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Abstract: We modified the deformed Gamow-like model (DGLM) by incorporating the effect of daughter nucleus
deformation on Coulomb interaction between the daughter nucleus and emitted proton. Using this modified DGLM,
we systematically calculated the half-lives of both single- and two-proton radioactivities within a unified framework.
Computational results demonstrate remarkable consistency with the experimentally observed radioactivity half-lives.
In addition,  our study explores how deformation affects  penetration probabilities  and establishes a universal  curve
relating penetration probability to experimental  half-lives,  validating the efficacy of the DGLM. Further,  we made
unified predictions for the half-lives of potential single-proton and two-proton radioactive nuclei,  which align well
with other models, thereby underscoring the reliability of the DGLM in predicting proton radioactivity.
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I.  INTRODUCTION
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Proton radioactivity, discovered as a significant spon-
taneous decay mode in the study of exotic nuclei beyond
the  -stability  line,  manifests  as  single-proton  and  two-
proton (2p) radioactivity. First detected by Jackson et al.
during  the  1970s  in  the  isomeric  state  of  53Com  [1, 2],  it
was  later  independently  observed  from  ground  states  in
151Lu [3] (by Hofmann) and 147Tm [4] (by Klepper). Fol-
lowing these  key findings,  numerous proton-emitting ra-
dionuclides  have  been  identified.  To  date,  research  has
characterized over  40  such  emitters  in  ground  and   iso-
meric states across the Z=51~83 region. Although proton
radioactivity exists in nuclei with Z<50, accurately meas-
uring  their  extremely  short  half-lives remains   challen-
ging because of current limitations in experimental  tech-
niques and detection equipment [5]. The phenomenon of
true  two-proton  radioactivity  (requiring  0  and

0, where   and   represent the single-proton ra-
dioactivity  released  energy  and  two-proton  radioactivity
released  energy)  was  first  established  theoretically  by
Zel'dovich and Goldansky in the 1960s [6−8]. It was ini-
tially observed experimentally in 45Fe at GSI and GANIL
in  2002  [9,  10].  Since  then,  this  decay  mode  has  been
found in other neutron-deficient nuclei, specifically 54Zn,
48Ni,  19Mg,  and  67Kr  [11−14].  Before  2002,  the  not  true
2p radioactivity ( 0 and   0) was observed from
6Be,  12O,  and  16Ne  [15−20].  The  exploration  of  nuclear

structure and potential proton drip line [21−26] is anticip-
ated  to  advance  through  the  discovery  of  more  proton-
emitting radionuclides,  facilitated by upgrades to experi-
mental facilities  and  methods.  As  a  valuable  tool  for   in-
vestigating nuclear properties such as released energy and
half-life, proton  radioactivity  is  becoming  an   increas-
ingly important topic in the field [27−30].

Numerous empirical  formulas and theoretical  models
have  been  developed  to  study  the  half-life of  proton   ra-
dioactivity.  In  the  field  of  single-proton  radioactivity,
these  include the  single-folding model  [31, 32], general-
ized liquid drop model (GLDM) [33], relativistic density
functional  theory  [34],  density-dependent  M3Y effective
interactions  [35,  36],  phenomenological  unified  fission
model [37, 38], distorted-wave Born approximation [39],
universal decay law of proton radioactivity (UDLP) [40],
Gamow-like model (GLM) [24, 41], Coulomb and prox-
imity potential model (CPPM) [42], deformed relativistic
Hartree-Bogoliubov theory in continuum [43], and triaxi-
al  relativistic  Hartree-Bogoliubov  theory  in  continuum
[44], among others. In the field of two-proton radioactiv-
ity,  these  include  the  direct  decay  model  [45−49],  the
simultaneous  versus  sequential  decay  model  [7,  50],  di-
proton model [8, 51], and three-body model, among oth-
ers [49, 52−55]. Furthermore, empirical formulas serve as
critical  analytical  tools  in  two-proton  emission  studies,
and they are predominantly derived from the Geiger-Nut-
tall  (G-N)  law [56].  Representative  formulations  include
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those proposed by Sreeja et al. [57] and Liu et al. [58].

