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Abstract: We study a three-loop induced neutrino mass scenario from a non-holomorphic modular 4, flavor sym-

metry and reach the minimum scenario leading predictions of the lepton masses, mixing angles, and Dirac and Ma-

jorana phases, which are shown through the chi square analyses. In addition, we discuss the lepton flavor violations,

muon anomalous magnetic moment, lepton universality, and relic density of the dark matter candidate. And, we find

that we need to extend our model if we satisfy the observed relic density of dark-matter within the limit of perturba-

tion where it can be done by adding one singlet scalar boson without changing predictions in neutrino sector.
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I. INTRODUCTION

Thanks to a successful construction of non-holo-
morphic modular symmetry framework via Qu and Ding
[1], we can safely deal with a beyond the standard model
(BSM) without super-symmetric theories in using the
framework for a flavor symmetry. In fact, the non-holo-
morphic symmetries have been applied to some non-su-
persymmetric models [2—12] in order to restrict the num-
ber of model parameters. In constructing a model, we
have some advantage of applying non-supersymmetric
framework to reduce number of new fields where extra
fields are sometimes required to cancel a gauge anomaly
in supersymmetric case.

Radiatively induced neutrino mass models are one of
the representative scenarios that do not demand the super-
symmetric framework and one can naturally connect new
particles to the SM model particles. Sometimes, the mod-
el can possess the dark matter candidate(DM) [13] that
often requests an additional symmetry to stabilize it.
Thus, constructing radiative neutrino mass models (with
DM) using the non-holomorphic modular symmetry
would be natural manner to make a model more attract-
ive realizing more predictability.

In our paper, we apply a non-holomorphic A, flavor

symmetry to a well-known three loop neutrino mass mod-
el [14]. The three-loop neutrino model is phenomenolo-
gically interesting since the scale of new particles would
be smaller compared to lower loop (or tree) level models
due to loop suppression. We then expect rich phenomeno-
logy such as collider and lepton flavor physics. Non-holo-
morphic modular symmetry framework is suitable to con-
struct such a three loop model in minimal way; if we con-
sider holomorphic one we need to add more fields to can-
cel gauge anomaly. Then we try to find the assignment
under non-holomorphic modular A, symmetry as pos-
sible as minimal number of free parameters to fit the ob-
servables in lepton sector. Through the chi square numer-
ical analysis, we successfully search for the minimum
model to predict the lepton masses and mixing angles in
addition to reproduce the current neutrino observables in
Nufit 6.0 [15]. Then, we perform further numerical ana-
lyses in order to satisfy lepton flavor violations (LFVs),
muon anomalous magnetic moment, (muon g—2), lepton
universality, and the dark matter (DM). As a result, we
find that relic density is too large within the limit of per-
turbation requiring a new interaction where it can be done
by adding one singlet scalar boson without changing pre-
dictions in neutrino sector.
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This paper is organized as follows. In Sec. II, we ex-
plain our minimum three-loop neutrino mass model con-
structing the renormalizable Lagrangian in the lepton sec-
tor, Higgs sector, the charged-lepton sector, heavier Ma-
jorana fermion sector, and the active neutrino sector.
Then, we formulate the LFVs, muon g -2, lepton univer-
sality, and relic density of the DM. In Sec. III, we per-
form y square analysis and show some predictions for
normal and inverted hierarchies in the neutrino sector.
Employing the benchmark points of the best fit values in
the lepton sector, we further demonstrate the numerical
analyses for the LFVs, muon g-2, lepton universality,
and the relic density of DM. We have conclusions and
discussion in Sec. IV. In Appendix A, we show the three-
loop function in the neutrino sector.

II. MODEL SETUP

In this section, we show setup of the model based on
Gsm X A, symmetry where Ggy being the SM gauge sym-
metry and A, is modular one. In lepton sector, We intro-
duce singlet fermion which is triplet under A, with modu-
lar weight 0. In scalar sector, we introduce two charged
singlets distinguished by modular weight +2 and -1. The
SM leptons L; and ¢ are also A, triplets with modular
weight -1 and +1 respectively. The assignments are sum-
marized in Table 1. By the assignments of modular
weight, we can eliminate unwanted terms like Nz L H and
neutrino masses are generated at three-loop level as dis-
cussed below.

