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p — i hadronic decay in the Nambu-Jona-Lasinio model: Mass-Width
interplay and Beyond-RPA corrections”
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Abstract: This paper presents novel framework for analyzing unstable composite particles using Green's functions
and dispersion relations. As an illustrative example, we explore the p vector meson decay process p — nnr within the
Nambu—Jona-Lasinio (NJL) model. This approach addresses a key limitation of the four-quark interaction descrip-
tion, which adequately describes two-quark bound states but fails to describe decay processes. The Bethe-Salpeter
(BS) wave function of the p meson exhibits time evolution that leads to the physical mass M incorporating a correc-
tion AM. This correction depends on the decay width I'(M). This work provides crucial insights into the dynamical
relationship between resonance masses and their decay properties, addressing a long-standing challenge in hadron
physics. The calculated mass and width are in good agreement with the experimental values, demonstrating the ef-
fectiveness of this approach for studying unstable hadronic systems beyond conventional bound-state approxima-

tions.
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I. INTRODUCTION

Over the last few decades, we have witnessed signi-
ficant advancements in experimental facilities such as
Belle, BES, CLEO, CDF, LHC, and BABAR, generating
vast amounts of data and revealing unexpected discover-
ies in hadronic system studies [1—7]. Understanding
meson properties, particularly their masses and decay dy-
namics, is crucial for probing the nonperturbative regime
of quantum chromodynamics (QCD). As QCD remains
analytically intractable at low energies, bound state sys-
tems have long been studied using various methods and
models [8—14]. These approaches provide insights into
the mechanisms of chiral symmetry breaking, hadron
structure, and the interplay between bound states and de-
cay channels. Recent advances in high-energy physics ex-
periments have uncovered numerous exotic resonance
states, challenging traditional decay theories based on
static bound states. However, persistent challenges re-
main in accurately predicting meson masses, especially
for unstable systems, such as resonances, where higher-
order corrections and decay dynamics significantly influ-
ence physical observables. A recent report on hadron res-
onances can be found in Ref. [15].
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Effective models such as the Nambu—Jona-Lasinio
(NJL) model and Bethe-Salpeter (BS) equation formal-
ism have emerged as powerful tools to bridge the gap
between fundamental theory and observable phenomena.
The NJL model, rooted in spontaneous chiral symmetry
breaking, describes mesons as quark-antiquark bound
states through a four-fermion interaction. Within this
framework, the random phase approximation (RPA) of-
fers a leading-order description of meson masses and
couplings. For instance, the RPA predicts a p meson mass
of 834 MeV, which overestimates the empirical value of
770 MeV. Traditional homogeneous BS equations inher-
ently describe stable bound states while neglecting decay-
induced mass shifts. Incorporating self-energy correc-
tions through the 1/N.-expansion technique systematic-
ally accounts for higher-order processes, lowering the p
mass and aligning theoretical predictions with experi-
mental data, which demonstrates the importance of bey-
ond-RPA contributions in refining mass calculations [16,
17].

However, recent works have demonstrated that un-
stable states cannot be treated as static bound states[18,
19]. The crucial advancement lies in extending BS the-
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ory to include unstable systems by integrating time evolu-
tion and dispersion relations. Evaluating T-matrix ele-
ments across open and closed decay channels (e.g., J/yw
and DD) reveals mass corrections arising from principal
value integrals over final-state energy continua. For
Xx0(3915), this approach yields a physical mass of 3922
MeV, consistent with experiments, and highlights the sig-
nificant role of decay channels like J/¥w in reducing the
bare molecular-state mass (3954 MeV) by 30 MeV. Such
refinements underscore the necessity of coupling bound-
state dynamics to decay processes in resonance studies
and provide a feasible scheme to describe meson decay.