α
α

The  GLM,  a  simple  phenomenological  model,  was
initially  proposed  by  Zdeb et  al.  to  study    decay  [59].
The  calculated    decay  half-life  of  the  model  showed
close  agreement  with  experimental  values,  prompting its
extension  to  proton  radioactivity  investigation  [41].  In
this  application,  the  GLM  demonstrated  high  sensitivity
of  proton  radioactivity  half-lives  to  the  external  barrier
position,  emphasizing  that  accurate  potential  energy
curves are  vital  in  calculations.  The GLM represents  the
external potential via the Coulomb and centrifugal poten-
tials and the internal potential as a square well potential.
This method  has  considerably  deeper  physical   founda-
tions  and retains  the  simplicity  of  the  Viola-Seaborg ap-
proach  [41].  In  2019,  Chen  et  al.  modified  the  GLM to
consider  the  screening effect  of  the  Coulomb interaction
between  the  emitted  proton  and  daughter  nuclei  on
Hulthen potential [24]. In 2021, Liu et al. [60] applied the
GLM to two-proton radioactivity research. Subsequently,
in  2022,  Zhu  et  al.  [61]  investigated  two-proton  radio-
activity using the GLM, considering electrostatic screen-
ing effects. More recently, in 2024, Zhang et al. [62] de-
veloped  the  deformed  Gamow-like  model  (D-GLM-
zhang)  to  examine  how  angular  momentum  affects  the
half-life  of  proton  radioactivity.  Insights  into  the  final
Nilsson configuration,  and  consequently,  valuable   in-
formation about nuclear shape,  are provided by studying
the  half-life associated  with  proton  radioactivity  in   de-
formed nuclei. This paper modified the Coulomb interac-
tion between the emitted proton and daughter nucleus by
considering the deformation effect of the daughter nucle-
us  and  systematically  calculated  the  half-lives  of  single-
proton and two-proton radioactive nuclei.

The remainder of this article is organized as follows:
Sec. II discusses the theoretical framework of the compu-
tational  model  in  detail,  Sec.  III  presents  and  discusses
the results, and Sec. IV summarizes the findings. 

II.  FORMALISM

In the DGLM model, the half-life and decay constant
of the proton radioactivity are related as 

T1/2 =
ln2
λp/2p
, (1)

λp/2pwhere the decay constant   is defined as 

λp/2p = S p/2pνP. (2)
S p/2p

P

ν

where   represents the spectroscopic factor for either
single-proton  or  two-proton  radioactive  systems,    rep-
resents  the  barrier  penetration  probability  of  the  proton,
and   represents its collision frequency with the potential
barrier.

Rin Vc

When  deformation  effects  are  considered,  the  radius
 and Coulomb potential   of the square well change.

Consequently, the  total  penetration  probability  is   calcu-
lated by averaging over all directions as
 

P =
1
2

∫ π

0
Pθ sinθdθ, (3)

θwhere    represents  the  angle  between  the  subnucleus
symmetry  axis  and  radial  vector.  Under  the  classical
Wentzel-Kramers-Brillouin approximation, this direction-
al penetration probability takes the form
 

Pθ = exp

ñ
−2

h̄

∫ Rout(θ)

Rin(θ)

√
2µ|V(r, θ)−Ek |dr

ô
, (4)

Rin(θ) Rout(θ)
Rout

V(Rout(θ)) = Ek µ =
mp/2pmd

mp/2p+md
≈938.3×Ap/2p× Ad

A MeV/c2

mp/2p md

Ap/2p Ad A

Ek =Qp/2p(A−Ap/2p)/A

Qp/2p

where   and   represent the positions of the in-
ner  and  outer  barriers,  respectively.  The  position    of
the  outer  barrier  is  derived  from  the  equation

. 
represents the reduced mass,  where   and   repres-
ent the masses of the emitted proton and daughter nuclei,
respectively. Further,  ,  , and   represent the mass
numbers of the emitted proton, daughter nuclei, and pro-
ton  emitter,  respectively.  In  addition,

 represents the kinetic energy of the
emitted  proton.  Incorporating  electrostatic  screening
modifies  , which is given by
 

Qp/2p = ∆M− (∆Md+∆Mp/2p)+ k(Zε−Zεd), (5)

Zd

∆M ∆Md

∆Mp/2p

k(Zε−Zεd)
k = 8.7 ε = 2.517 Z ≥ 60 k = 13.6

ε = 2.408 Z < 60

where Z  and    represent  the  number  of  protons  in  the
parent  and  daughter  nuclei,  respectively.  ,  ,  and

 represent the mass excesses of the parent nucleus,
daughter  nucleus,  and  emitted  proton,  respectively.  The
term    represents  the  charge  screening  effect
where    eV,    for    and    eV,

 for   [63, 64].