The relevant Lagrangian under these symmetries is
given by

—Lr=a, [yiLy, +y:Li, +ysLs,| exH
+ay oLy, +ysLe, + 1L | urH
+a, [Y3L7Lf+y1L7L,,+y2m TrH
+ay, [ yi(Ly, L, ~ Ly - LS ) +yo(Ly, - LS, — Ly, - L)
+Y3(L7L6'LZ _E‘Lf)} ST +b,eS[yiNg, +y2Ng,
+V3NR, 1S5 +c,pi§ [VaNi, +y3Ng, +Y1Ng,| S5
+d, 78 [3Ni, +Y1 Nk, +2Ng, ] S3
+ M, (NG, Ng, +N§, N, + NS N,)
M [y1(2NG Ni, = N§,Ni, = N N,)
+2(2NG N, = N§ Ng, — NG Ni,)
+Y3(2Ng, Ne, = N§ Ni, — NE,Ng))| +hec.,
()

where we define Y\” = [y,y,,y;] [1] and ”-” indicates i,
factor to make the term S U(2); invariant. The first two
terms generates the mass of charged-leptons and paramet-

Table 1.
model under SUQ2), x U(1)y x Ay, where —k; is the number of

Field contents and stheir charge assignments in the

modular weight. Here {1} stands for the combination of A4
singlets {1,1’,1”}.

Leptons Bosons
L. lr Ng H ST S3
SUQ)L 2 1 1 2 1 1
Uy -1 1 0 1 +1 +1
Ay 3 {1} 3 1 1 1
—k; -1 +1 0 0 +2 -1

ers {a.,a,,a,} arereal without loss of generality by reph-
asing them into e, 1z, Tr, respectively.

A. Scalar sector
The scalar potential in the model is given by

V = iy HP + 415 1S TP + 125,183 + A0[(S153)* +h.c.]
+AulHI* + A5 IS T+ s, IS5 1* + Aus | HPIS T

+ s, |HPIS 1P + 5,5, IS TPIS 3 1 2)
The SM Higgs field is denoted by
W+
H=| v+h+iz |, )
V2

and v~ 246 GeV is vacuum expectation value (VEV) in
the Higgs basis after the spontaneous symmetry breaking,
z is absorbed by the neutral gauge boson of the SM Z, and
w* is absorbed by the charged gauge boson of the SM
W+. The charged scalar masses are respectively given by

1
2 _ 2 2
m, —Hs,+*/lelV,

5 4)

)

2 _ 2 2
ms, —ps2+§/l,.,s2v .

In the numerical analysis we consider mys,, to be free
parameters.

B. Charged-lepton mass matrix

After the spontaneous electroweak symmetry break-
ing, the charged-lepton mass matrix M, is given by

yioy3 oy a 0 0
v
M,=— 0 aq O 6
N yi Y2 )1 " (6)
Y2y Y3 0 0 ar
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Then, the charged-lepton mass matrix is diagonalized
by a bi-unitary mixing matrix as D, = diag(m,,m,,m,) =
V:LMEVQR. Therefore, €1z = Verwlig Where €} is the
mass eigenstate. These three parameters are used in order
to fit the mass eigenvalues of charged-leptons by solving
the following three relations:

Tr M M| = Im,|* +|m, > + Im, [, (7

Det[MeMz] = |me|2|my|2|m‘r|27 (8)

(Te[M.M(])* = Tr[(M.M])’]
= 2(|m,LPlmy, > + lmy, Plme|* + [m, P lme]*). )
For our convenience to construct the neutrino mass mat-
rix below, we define D, that is given by D, = m.D;.

C. Heavier Majorana fermion mass matrix

The heavier Majorana mass matrix is given by

1 00 Zyr -y »
My =M, 0 0 1 |+My| —y; 2y, -y = M, My,
010 Y2 =y 23
(10)

where M, = M,/M, can be real without loss of generality.
My is diagonalized by Dy = ULMyUy (Dy = ULMyUy).,
therefore Nz = Uyyr. Here, ¢ is the mass eigenstate.