Unlike traditional models where bound state masses
are fixed and decay widths are externally imposed para-
meters, our approach self-consistently determines masses
and widths through system evolution, eliminating inde-
pendent assumptions about these quantities. Thus, the
total Hamiltonian is split into two components: one con-
structs the initial bound state ("prepared state) via the ho-
mogeneous BS equation, and the other introduces per-
turbative interactions driving decay. The prepared state
represents a metastable configuration formed under
strong interaction equilibrium, while decay occurs
through coupling to continuum states. The decay dynam-
ics are characterized by using the analytic properties of
Green's functions, where complex-plane poles directly
link to mass and width. Different from traditional meth-
ods treating width as a function of mass, our approach re-
veals mutual dependence through analytic continuation. It
resembles 1/N, approximations [16] but involves distinct
mechanisms. Decay interactions are not mere energy cor-
rections but drivers of system evolution.

In this paper, we follow the idea in Ref. [19], treating
resonance as a non-stationary bound states. The time
evolution of two-body bound state is determined by the
total Hamiltonian. According to the dispersion relation,
the total matrix elements for all decay channels are calcu-
lated with respect to an arbitrary value of the final state
energy, and these matrix elements are expressed in terms
of the Heisenberg picture. The mass correction includes
all decay final states. Because the p meson decay is dom-
inated by the p — 7w channel, we use this method to
study the p meson decay process, simplifying the calcula-
tion. This decay channel is chosen because its decay
width is neither too small (ensuring that the mass correc-
tion cannot be ignored) nor too large, allowing for ap-
proximate treatment. In high-energy physics experiments,
the p meson and its decay to nw can be used as a refer-
ence process. The decay signature of two pions can be
used to calibrate detectors, as well as to study the back-
ground characterization. In high-energy collider experi-
ments, such as those at the Large Hadron Collider (LHC),
the reconstruction of p meson decays provides a valuable
benchmark for verifying detector performance and optim-
izing signal-to-noise discrimination. Furthermore, this

well-understood decay channel offers a crucial reference
process for searches of new physics phenomena [20, 21].

The paper is organized as follows: In Sec.ll, we
presents the formalism of the NJL model, and then we
give p — nr meson decay results in Sec. III. In Sec. IV,
we provide concluding remarks. Some technical details of
the calculations are given in Appendix A.

II. NJL MODEL

The Nambu—Jona-Lasinio (NJL) model provides an
effective field-theoretic framework for studying the prop-
erties of hadrons, particularly mesons, in the context of
low-energy quantum chromodynamics (QCD). The mod-
el is based on the idea of spontaneous chiral symmetry
breaking, which is a key feature of QCD, and it provides
a framework for understanding the structure and dynam-
ics of mesons as bound states of quarks and antiquarks
[22—-26]. Nevertheless, the NJL model's inability to incor-
porate color confinement creates difficulties in handling
unphysical quark-antiquark thresholds, requiring addi-
tional phenomenological constraints to supress Landau
damping effects.

Within the NJL model, meson modes are viewed as
collective solutions of the Bethe-Salpeter equation (BSE)
in the framework of the random phase approximation
(RPA). At least at the RPA level, mesons seem to emerge
as poles in the corresponding 7 -matrix channel. The NJL
model is characterized by a four-fermion interaction Lag-
rangian, which describes the interactions between quarks.
For the case of two flavors (up and down quarks), the
Lagrangian is given by

Ly = (%) (i@ = mo) Y(x) + Lint, (D

where (x) represents the quark field, m, is the bare
quark mass, and £, is the interaction term, which is typ-
ically written as

Gy
2
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Here, G, and G, are coupling constants for the scalar-
pseudoscalar and vector-axial vector channels, respect-
ively, and 7 are the Pauli matrices representing isospin.

In the NJL model, the quark self-energy (or constitu-
ent quark mass) is generated dynamically through the gap
equation. The gap equation within the Hartree approxim-
ation is given by

Adtp 1
Qn)* p*—m2’

my = my+m,GN,_8i

)
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where m, is the dynamically generated quark mass, N. is
the number of colors, and A is a momentum cutoff intro-
duced to regularize the divergent integral. The gap equa-
tion describes how the quark mass is modified due to the
strong interaction, leading to the phenomenon of spontan-
eous chiral symmetry breaking.