Rin(θ)
Summing  the  daughter  nucleus  radius  and  emitted

proton radius yields the internal barrier position  .
 

Rin(θ) = Rp/2p+Rd(θ), (6)

Rp/2p = r0A1/3
p/2p

Ap/2p

r0

 represents the radius of the emitted proton,
where    represents  the  mass  number  of  the  emitted
proton.   represents the effective nuclear radius constant
and is  the only adjustable parameter  in this  model.  Con-
sidering the effect of the deformation of the daughter nuc-
leus, the radius is expressed as
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Rd(θ) = r0A1/3
d

[
1+

∑
λ

βλYλ0(θ)

]
, (7)

βλ
λ = 2,4,6

βλ
Yλ0(θ)

where    represents  the  deformation  parameter  of  the
daughter  nucleus  (   correspond to  the   quadru-
pole, hexadecapole,  and  hexacontatetrapole   deforma-
tions)  and    values  are  taken  from  FRDM2012  [65].

 represents the spherical harmonics function.
V(r, θ)The  total  interaction  potential    between  the

daughter nucleus  and  the  emitted  proton  can  be   ex-
pressed as 

V(r, θ) =

−V0, 0 ≤ r ≤ Rin,

Vc(r, θ)+Vl(r), r > Rin

(8)

V0

V0 = 25Ap/2p Vc

where    represents  the  depth  of  the  inner  square  well,
 MeV [66].   represents the Coulomb inter-

action between the daughter nucleus and the emitted pro-
ton.  Considering  the  effect  of  the  deformation  of  the
daughter nucleus  on  the  Coulomb  potential,  the   expres-
sion for the Coulomb potential is derived as 

Vc(r, θ) =
ZdZp/2pe2

r
+

3ZdZp/2pe2

r

∑
λ=2,4,6

1
2λ+1

× [
Rd(θ)

r
]λYλ0(θ)βλ, (9)

where r represents the distance between the daughter nuc-
leus and the emitting proton. The centrifugal potential en-
ergy term is expressed as 

Vl(r) =
h̄2l(l+1)

2µr2
, (10)

where  l  represents the angular momentum carried by the
emitted proton and determined by the spin parity conser-
vation law. It can be expressed as [67] 

l =



∆ j for even ∆ j and π = πd,

∆ j+1 for even ∆ j and π , πd,

∆ j for odd ∆ j and π , πd,

∆ j+1 for odd ∆ j and π = πd,

(11)

π πd

∆ j = | j− jd− j′p| j jd

j′p
jπ = (1/2)+

where    and    represent  the  parity  of  the  parent  and
daughter  nuclei,  respectively.   with  ,  ,
and   being the spins of the parent nucleus and emitted
proton (for proton  ), respectively. We show the
distribution  of  barriers  in Fig.  1. In  the  first   approxima-
tion, it is assumed to be given by the harmonic oscillator

frequency in the Nilsson potential [68]. 

hν = h̄ω ≃ 41
A1/3

MeV, (12)

h h̄ ω Awhere  ,  ,  ,  and    represent the  Planck  constant,   re-
duced Planck constant, angular frequency, and mass num-
ber of proton emitters, respectively.
 
  

Fig. 1.    (color online) Relationship between the potential en-
ergy  and  center  of  mass  distance  of  the  decay  system  for
144Tm. The red and blue curves represent the Coulomb poten-
tial and centrifugal potential, respectively.