D. Active neutrino mass matrix

The active neutrino mass matrix is given at three-loop
level via the following Lagrangian in terms of mass ei-
genstates

a, (VCHEOE + G HYE) ST +b,0 Y yeSS +he.,  (11)

where H = hV;, and Y = VL,yUy. The Yukawa matrices y
and / are respectively found as

0 Y3 =M

h=1 -y 0 » |, (12)
> -n 0
1 0 0 Yi Y3 2

y=(02¢ 0 i 2 0| (13)
0 0 4, Y2 YoV

where &(d), = c(d),/b, are complex free parameters. The
neutrino mass matrix is then given by

A va 2 : 2 M) ) T
_%%H*DKY*DNFY'DW‘ =iy, (14)
1

(m,); i~
Here, F is a loop function via three loop diagram and it
depends on the mass eigenvalues of {4,S7,53}. " Since
the masses of ¢ contribute to the structure of neutrino
mass matrix, there'would be too many free parameters to
get some predictions for the neutrino sector. Thus, we
consider a special situation among the mass hierarchies of
Yr,ST,S5 so that F is independent of the structure of
neutrino mass matrix. When we assume Dy, < mg, ~ ms,,
one finds that the dominant part of the loop-function F is
a constant and can explicitly be given by F ~0.062. In
detail, one finds Appendix A. Thus, we redefine the neut-
rino mass matrix as follows:

_ AF(a,b,)* m?
(4me M’

(15)

i, =HD,Y'DyY'D,H'. (16)

The dimensionless matrix 7/, is diagonalized by a unitary
matrix U, as Uli,U, = D,, where D, = diag[D,,,D,,,D,,]
and the Pontecorvo-Maki-Nakagawa-Sakata unitary mat-
1ix Upmys is defined by V), U,. Note here that the lightest
neutrino mass is zero due to two matrix rank of the neut-
rino. The atmospheric mass squared difference Am2,, is
thus found as

NH: Am},, =«D;, 17)
H: Am},, =«D, (18)

where NH(IH) represents normal(inverted) hierarchy.

The solar mass squared difference Am?2, is given by
NH : Am’, = ¥’D;,, (19)
H: Amk, =1 X(D2 - D2). (20)

The effective mass for neutrinoless double beta de-
cay is given by

1) In general, the loop function also depends on the masses of charged-leptons. However, we suppose these masses to be negligibly tiny compared to the exotic

particles inside the loop.
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NH: <mee> =K ’+DV2 S%ZC%eiQZI + DV} 5%36_2i6013 } ’ (2 1)

IH: <mee> =K |DV1612C13 +DV2s12C13elam | (22)

where Majorana phase is defined by diag[1,e™/2,1] and
we adopt the standard parametrization for the PMNS
unitary matrix. A current KamLAND-Zen data [16].
provides measured observable in future and its upper
bound is given by {m,,) < (28 —122) meV at 90% confid-
ence level. The minimal cosmological model ACDM
+>"D, provides upper bound on Y .D, < 120 meV [17,
18]. Moreover, recently combination of DESI and CMB
data gives more stringent upper bound on this bound;
STD, < 72 meV [19].

E. Lepton Flavor Violations and Muon Anomalous
Magnetic Moment

Ly — gy process: First of all, let us consider the pro-
cesses £, — {zy at one-loop level . The formula for the
branching ratio can generally be written as

4873 Copem

BR(¢{, — {gy) =

((@r)apl” +1(aL)agl),  (23)

where a@., ~1/137 is the fine-structure constant,
Cop ~(1,0.1784,0.1736) for ((a.B)= (ue),(t,e),(t,10)),
Gr ~ 1.17x1075 GeV? is the Fermi constant, and agr 1s
respectively given by

Hl [(l’
@~ s 3 z( e,

a=eu, T i=1
Y, Yr D3
b2 Bi wzm[ﬂF[ |:;V,:|>’ (24)
m m
S> S

Hl
(aL)(yﬁ (471')2 Z Z( v 1; 2 Mg

a=eu,t i=1
Y:yr D2
+b2 L, F, } ) , (25)
ms, mg,
where
1 —6x+3x%+2x° —6x2 ln[x]
F = 26
10 6(1—x)* (26)

Once we assume that my, > my,, the formula can be sim-
plified to

1) The experimental bounds are summarized in Table 2.
2) More detailed computations are found in [24, 25].

2

Z Hﬂa ax

Sl a=eu,t
D2
52

The formula for the muon g—2 can be written in
terms of a; and ag, and simplified as follows:

487 C oypem
G2(4n)* 144

BR(€, — tgy) =

2

Z Yy YLF,

i=1

I
V
4
S

@27

Aa, =~ —my(ag+ap)y, =

e T3 (e

a=eu,T i=1

D2
} ) : 28)
msz

Notice here that this contribution to the muon g-2 is
negative, yet it is negligible compared to the deviation in
the experimental value O(107%) [22].