Mesons can be treated as bound states of quarks and
antiquarks, and their properties are determined by solv-
ing the BSE. The BSE for the 7-matrix in the RPA is giv-
en by:

4

d'p .. 1
(275417(15 <p+ Eq)

T (%) =iK -Tr /
1
XiT (gP)iS (p - 5q) , )

where K is the interaction kernel, and S (p) is the quark
propagator. The T-matrix can be decomposed into differ-
ent channels corresponding to scalar, pseudoscalar, vec-
tor, and axial vector mesons.

We focus on the application of the NJL model to the
study of the rho meson (p), as discussed in Refs. [16,
27-29]. For the vector meson channel (e.g., the rho
meson), the 7-matrix takes the form

2 W_tﬂ]“) 5
1-GyJyv(g?) (g g > O

i75(q°) = (1,7 ®,7)
where Jyy(g?) is the polarization function for the vector
channel. An explicit expression for this function can be

2
found in Ref. [22], where va=§[(2m2+q2)1(q)—

2m*1(¢* =0)] and I(g) is defined in Appendix A. The
masses of the bound states are obtained from the position
of the poles of the 7T-matrix.

The decay width I',_,, is calculated by evaluating the
leading-order contribution to the decay amplitude, given
by

3/2
N? 4m?
r,,w=12‘7rg§qqg;‘,qqmp<1— m;) G(m:m),  (6)

0

where g,,; and g.,; are the coupling constants of the rho
and pion to the quark-antiquark pair, respectively, which
can be defined in terms of the functions Jyy, Jps, and
Jaa. G(m;m3) is a form factor that depends on the mo-
mentum transfer.

III. DECAY OF p — nr AND THE
PREPARED STATE
In the De Rujula-Georgi-Glashow description of had-

rons, the p meson, as a bound state of a quark and anti-
quark, is interpreted as an excited version of the pion. It

has a spin-parity of J* =17. The p meson predominantly
decays into two pions via the strong interaction. The de-
cay width I" of the p meson is relatively large due to the
strong interaction nature of the decay. The branching ra-
tio for p - nwr is very high, close to 100% [30]. Ex-
amples of a calculation of the p meson decay width and
n scattering phase shifts from lattice QCD can be found
in Refs. [31-34]. For the py, its total decay width is ap-
proximately 149 MeV, and almost all of it decays into
a*n~, while n°2° is forbidden. This high branching ratio
is a characteristic feature of the p — awr decay mode,
which is a prime example of a strong interaction process.
In the rest frame of the p meson, the two pions are emit-
ted with specific momenta, and the leading contribution
to this process corresponds to the diagram shown in Fig.
1.

Effective meson-gg vertices are obtained within the
RPA approximation

iI* =ig, g7 (7
and
irﬂ = ign—qq(l — Ay k))’STa, (8)

with ¥ = k/k®. The coupling a, is introduced to deal with
the mixing between pseudoscalar and longitudinal axial
fields, called 7 - a; mixing. From Fig. 1, one obtains the
amplitude for the decay process by using the usual Feyn-
man rules

M(q; p1,p2) = €(@)T"(q; p1, P2), ©

where

4

1
T"(q:p1.p2) = —tr/iig A —
Qm* =+ py—m,

XiV2gr_ga(1 +azp)iy’

q

XiV2¢gr ga(1 =)

s i
X1y ——(— . 10
ry K+ p—m, (=p1 o p2) (10)
%]
k+p2 ______ T
q k
Jo}
k+py ----- T
P4 Y

Fig. 1.
amplitude (—p; < p2) corresponds to the function T#(¢?;
p2.p?)), as in Eq. (10).