  

III.  NUMERICAL RESULTS AND DISCUSSIONS
 

A.    Two-proton radioactivity

S 2p =G2[A/(A−2)]2nχ2

G2 = (2n)!/[22n(n!)2]

n ≈ (3Z)1/3−1 χ2

In  this  study,  we  calculate  the  half-lives  of  two-pro-
ton radioactivity for nuclei with atomic numbers Z=4~36
based on the DGLM. In the two-proton (2p) radioactivity,
the  spectroscopic  factor    [51].
Here,   [69], and n represents the aver-
age principal proton oscillator quantum number given by

 [70]. In this study,  =0.0143 according to
a  previous  study  by  Cui  et  al.  [71].  For  a  comparative
analysis, our calculated radioactivity half-lives were com-
pared  with  the  experimental  data  as  well  as  predictions
from  the  GLDM [71]  and  other  empirical  formulas.  All
results are compiled in Table 1. In Table 1, the first three
columns list  the  2p radioactive emitters,  2p radioactivity
released  energy,  and  experimental  2p  radioactivity  half-
lives, respectively. The last three columns present the the-
oretical  2p  radioactivity  half-lives  calculated  using  the
DGLM, GLDM, and empirical formula of Sreeja.

For a  more  intuitive  comparison,  logarithmic   differ-
ences between  the  calculated  and  experimental   radio-
activity half-lives are presented in Fig. 2. As shown in the
figure, the deviations between the calculated and experi-
mental half-lives for true 2p radioactive nuclei fall within
one  order  of  magnitude.  This  indicates  that  the  DGLM
successfully  reproduces  the  experimental  2p  radioactive
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σhalf-lives.  The standard deviation ( ),  as defined below,
visually  illustrates  the  discrepancy  between  the  modeled
half-lives and experimental results 

σ =

Ã
1
N

N∑
i=1

(
log10 T i

cal− log10 T i
exp

)2
. (13)

log10 T i
cal log10 T i

exp

r0

r0

where    and    represent  the  logarithmic
values of the calculated and experimental half-lives of 2p
radioactivity for the i-th nucleus, respectively. We adjus-
ted  the  nuclear  effective  radius  and  found  that  when  the
nuclear  effective  radius   = 1.28  fm,  the  standard  devi-
ation  between  the  experimental  half-lives  and  calculated
half-lives was  minimized.  The  effect  of  the  nuclear   ef-
fective radius on proton radioactivity half-life is shown in
Fig. 3, where a minimum point is reached at   = 1.28 fm.
For true 2p radioactive nuclei, we calculated standard de-
viations  between  radioactivity  half-lives  obtained  from
the  DGLM,  GLDM,  and  Sreeja's  empirical  formula  and
the experimental data. The results are presented in Table
2.  As  show  in  the  table,  the  standard  deviation  between
the  2p  radioactivity  half-lives  calculated  using  DGLM
and those from experimental data is small. This indicates
that  the  DGLM  accurately  reproduces  the  experimental

radioactivity  half-lives.  For  short-lived nuclei,  the   theor-
etical  models  fail  to  reliably  reproduce  the  experimental
radioactivity half-lives.  This discrepancy may stem from
limitations in  early  detection  technologies  and   radioact-
ive  beam facilities,  casting  doubt  on  the  accuracy  of  the
data.

Given the  successful  performance  of  DGLM  in   de-
scribing 2p radioactivity half-lives, we applied this mod-
el  to  predict  the  2p radioactivity  half-lives that  are  ener-
getically  permitted  but  remain  unmeasured  in
NUBASE2020  [76].  For  systematic  comparison,  these
predictions were evaluated alongside the results from oth-
er theoretical approaches, including ELDM, GLDM, and
empirical  formula of Sreeja,  with all  comparative results
comprehensively  tabulated  in  Table  3.  As  shown  in
Table  3,  the  2p  radioactivity  half-life predictions   ob-
tained through DGLM show order-of-magnitude consist-

 

Table 1.    2p proton radioactivity half-lives. The experiment-
al  2p  radioactivity  half-lives and  decay  energies  were   ob-
tained from the literatures.

AZNucleus  Q2p /MeV
log10 T1/2(s)

Exp DGLM GLDM [71] Sreeja [57]
6Be 1.371 [15] −20.30 [15] −19.83 −19.37 −21.95
12O 1.638 [20] >−20.20 [20] −18.1 −19.71 −18.47

1.820 [7] −20.94 [7] −18.38 −19.46 −18.79

1.790 [18] −20.10 [18] −18.31 −19.43 −18.74

1.800 [19] −20.12 [19] −18.32 −19.44 −18.76
16Ne 1.330 [7] −20.64 [7] −16.28 −16.45 −15.94