Y N/
+2b2 L
mS2

F. Lepton Universality

Here, we just employ the results of lepton universal-
ity from precursor's works [23] whose results provide us
the upper bounds on coupling H in terms of mg, and a,.
We summarize these results in Table 3.

G. Dark Matter

Relic density: Our DM is identified as the lightest Ma-
jorana fermion N; where we denote N; as X hereafter and
its mass is m, . In order to analyze it simpler, we impose
the following condition, 1.2m, < Dy, < Dy,, in order to
evade an effect of co-annihilation interactions for the rel-
ic density of DM. ? Under the condition, the dominant
contribution to the relic density arises from Y. Then, the
non-relativistic cross section is expanded by relative velo-
City V25 (0Viel) ® e + begvi, +O(vY,)) and found as fol-
lows:

2

( )~ m)( ( 2 +2 2 2
TVret) ~ 48n(mg,, +m2)* sy <M, My
3
+3m)by Y VY] Ve, (29)
a,b=1

where we have neglected the masses of charged-leptons.
The above cross section suggests that it is p-wave domin-
ant. The relic density is then given by
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Table 2. Summary for the experimental bounds of the LFV processes ¢, — ¢zy.
Process (a,) Experimental bounds (90% CL) References
uo—oey (u,e) BR(u — ey) <4.2x10713 [20]
T —>eTy (t,e) BR(t — ey) <33%x 1078 [21]
T oS Uy (T,1) BR(t — py) <4.4x 1078 [21]
Table 3. Summary of the lepton universality and the corresponding bounds on fys.
Process Experiments Bound (90% CL)

Lepton/hadron universality

exp

D ymbisa Vg * = 0.9999 £0.0006:

T2 msy \2
P < 0.007 ()

. . G . . NS
/e universality 5 = 1.0010+0.0009 IH >~ |H P < 0.024 (a’v”;gv)
exp
7/p universality gf-xp =0.9998£0.0013 IHL P - |HI;4|2| <0.035 (a’vnls'elv ) ’

=

exp

Q

7/e universality

Q

[~ gl

&p = 1.0034+£0.0015

2
”I-I;'rl2 - |Hz/l|2| <0.04 (u/‘T‘cV)

9 2
10710 G (30)
GeV 33 Mpbey

where g* ~ 100, Mp ~ 1.22x10"GeV, x; ~20. In our nu-
merical analysis below, we use rather relaxed experi-
mental range 0.11 <Qh*<0.13, since we simplify our
analysis of the relic density.

III. NUMERICAL ANALYSIS

In this section, we demonstrate numerical analyses in
light of all the experimental results’ which we discussed
before. Then, we show the results of LFVs, lepton g—2,
and DM.

A. Numerical results of the lepton sector

At first, we perform y square analysis adopting data
from NuFit6.0 [15], where we have adopt five reliable
observables; three mixings, two mass square differences,
for the analysis. The yellow points represents the interval
of 20—30, and red one 30 —50, where we would not
find any solutions within 2¢0-. Our three input parameters
randomly select within the following range:

{M,,18,1,1d,]} € [107,10°], (€2))

where we work on the fundamental region of 7 and &,,d,
are complex.

After the numerical analysis, we find that IH case is
not favored in the model where minimal y? can be at
most O(1500). We thus summarize our results regarding
only NH case in next subsection. Note that the paramet-
ers {a.,a,a;} are chosen to fit the observed charged
lepton masses and {a,,b,, M;} are related to fix the scale

of neutrino mass via x defined in Eq. (15). Thus relative
neutrino mass and three mixing angles are fitted using re-
maining parameters {7,c,,d,, M,} corresponding to 7 real
parameters. Since three of these real parameters are re-
lated to complex phases it is not trivial if we can fit the
neutrino data. In fact, we would not be able to obtain any
solutions in IH case. To improve the fitting further such
as IH, we need to change assignment of modular weight
to increase the number of free parameter.