Amplitude used to calculate the decay width. The
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The total momentum of the p meson is g = p,—p;.
The negative sign in front of the momentum p; makes the
quark propagator possess symmetry under the exchange
of p; and p,. This is not essential, but it simplifies the
subsequent handling of the form factor of that decay.

Evaluating the trace one gets

T"(q:p1.p2) = = 2iNegp-ga8n-ua
X[PiG(q*; p1.p3) + PhG(g:p3.pD]. (11)

For the decay p — nnr, the two pions are on shell, and we
have p; = p3. Then, T# can be expressed as

TH(mysmg) = =2iNcgpga8a_ o (D) + P2)G(mZsm2)  (12)

with G(m’;m3) the form factor as in Eq. (6). The calcula-
tion of G(m);m;) can be found in the Appendix. As the
form factor G is obtained, the decay width is available
from Eq. (6), which depends on the p meson mass. The
mass of the p meson defined through the pole of Eq. (5) is
independent of its decay width. In many cases, it is a
good approximation as the decay width is not large
enough. However, for most molecular bound states and
here the p meson, the decay width gives a small contribu-
tion to the physical mass. In Ref. [35], from the require-
ments of analyticity and unitarity, the resonance beha-
viours of the partial wave amplitudes for nr scattering in-
volve a function deviating from 1, which indicates devi-
ation from the Breit-Wigner type resonance formula.

In Ref. [16], the self-energy correction to the p meson
mass beyond the RPA approximation is calculated at or-
der 1/N,. The self-energy II"'(g) is decomposed into real
(ReX) and imaginary (ImX) parts [16]. The imaginary
part, derived using cutting rules, arises from pion-loop
contributions and is expressed as

ImE(¢*) = —qT,(q), (13)

where I',(¢) relates to the p — i decay width. The real
part is obtained via the Kramers-Kronig relation

1N ImE(d)
ReZ(y) = P / e, (14)

with a consistent cutoff A applied to all loops. Including
1/N, corrections, the rho mass is shifted from its RPA
value (m") by solving

m2 = (m®)’ +ReX (m?)’. (15)

P

Using model parameters, this yields a physical mass of

m, =770 MeV, consistent with experimental data, and
gives a decay width T'= 118 MeV, which is smaller than
the experimental value. The imaginary part governs the
decay width, while the real part renormalizes the mass.
The result justifies the use of Rayleigh-Schrodinger (RS)
perturbation theory, contrasting with the method that re-
quires solving 7, = (mf,o))z +ReX(my).

Disregarding the influence of self-energy corrections
on the mass of mesons, we regard the BS bound state as a
preparation state that is ready to decay at any time. Only
this "prepared state" can be described by the ground-state
BS wave function at ¢ = 0. The time evolution of the pre-
pared unstable state 2P is described by using the
Green's function G(g) = (e — H)™! with

X (t)=e M yr = i / dge-iffLQ;PS, (16)
2ni Jc, e-H

where the total Hamiltonian H = K; + V;. Here, K; and V,
are the interactions responsible for the formation of sta-
tionary bound state and decay of resonance, respectively.
The subscript a represents various final states. The con-
tour C, ensures analytic continuation in the energy plane,

avoiding singularities of G(e) [36].
At t>0, the probability amplitude of finding the
time-dependent system 27(¢) in the prepared state 2P is

—iet

1 e
= ps = — —_—
A= (252 O)= o /cz dees My —Touu(€)

17)
Compared with Ref. [19], the coefficient (27)* in front of
the T-matrix is missing, but it is consistent with Ref. [36].
This is due to the different normalization treatments of
the BS wave function. Here, the Green's function

1
Gule) = m (18)

is related to the 7-matrix element T,,(g), where M, is the
bare mass of the bound state. The 7-matrix element is
defined through

{a out|a in) = (a in|a in)

—iQn)*W(P = P,)T . (€). (19)

