
Therefore, the PPN parameter is
vz B(r) 1-68%, (104)

A(r)  1+68%en(1—r/r)"

The current constraint is |y — 1| =2.3x 107> [60—62]. Set-
ting r=r., then for F(R) gravity with 8=—1/V6, the
PPN constraint transforms into the constraint on the thin-
shell parameter:

€no <2.3%x107°. (105)
It together with Eq. (91) gives
2n—1 <2,0A>2”§<23X10_5 (106)
122D \ pous . )

The potential of the Sun is @, ~2.12x107%, the mean
density of our galaxy is poy = 107 g-cm™, and the dark
energy density associated with the cosmological constant
is about py = 107 g-cm™, therefore the above equation
is an inequality in terms of ¢ and n. To break down their
degeneracy, we consider their relation at the de Sitter
point. Substituting our model (66) into Eq. (6) yields

2 2n
28 =
X1 —2> § 0’
(107)

x1—4+(2n+1)( 2>2n712§+(2n—1)(

X1 —

where x; =R;/A. Because x; =4 in the ACDM model,
we assume that the exact de Sitter solution in our model
is the ACDM solution plus a term up to the first order of
& i.e., x; ¥ 4 +aé. Substituting it into the above and keep-
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ing terms up to the first order gives a = —8. Hence, we
find x; ~4-8¢£. On the other hand, stability conditions
require that the vacuum solution satisfies (7), thus

1
S Sren-1° (109)
Comparing it with Eq. (106), we finally obtain
n>0.95 or n<0.50001. (109)

we choose n>0.95 to distinguish ACDM model expli-
citly. Correspondingly, & is constrained to £ < 0.083.

C. Equivalence principle constraints

Lastly, we constrain our model through tests for viol-
ation of the equivalence principle. We consider the thin-
shell effect (101) of the Earth, the Moon, and the Sun.
Then, the relevant accelerations are

GM,

as = |kBur¥e(r)| = 2unero—z" (110)

M
N (1 +2ﬁeﬂ'ﬁeﬂ',o) )

2

a=axg+as= (111)
where the subscripts "5" and "N" denote the fifth force

2 Therefore, the total
acceleration for the Earth (ag) and the Moon (a, ) are

and Newtonian gravity, an = 2

GM,
== 2 (1+18F°€nscno)

GM, D
= =50 (l+18ﬁ2€‘2h’®5:> ,

g

(112)

dy =

GM,
2 = (1 + lsﬁzfth,efth,o)

GM o2
>0 {1+1852651®7@} :
r? REON N

(113)

On the other hand, the upper limit on the relative differ-
ence in free-fall acceleration toward the Sun, obtained
from Lunar Laser Ranging experiments, is given by [63]

Ao — d
ldo = do| <x10713,

114
lag + ae| ( )

Substituting the gravitational potential ®g=~7.0x 10710,
@, ~3.1x 107! and @, =~ 2.1 x 107° into the above gives

€ne < 1.3%107°, (115)

According to Eq. (95), the field profile outside the Earth
is bounded to

|kous| < 3.7x1071°. (116)

The corresponding constraint on the Jordan-frame field
amplitude is

| frow| <3.0x1077. (117)

Note that the above two. constraints are model-independ-
ent. We finally apply the constraints to our model (108)
and obtain the lower limit of the model parameter

n>14, (118)
It is more stringent than that inferred from the Post-New-
tonian constraint.

VI. UNIFIED DESCRIPTION

In this section, we discuss the unified description of
the primordial arld2 late-time acceleration in F(R) gravity,

R
F(R) = Fg.(R) + TR The first derivative reads

Fr(R) = FSO(R) + % ) (119)
After inflation, the Ricci scalar oscillates around its vacu-
um state, resulting in explosive particle production. For
model stability, the condition Fr >0 must be satisfied.
Given that the last term on the right-hand side is negative
for R <0, F\"(R) must be positive to meet the stability
requirement. Consequently, viable models such as Hu-
Sawicki, Starobinsky, Tsujikawa, and exponential mod-
els do not satisfy this condition. In contrast, globally
stable dark energy models are constructed by requiring
F®(R)>0 for all R initially, thus potentially allowing
for a unified description. However, even globally stable
models require some modifications to adapt to this uni-
fied scenario fully.

In our construction, F\\*(R < R, — 0, which also
lead to F <0 for R < 0. Fortunately, this issue can be ad-
dressed with minor improvements. To maintain a posit-
ive Fr within the interval —M? <« R < M? of interest, we
can adjust the asymptotic behavior of the original dark
energy model to offset the negative contribution from the
term ﬁ. At the same time, to remain consistent with
late-time observations, we should retain the original
asymptotic behavior F(R) - R—2A for R, <R < M>.
We discuss the Appleby-Battye and our models separ-
ately in the following subsections.
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A.

The improvement of the original Appleby-Battye
model has already been studied in Refs. [31, 42], where
the resulting model is called gR*-AB model and is ex-
pressed as:

Improved Appleby-Battye model

R2
+
6M?2’

(120)

F(R) = (1—g)R +geln {COSh(R/E_b)}

coshb

where the factorR g is introduced to compensate for the

negative term 5. It is restricted to 0 < g < 1/2; when

3IM
g =1/2 becomes the R*>-AB model and when g =0 it re-
covers the original R? inflationary model. This factor is
obtained by integrating Fzz over —M? < R < M* and re-

quiring Fgg >0 [31]:

_ Fa(R) -~ Fa(-R)

, Ry < R < M>.
2Fa(R) ) KR

(121)

We shall derive it from a different point of view.