B. Neutrino observables in NH case

In Fig. 1, we show the allowed region of 7, and find
that the allowed region is concentrated at nearby
Re[r]|=[0.0-0.2] and Im[r]=[1.26—1.28] where the
value is close to the fixed point 7 =i. We also find a few
points near the fixed point 7= w. "

In Fig. 2, we demonstrate the allowed regions for ab-
solute values (left) and argument ones (right) of d, and ¢,
in NH. We find that the allowed region is about
|&,] = [10* - 10°] and |d,| = [10~° — 10*] where |d,| < |,| is
preferred, and Arg[¢,] and Arg[d,] can be any value with
little correlation.

In Fig. 3, we display the allowed region for écp deg
(left) and (m,.) meV (right) in terms of > D, meV. We
find the most of points are located at |6¢cp| =[90—200]
deg and few points are around 6&cp=[40-60] deg.
(mey ~ [1 —4] meV. The vertical magenta dotted line is
upper bound on results of Planck+DESI [19] Y"D, <72
meV while "D, of our model is [58 —60] meV which is
nothing but a trivial consequence of two nonzero mass ei-
genvalues of active neutrinos.

In Fig. 4, we show the allowed region for (m,,) meV
(left) and a»; deg (right) in terms of 6cp deg in NH. We
find the allowed region of a,; is concentrated around

1) Note here that these points are not sufficiently close to the fixed points to investigate the mass matrices analytically by expanding modular forms in terms of devi-
ation from the fixed points. To achieve such analysis, the absolute distance from the fixed points should be within 0.05.

-5
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NH
1.3 1
... s e ot .
SRRt
1.2
=11
E
1.0
0.9
-0.4 -0.2 0.0 0.2 0.4
Re[1]
Fig. 1. (color online) Allowed region for real 7 and imagin-
ary 7 in NH.

[80—-270] deg with few points outside the region.

We show a benchmark point (BP) that has the minim-
um Ay? in Table 4 and this BP will be employed to ana-
lyze the LFV, g—2, and DM in the next subsection.

C. Numerical results of LFVs, lepton g -2, and DM in
light of the neutrino results

Before our numerical analysis, we prepare some

definitions. The neutrino mass matrix does not depend on
all the masses inside the loop, but the chi square analysis
of the neutrino oscillation data gives us the value of «.
While their masses inside the loop determine the values
of LFVs, muon g-2, and the relic density of DM. Thus,
we rewrite Eq. (15) as follows:

When a,,b,, and M, are numerically fixed, 1, is numeric-
ally determined. Then we impose the perturbative limit in
our numerical analysis to be

Ao < Var.

(4n)°

_Un” (kM
(a,b,)?

2
mz

0= (32)

(33)

In-addition, we restrict ourselves to be following con-
ditions in order to forbid co-annihilation processes and
obtain the mass-independent loop function of the neut-
rino.mass matrix:

1.2m, < Dy, < Dy, (34)

\ NH NH
10 : - . - e
3 $oq : o ok L .
S . N LRRT
. . DR P v e .
10{ - o= 1 R .
— P -] . . .
s 2 R I T O e
0.01 R | R A P
o FRREEE
-2 I
10_5 | -3 o .: SR E . L
0.001 1 1000 -3 -2 -1 0 1 2 3
¥ Arg[lc, ]
Fig. 2. (color online) Allowed regions for absolute values (left) and argument ones (right) of d, and &, in NH.
NH
NH ;
200 : : 5 :
i {
R i 4 L i
100 : = & :
i g3 :
1 Sl 1
& 0 : % !
i 5 bt |
1 .A" 1
-100 W I 1 , |
1 1
3 : :
-200 ' 0 '
50 55 60 65 70 75 80 50 55 60 65 70 75 80
2D,[meV] 2D,[meV]

Fig. 3.

(color online) Allowed regions for 6cp deg (left) and (m..) meV (right) in terms of } D, meV in NH. The vertical magenta

dotted line is upper bound on results of Planck+DESI [19] 3" D, <72 meV. The cyan region in the left panel indicates allowed region

by experimental result of Nufit 6.0.



Neutrino mass model at a three-loop level from a non-holomorphic modular 4, symmetry

Chin. Phys. C 50, (2026)

NH

NH
5
350
4 . - 300
SR 2 T 250 | S A
2 3]yt o . s | D |k -:3.":;&3”{’*
TP S s | 82000 T "R
8 | g TESTN | T R o
E 2%,%, RS §150), ok o s
v S ant 100} " B
1 ° .
50
0 0
-150 -100 -50 0 50 100 150 -150 -100 -50 . O 50 100 150
6cpldeg] 6cpldeg]
Fig. 4. (color online) Allowed region for (m..) meV (left) and 5cp deg (right) in terms of 5¢cp deg in NH.