1.400 [17] −20.38 [17] −16.48 −16.63 −16.16
19Mg 0.750 [13] −11.40 [13] −11.50 −11.79 −10.66
45Fe 1.100 [10] −2.40 [10] −2.11 −2.23 −1.25

1.140 [9] −2.07 [9] −2.60 −2.71 −1.66

1.154 [12] −2.55 [12] −2.75 −2.87 −1.80

1.210 [72] −2.42 [72] −3.38 −3.50 −2.34
48Ni 1.290 [73] −2.52 [73] −2.58 −2.62 −1.61

1.350 [12] −2.08 [12] −3.20 −3.24 −2.13

1.310 [74] −2.52 [74] −2.79 −2.83 −1.80
54Zn 1.280 [75] −2.79 [75] −0.95 −0.87 −0.10

1.480 [11] −2.43 [11] −3.01 −2.95 −1.83
67Kr 1.690 [14] −1.70 [14] −0.81 −1.25 0.31

 

Fig. 2.    (color online) Discrepancies between calculated and
experimental  2p  radioactivity  half-lives.  It  encompasses  both
true 2p radioactivity nuclei and nuclei that do not exhibit true
2p radioactivity.

 

r0

Fig.  3.      (color  online)  Dependence  of  standard  deviation
between theoretical and experimental half-lives on the effect-
ive nuclear  radius.  Minimal  standard deviation is  achieved at
 = 1.28 fm.
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ency  with  other  theoretical  predictions.  This  consistency
highlights  the  strong  predictive  capability  of  DGLM  in
nuclear decay studies. 

B.    Single-proton radioactivity

r0

Using the improved DGLM, we systematically invest-
igated the half-lives of proton radioactivity in nuclei. Our
calculations showed the best agreement with experiment-
al data when using an effective nuclear radius constant of
=1.20 fm, with a standard deviation of 0.527.

S p

S p = u2
j

Qp

We performed systematic calculations for nuclei with
proton  numbers  Z=51~83  to  study  the  effect  of  nuclear
deformation  on  proton  radioactivity  half-lives. The   res-
ults are shown in Table 4. Spectroscopic factors   were
obtained  using  the  relativistic  mean  field  theory  plus
Bardeen-Cooper-Schrieffer theory (RMF+BCS). Accord-
ing  to  BCS  theory,  the  spectroscopic  factor  is  given  by

 [77, 78].  In Table 4, the first  three columns spe-
cify the proton emitter, energy   released by the proton,
and angular momentum carried by the emitted proton, re-
spectively. The subsequent three columns present the ex-
perimental  proton  radioactivity  half-lives,  DGLM-calcu-
lated proton radioactivity half-lives, and GLM-calculated
proton  radioactivity  half-lives.  Comparing  these  values
clearly  shows  that  accounting  for  nuclear  deformation
leads to shorter calculated proton radioactivity half-lives.

To further  investigate  deformation  effects,  we   ex-

r0 = 1.20

amined  how  nuclear  deformation  affects  the  penetration
probability  of  proton  radioactivity.  Employing  both  the
GLM [41] and DGLM with an effective nuclear radius of

  fm, we  calculated  the  corresponding   penetra-
tion  probabilities.  These  results  are  shown  in  Fig.  4,
where  the  horizontal  axis  displays  the  mass  number  (A)
of the proton-emitting nuclei and the vertical axis repres-
ents the logarithmic scale of the proton radioactivity pen-
etration probability.  Black  squares  and  red  circles   indic-
ate  the  penetration  probabilities  when  using  the  DGLM
and GLM, respectively.

As shown in the figure, differences between penetra-
tion  probabilities  predicted  by  the  DGLM and  GLM are
small. However, all values from the DGLM are systemat-
ically  higher  than  those  from the  GLM,  which  indicates
that nuclear  deformation  increases  the  penetration   prob-
ability,  thereby  resulting  in  a  shorter  calculated  half-life
for proton radioactivity.