This formula connects the bound-state dynamics to scat-
tering processes. Considering the analyticity and unitar-
ity of the 7-matrix element, we can decomposes the 7-
matrix into real (D) and imaginary (I) parts on the second
Riemann sheet with

Tuu(e) = D(e) —il(e). (20)
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The imaginary part I(¢) governs decay processes, while
D(e) contributes to mass renormalization. Considering
only one decay channel, the imaginary part can be ex-
pressed as I(e) ~ ., 8PP, —P)S(E, — &)|Tpu(e)l*, where
the sum is over final states b, and ¢ is the total energy of
final state. The delta functions enforce energy-mo-
mentum conservation, and |T,,|* quantifies transition
probabilities to decay channels.

The T-matrix element obeys the dispersion relation,
which gives

p=-F [ 1

EM

de’. 1)

g -

Thus, we can compute the real part D(¢) from the imagin-
ary part I(¢’). The principal value (#) avoids singularit-
ies, and the integration variable &’ is the total energy of
the final state. The threshold energy for decay &), is the
sum of all particle masses in the final states. Then, the
pole of Green's function is

Epole = My +D(e) —il(e), (22)

which defines the mass and decay width of the unstable
particle. For unstable particles with decay widths are very
small compared with their energy levels, we can substi-
tute & with M, as an approximation. Then, the pole is

Epole = Mo +D(My) —il(Mo) = M —iI'(My)/2. (23)

The physical mass M includes a correction AM = D(M,),
while ['(My) is the decay width. This pole structure char-
acterizes the resonance as a metastable state.

These equations establish a framework for analyzing
unstable composite particles using Green's functions, dis-
persion relations, and unitarity. Eq. (23) highlights the in-
terplay between mass renormalization (AM) and decay
dynamics (I') in resonance physics. The formalism
bridges bound-state Bethe-Salpeter equations with scat-
tering theory, crucial for studying unstable states and
their decays.

To fit the experimental data, we adopted the follow-
ing parameter settings:A = 1050 MeV, m, =139 MeV,
8r-qs =494, g,;;=2.12, and f; =93 MeV, which are
kept consistent with those in Ref. [16]. Here, G,A? and
a, were treated as adjustable parameters. When
G,A?>=-57.12 and a, = 0.1415, we obtained the quark
mass m, =463.6 MeV and rho meson mass from RPA
prediction M, = 838.6 MeV. After corrections, the mass
and decay width were calculated as m, = 775.4 MeV and
I'=149.3 MeV. Compared with the 1/N, correction res-
ult, the two mass correction approaches described above
are numerically consistent. Using a, as the tuning vari-

able, the calculated mass and decay width are displayed
in Fig. 2. In the plot range, while the width shows large
variations over an extensive range, the mass remains con-
fined to fluctuations around the experimental value.

840F
820} N\ 200 >
> A =
(0] [ -
2 800 150 =
2 g
: 780} =
>
Q 760} S
(m]
740}
R . 0

0.10 015 020 025  0.30
an

Fig. 2. (color online) p mass and decay width as function of

ar. The intersection points of the vertical line with the two

curves give the experimental values.

Keeping my., g5, 8p-47- and f, unchanged, we fit the
experimental results with two additional sets of paramet-
ers. For the first set of parameters with 4= 1000 MeV,
G,A? = =55.45, and a, = 0.1445, the calculated results are
m, =441.8 MeV and M, = 815.6 MeV; for the second set
of parameters with 1=1100 MeV, G,A®? =-58.90, and
a, =0.1385, the calculated results are m, =485.4 MeV
and M;=2859.9 MeV. Compared with the rho meson
mass from the RPA prediction, the calculation results of
our model with three sets of parameters are corrected by
approximately 5%—10%.

IV. SUMMARY

To summarize, the decay of unstable particles does
not occur directly from their Bethe-Salpeter (BS) bound
state. Unstable particles evolve through the BS bound
state and then decay. From the BS bound state to the de-
cay state, the mass needs to be corrected. In this paper,
taking the rho meson as an example, the decay width of
the decay process to two pions is calculated.