We require that the Fr(R) function behaves as a sig-
moid curve and the original Appleby-Battye model  cor-
responds to the logistic function (29), where the lower
limit approaches zero as R — —infry. However, we aim
for Fy to decrease more gradually for -M* < R/R. < -1,
which necessitates a positive lower limit. To achieve this,
we introduce the modified logistic function:

L-B

S =B+

(122)

where B, L, and x, represent the lower limit, upper limit,
and center of the curve, respectively, and k£ controls the
slope of the curve. Then, the favored Fr(R) function
reads

R
3m?’

1-J

PR = I T e

(123)

where we introduce a factor j, analogous to g: j=0 cor-
responds to the R2—AB model and j=1 to the R? infla-
tion.

Integrating Fy yields

2

R
F(R)=jR+(1- )ln(b+e*™ )R+ — +C.

Ve (124)

where C is an integration constant that can be fixed by
imposing F(0) =0:
C=(G-DIn(1+b)R.. (125)

Thus, the model is

R2
6M?’
(126)

F(R)=R—-(1-j)R. [In(1+b)—1In (1 +be ®*)] +

With the following redefinition, one finds that it is equi-
valent to the gR?-AB model (120):

b—e?, (127)
1-j—2g, (128)
R.— = (129)

B. Our model

Lastly, we discuss improving our model to realize a
unified description. Following the approach of the previ-
ous section, we introduce the j-factor:

p— 2 —
FR(R):]_J,”\/(R/RC b +c+R/R.—b RZ‘ (130)
2\/(R/R.-b)*+¢ 3M

Clearly, j=0 and j=1 correspond to the R? inflationary
model and the R*-corrected model, respectively. When
R/R. > 1, we find

R
FrlR) =1+ — 131
R() +3M2, (3)
and when R/R, < -1,
FrlR)=1-2j+—, 132
r(R) J+3M2 (132)
1 R

i<+ —— 1
]<2+6M2’ (133)

as expected. To ensure that our model remains positive
for —M? < R < M?, j should satisfy

1
0<j<3. (134)
Integrating Fy yields
(1= r+ IR/ RIR. DY S
F(R)_(l 2)R+2RC (R/R.-b) +C+6M2+C’
(135)

where the integration constant can be determined by set-
ting F(0) =0:
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= —ch Vb2 +c.

C
2

(136)

Then, our Improved model reads

1—%) V/(R/R.—b)* +¢

. R2
—%Rc PP +c+ —

6M?°

R+21R,

F®)= ( 2

(137)

In the high-curvat%re limit, we require that

R
F(R>bR) > R-2A+—

Yk Therefore, we define

A= (b+Vor+c), (138)

N[~

so that AR. =2A. An alternative form of our model can
then be expressed as

F(R)=R- AR, + %RC V(RIR, b +(21/j—b)* — b2
2

6M?*’

~ IR RIR~ D)+
(139)

Finally, the generalization to a wider range of powers
is straightforward:

F(R) = R= R+ 3R [(RIR. = b + 4/ j= by =] ¥

2

- %Rc (R/R.-b)+

6M?2"
(140)
Here, 4 is defined by
] u 1/2n
A= 3 b+ (7 +0) ] (141)
and the parameter b must satisfy
b<a/j. (142)

VII. CONCLUSION
In this work, we have generalized Appleby and

Battye's approach to developing an alternative frame-
work for dark energy model building in F(R) gravity
[21]. Since most existing dark energy models are prone to
weak curvature singularities [210, 22, 24, 25], adding a

high-curvature term such as M2 R* seems necessary to

eliminate the singularity [30, 31, 33]. On the one hand,
including an R? correction preserves the viability of exist-
ing dark energy models. On the other hand, given the suc-
cess of the R? inflation [64, 65], it is appealing to de-
scribe primordial and late-time cosmic acceleration with-
in a single F(R) Lagrangian. In the latter case, a smooth
transition between the two acceleration phases is essen-
tial for a successful cosmological model. Specifically,
post-inflationary  reheating in the original R inflation
scenario requires ;an oscillating Ricci scalar around the
vacuum  state. However, most dark energy models
struggle to satisfy this requirement, as they become un-
stable when R <0, i.e., Fx <0 and/or Fgg <O0.

To-address this issue, we have shown that globally
stable dark energy models can be constructed by initially
imposing Fr >0 and Fgr>0 for all R, following the
ideas of Appleby and Battye [21]. Furthermore, we pro-
pose that the favored Fy function should not only be pos-
itive and bounded but also exhibit a sigmoid shape. In
this way, we reformulated and extended the original Ap-
pleby-Battye model. Since the Appleby-Battye model in-
cludes exponential terms, it shares similarities with the
Tsujikawa and exponential models. For comparison, we
introduced a new model whose first derivative exhibits a
power-law behavior in the high-curvature limit. The mod-
el inherits the simplicity of the Hu-Sawicki model and
achieves global stability, ensuring compatibility with the
R? inflationary model.

We then explicitly solved the modified Friedmann
equation, demonstrating that our model can successfully
explain the current cosmic acceleration. We found that
the equation of state for the dark energy component ex-
hibits phantom crossing behavior, a universal feature of
F(R) gravity. Subsequently, we constrained the model
parameters by confronting our model with local gravity
tests. Finally, we introduced a j factor to ensure stability
throughout cosmic history for unified models.

This work has only focused on model building, back-
ground evolution, and local gravity tests. However, cos-
mological tests are essential to validate our model further.
Additionally, a detailed analysis of reheating and a com-
parison with the original R* model are needed. These ex-
plorations are left for future work.
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