Subsequently,  we  investigated  the  factors  affecting
the reduction in penetration probability, as well as the ef-
fects of deformations in each pole on the potential barrier
between the proton and daughter nucleus. Figure 5 shows
the  distribution  of  the  total  interaction  potential  barrier
between  the  proton  and  daughter  nucleus.  In  this  figure,
the black solid, red solid, blue dashed, and green double-
dashed lines  represent  barrier  distributions  for  the  unde-
formed case,  quadrupole,  hexadecapole,  and  hexacontat-
etrapole deformations, respectively. As shown in the fig-
ure,  nuclear  deformation  lowers  the  height  and  width  of
the barrier. The height and width of the barrier for the un-
deformed case are 24.29 MeV and 77.24 fm, respectively,
while  for  the  cases  with  the  quadrupole,  hexadecapole,
and hexacontatetrapole  deformations,  these  values   be-
come  23.11  MeV  and  77.12  fm,  24.59  MeV  and  76.63
fm,  and  24.35  MeV  and  76.39  fm,  respectively.  These
results indicate  that  deforming  the  daughter  nucleus   re-
duces both  dimensions  of  the  potential  barrier,   facilitat-
ing proton penetration.  Notably,  quadrupole  deformation
produces the largest decrease in barrier height.

We computed individual half-lives considering quad-
rupole, hexadecapole,  and  hexacontatetrapole   deforma-
tions  to  further  assess  how  nuclear  deformation  affects
proton  radioactivity  half-lives. These  results  were   com-
pared  to  those  from  the  GLM,  as  shown  in  Fig.  6.  Our
analysis  indicates  that  the  calculated  half-life  decreases
with inclusion of deformation effects,  with the most sig-
nificant reduction  observed  when  only  quadrupole   de-
formation is considered. For rhenium (Re), the calculated
half-life  under  quadrupole  deformation  shows  the  most
significant deviation  among  all.  A  similar  trend  is   ob-
served  for  holmium  (Ho),  lutetium  (Lu),  and  thallium
(Tl). These  findings  confirm  that  quadrupole   deforma-
tion  plays  a  pivotal  role  in  reducing  proton  radioactivity
half-lives.  This  insight  deepens our  understanding of  the
nuclear structure of these exotic nuclei.

 

Table 2.    Standard deviations between the experimental half-
lives of  the true 2p radioactive nuclei  and the calculated val-
ues using the DGLM, GLDM, and Sreeja's empirical formula,
respectively.

DGLM GLDM Sreeja

σ 0.808 0.824 1.191

 

Table  3.      Predicted  half-lives  of  2p  proton  radioactivity  by
different models. The spins and parity are obtained from Ref.
[76].

AZNucleus  l
log10 T1/2(s)

DGLM ELDM Sreeja GLDM
22Si 0 −13.292 −13.32 −12.3 −13.3
26S 0 −13.989 −13.86 −12.71 −14.59
34Ca 0 −10.174 −9.91 −8.65 −10.71
38Ti 0 −11.426 −13.56 −11.93 −14.27
39Ti 0 −0.928 −0.81 −0.28 −1.34
42Cr 0 −2.675 −2.43 −1.78 −2.88
49Ni 0 14.559 14.64 12.78 14.46
58Ge 0 −12.352 −11.74 −9.53 −13.1
59Ge 0 −6.317 −5.71 −4.44 −6.97
60Ge 0 14.256 14.62 12.4 13.55
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α

− log10 P
log10 T exp

A universal  curve  exists  for    decay and  cluster   ra-
dioactivity, defined by the negative logarithm of the pen-
etration  probability  plotted  against  the  logarithm  of  the
experimental half-life. In 2023, Zhang et al. extended this
relationship to proton radioactivity, demonstrating its use-
fulness  in  evaluating  theoretical  methods  [80].  To  better
assess the agreement between our model and experiment-
al  data,  we  construct  a  comparable  curve  comparing  the
theoretically  predicted  half-lives  with  measured  values.
Figure 7 illustrates this correlation between   and

. Here,  the  horizontal  axis  represents  the  negat-
ive logarithm of the penetration probability calculated for
proton  radioactivity  half-lives  using  DGLM,  while  the
vertical  axis  shows  the  logarithm  of  the  experimental
half-life. The strong linear relationship observed between

 

Table  4.      Single-proton  radioactivity  half-lives.  Symbol m
represents the  first  isomeric  state.  Experimental  data   regard-
ing  proton  emission  half-lives,  spins,  and  parity  are  obtained
from Ref. [76]. The released energy is given by Eq. (6), with
the exception of the Qp value for 130Eu, 159Re 161Rem, and 164Ir,
177Tlm, and 185Bi, which are taken from Refs. [5, 79].