By selecting appropriate parameters, this study fitted
the experimental data of mass and decay width and com-
pared the results with those of the self-energy correction
model under the large-N,. approximation. Our calcula-
tions show that the correction of this result to the physic-
al mass accounts for approximately 5%—10%. This may
have a significant impact on more refined theoretical cal-
culations, such as the branching ratios of other rare de-
cays, because in most calculations, the mass of the BS
bound state is setting as the experimental mass. Here,
however, the experimental mass is obtained only after
correcting the BS mass.
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The article uses the relatively simple Nambu-Jona-
Lasinio (NJL) model. Therefore, the calculation method
in this paper can be further extended to other model cal-
culations for mass correction, electro-magnetic form
factors, and the analysis of other decay processes.

APPENDIX A: THE CALCULATION OF G

The form factor appearing in Egs. (6) and (12) is cal-
culated here by taking the trace of Eq. (10) and compar-
ing with Eq. (12). For the subsequent processing of the
formula, we added a negative sign to one of the final-state
momenta. Although this is not necessary, after taking the
trace of the 7 matrix, the formula is symmetric with re-
spect to p; and p, and can be expressed as

d*k 8(H +15)

/ MY —
T pi.p) Qr)* my(so+ 51+ 52) (AD
with
so = k> —m® +1ie, (A2)
si = (k+p)* —m* +ie, (A3)
= 2a2mk (k- py +k-py), (A4)
and
t =i +p5) (azm,r (— (k2+m2))
+a,,m( -k +m +m)+m,r(k mz)) (A5)

Next, we need to express the integral of T# in terms of
(P + P5)G to obtain G.

Note that # is already in the desired form. Using
k* = (k* —m?) +m?, we can express k> +m? in terms of ;.
Letting 4, = (¢, + ) j», the integral corresponding to this
term can be easily calculated with

I- d*k ),
*T Q2m)* 505152
= —azmy (I(g,) +2M(p), p2)m})
+azm, (M(py, po)m:—1(q,)) +md(qy),  (A6)
where
d*k 1
9= / Qn)* (k2 —m? +ie)(k + q)> —m? + ig) (A7)

and

M(p1,p2) = / 20 555" (A8)

The integrals 7 and M can be easily calculated using the
Feynman parametrization method.

When the final-state pions are on shell, the integral of
the term corresponding to # in Eq. (27) is expressed as

(P + P, =242 /d“k 2k (k- pi +k-p2)
1 2 -

2m)* 505182
= Zaim,r(al +a+b+c), (A9)
with
d*k k*

Y A10
. (2m)* s0s; (A10)
d'k 2k (A1)

Qn)* 518,

d*k K

_ [ Al2
(Pl 2)/ (27)* 595152 ( )

After some cumbersome integrations, we can obtain

a; = —%I(Pi), (A13)
b= (ph + p)I(p1 — p2), (Al4)
c=—=(p; + p3)(Mi(pl, p2)p; + My (p2, p1)ph),
(A15)
with
Mi(p1.po) = ! (p1-pal(p)
PP =i T P!
= p31(p2) + (p3 = p1 - p)I(p1 = P>)
+p3(pt = p1-p2)M(py, pa)). (Al6)

The expression of M, is calculated from the assumption

dk K

M(pi,p2) + psM(p2,p1) = | oo ——.
PiMi(p1, p2) + pAMi(pa, p1) (27 505155

(A17)
Then, J; in Eq. (32) can be obtained with

Ji = aam(—1(p)) +21(py — p2) = 2(p} + p3)Mi(p1, p2)).
(A18)

Finally, the integral of 7# in Eq. (24) can be expressed as
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(P} + p5)G, where the function G is written in terms of J,

and J,, with

8
G(pyo ) = —— Qazmy]y +.J2). (A19)
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