AZNucleus  Qp /MeV l
log10 T1/2(s)

Exp DGLM GLM
105Sb 0.509 2 2.049 1.612 1.612
108I 0.610 2 0.723 0.619 0.882
109I 0.829 2 −4.032 −4.155 −3.907

112Cs 0.820 2 −3.31 −3.33 −3.065
113Cs 0.981 2 −4.771 −5.513 −5.263
117La 0.831 2 −1.664 −2.456 −2.113
121Pr 0.901 2 −1.921 −2.586 −2.252
130Eu 1.031 2 −3.000 −3.817 −3.489
131Eu 0.963 2 −1.699 −2.914 −2.586
135Tb 1.203 3 −2.996 −4.286 −3.939
140Ho 1.104 3 −2.222 −2.739 −2.417
141Ho 1.194 3 −2.387 −3.79 −3.493
141Hom 1.264 0 −5.137 −6.050 −5.821
144Tm 1.724 5 −5.569 −4.18 −3.817
145Tm 1.754 5 −5.499 −5.67 −5.323
146Tm 0.904 0 −0.81 −0.802 −0.538
146Tmm 1.214 5 −1.137 −1.239 −0.880
147Tm 1.072 5 0.587 0.523 0.846
147Tmm 1.133 2 −3.444 −3.226 −2.972
150Lu 1.285 5 −1.347 −1.247 −0.953
150Lum 1.305 2 −4.398 −4.53 −4.296
151Lu 1.255 5 −0.896 −0.941 −0.651
151Lum 1.315 2 −4.796 −4.647 −4.405
155Ta 1.466 5 −2.495 −2.318 −2.086
156Ta 1.036 2 −0.826 −0.633 −0.405
156Tam 1.126 5 0.933 1.27 1.529
157Ta 0.946 0 −0.527 −0.157 0.070
159Re 1.816 5 −4.678 −4.35 −4.092
159Rem 1.816 5 −4.665 −4.309 −4.051
160Re 1.276 2 −3.163 −3.071 −2.840
161Re 1.216 0 −3.357 −3.303 −3.081
161Rem 1.338 5 −0.678 −0.435 −0.155
164Ir 1.844 5 −3.947 −4.01 −3.742
165Irm 1.727 5 −3.433 −3.222 −2.944
166Ir 1.167 2 −0.824 −0.953 −0.705
166Irm 1.347 5 −0.076 0.032 0.327

Continued on next column

Table 4-continued from previous column

AZNucleus  Qp /MeV l
log10 T1/2(s)

Exp DGLM GLM
167Ir 1.087 0 −1.12 −1.027 −0.791
167Irm 1.262 5 0.842 1.021 1.317
170Au 1.487 2 −3.487 −3.688 −3.414
170Aum 1.767 5 −2.971 −3.24 −2.928
171Au 1.464 0 −4.652 −4.776 −4.569
171Aum 1.718 5 −2.587 −2.327 −2.061
176Tl 1.278 0 −2.208 −1.595 −1.388
177Tl 1.173 0 −1.174 −0.706 −0.491
177Tlm 1.967 5 −3.346 −3.162 −2.913
185Bi 1.598 0 −5.553 −4.809 −4.689
185Bim 1.625 0 −4.191 −3.764 −3.571

 

Fig. 4.    (color online) Penetration probabilities of single-pro-
ton radioactivity.  The black squares  and red circles  represent
the  calculated  penetration  probabilities  with  the  DGLM  and
GLM, respectively.
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− log10 P log10 T exp  and    confirms  the  internal  consistency
of our computational results.

Z = 51 ∼ 83

We thoroughly validated the reliability of our compu-
tational model through the systematic calculations of pro-
ton  radioactivity  half-lives.  Subsequently,  we  predicted
nuclei  within  the    range to  exhibit  proton   ra-
dioactivity,  which  was  unquantified  in  NUBASE2020
[76]. For comparison, we presented calculations from the
unified fission model (UFM) [38], CPPM [42], new Gei-
ger-Nuttall law (NG-N) [24], and UDLP [40] in Table 5.
The first two columns of the table show the angular mo-
menta of parent nucleus and emitted proton, while the last
five  columns  list  the  half-lives  of  these  potential  proton
radionuclides  as  calculated  by  DGLM,  UFM,  CPPM,
NG-N,  and  UDLP.  Significantly,  DGLM predictions  are
comparable in  magnitude  to  the  other  models,   confirm-
ing the predictive power of our methodology. 

IV.  SUMMARY

We improved the DGLM by incorporating nuclear de-

 

Fig. 5.    (color online) Total interaction potential between the
daughter  nucleus and the emitted proton for  150Lu. The black
solid,  red  solid,  blue  dashed,  and  green  double-dashed  lines
represent the  barrier  distributions  of  the  total  interaction   po-
tential  under  different  conditions:  without  deformation,  with
only quadrupole  deformation,  with  only  hexadecapole   de-
formation, and with  only  hexacontatetrapole  deformation,   re-
spectively.

 

Fig. 6.    (color online) Half-lives calculated using the DGLM. The red circle, blue square, and green inverted triangle represent the log-
arithmic  forms  of  the  proton  radioactivity  half-life,  calculated  individually  with  DGLM considering  quadrupole,  hexadecapole,  and
hexacontatetrapole deformations,  respectively.  For  comparison,  the  calculation  was  performed  using  the  GLM,  with  the  results   de-
noted by the black square.
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formation effects into the Coulomb potential between the
daughter nucleus  and  the  emitted  proton.  Using  this   re-
fined  model,  we  systematically  calculated  single-proton
and  two-proton  radioactivity  half-lives  within  a  unified
theoretical framework.  The  calculated  results  are  in   ex-
cellent agreement with experimental measurements.

For two-proton radioactivity, our calculated half-lives
showed  excellent  agreement  with  experimental  values

σ

and  align  well  with  predictions  from  other  theoretical
models.  Our  results  achieved  a  lower  standard  deviation
( =0.841)  than  that  of  the  compared  models.  Based  on
this strong consistency, we made predictions for the half-
lives  of  energetically  allowed  but  yet  unmeasured  two-
proton radioactive nuclei in NUBASE2020. The compar-
ative  analysis  of  these  predictions  against  those  derived
from  the  ELDM,  GLDM,  and  empirical  formula  by
Sreeja  demonstrates  a  high  degree  of  agreement.  This
level  of  concordance  strongly  supports  the  reliability  of
the predictive power of the DGLM.

For  single-proton radioactivity,  we  calculated  the   ra-
dioactive  half-lives  of  proton-emitting  nuclei  within  the
proton number range Z=51~83 both using the DGLM and
GLM. A comparative analysis showed that including nuc-
lear  deformation  leads  to  shorter  calculated  half-lives.
Then, we calculated proton penetration probabilities both
with  and  without  deformation.  The  results  indicate  that
deformation increased  this  probability,  which  in  turn   re-
duced the predicted half-lives. A systematic study of how
deformation  affects  the  potential  barrier  found  that  the
shape of the daughter nucleus lowers the height and width
of the barrier,  thereby enhancing penetration probability.
Most importantly, when comparing the effects of deform-
ation at various multipolarities, we found that quadrupole
deformation had the strongest effect on the proton radio-
activity  half-life. The  robustness  of  the  DGLM was   fur-
ther  confirmed  by  observing  a  clear  linear  relationship
between the negative logarithm of the penetration probab-
ility and experimentally measured half-lives.

In addition, our study explored predictions for poten-
tial proton  radionuclides  in  the  previously  unstudied   re-
gion  of  proton  numbers  range  Z=51~83, a  gap  in   NU-
BASE2020's  data.  By  comparing  these  predictions  with
outcomes  from renowned  models  such  as  UFM,  CPPM,
NG-N,  and  UDLP,  we  observed  strong  agreement.  This
consensus not  only  enhanced  confidence  in  the   predict-
ive capability of the DGLM but also confirmed its effect-
iveness in  advancing  our  understanding  of  nuclear   phe-
nomena beyond known boundaries.

Overall,  this  study  developed  a  unified  theoretical
model  for  calculating  both  single-proton  and  two-proton
radioactivity,  while  providing  critical  insights  into  the
structural properties  of  exotic  nuclei.  These   improve-
ments greatly  enhance  the  predictions  for  proton   radio-
activity within the field of nuclear physics.
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