Table 4. Numerical benchmark point (BP) of our input para-

meters and observables in NH. Here, this BP is taken +/Ay?
to be minimum.
NH
T 0.137+1.26i
M, 5.34x107
&y -2.85%10% - 1.69x 10%i
d, —26.3 +64.5i
[ac,ay,az] [7.21x 107,-0.00139,0.0206]
Am2, 2.51x1073eV?
Am? | 7.56 % 10-5e V2
sinf» 0.553
sin6y3 0.683
sinf3 0.147
[65p. @21] [~170°, 257°]
Z m; 58.8 meV
(Mee) 2.94 meV
K 3.49% 10714
Ay? 2.24
6 < é, 0.9mg, <mg, < 1.1mg,, (35)

Dy
where we have defined ¢; to be ,,,T:

Our input parameters randomly select within the fol-
lowing range:

{a,.b,} € [0, V4r], M,/GeV €[107°,10°], (36)

where a,,b, are real and the other needed parameters are
employed by BP in the previous section.

In our numerical analysis, we found that Yukawa
coupling |b, x Y| exceeds the perturbative limit ~ 4x to
obtain the observed relic density of DM while satisfying

the constraints. of LFVs and lepton universalities. The
correct relic density requires O(100) < Max[|b, xY|] for
NH case applying allowed parameters that can fit the
neutrino data. This implies that co-annihilations do not
help reducing the Yukawa couplings to be perturbative
limit. We could move to one of the next minimum model
by, changing the modular weight of Ny to -2 instead of
zero to obtain one more mass parameters giving wider re-
gion of allowed parameters, where the other assignments
are exactly the same as our model. However we would
still have difficulty in realizing correct relic density while
keeping perturbative limit for the Yukawa couplings.
This is due to the fact that the DM annihilation cross sec-
tion, Eq. (29), is p-wave dominant and we need relatively
larger coupling constant than s-wave case. In addition,
neutrino data and LFV constraints require heavy DM and
new scalars that also suppress DM annihilation cross sec-
tion. It is thus difficult to obtain correct relic density in
our minimal setting and some extension is necessary.

If we forget satisfying the observed relic density and
we work our numerical analysis under the perturbative
limit, we obtain the tendency for electron g—2, muon
g—2, and LFVs as shown in Fig. 5. These figures sug-
gests that —Aa, and —Aa, are at most 102" and 107", re-
spectively. On the other hand, LFVs; especially u — ey
branching ratio, would be testable near future due to its
maximum value is close to the experimental limit.

D. Minimal extension to accommodate relic
density of DM
We briefly illustrate one of the simplest solutions to
explain the observed relic density without breaking our
predictions for the neutrino sector, making use of a new

interaction. We can introduce a singlet scalar boson S
that leads to new interactions

Lnew =ySSON71€NR+/lmiXSOHTH+"' ) (37)

where its modular weight is assigned to be zero for sim-
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NH

NH NH:(ij)=(21)...Blue,(31)...Red,(32)...Black

1072 1.%1075

102 %1071

-

-Aa,
-Aa,

102 1.x10""7

102

.x107"8

-

0 200 400 600 800 1000 0 200
1le;

Fig. 5.
the observed relic density.

plicity, assuming it is singlet under the A, symmetry, and
we omit terms with S7,. We then have Higgs portal to the
SM by mixing between S° and 4 induced by the last term
of L..». Note also that the addition of these interactions
do not modify neutrino mass and the predictions in our
analysis will not be changed.

As a result we have additional DM annihilation pro-
cesses such as yy — % — fsmfsm and xy — SoS,. In par-
ticular, s-channel cross section is useful to explain the rel-
ic density since annihilation cross section is enhanced at
nearby m, ~ mg,/2 where myg, is the mass of S,. The an-
nihilation cross section of yy — S° — fomfsm process is
approximately given by

2y2sin’ m?
ySyf . X — (38)
2n (4’")(_’"30)

(O-Vrel) =

where y; is the SM Yukawa coupling for fermion f and
sine indicates the Higgs-S, mixing. The relic density of
DM is roughly estimated as Qh?> ~0.1pb/(0v,) and we
obtain

2 2\ 72
Qh2~0.12( e ) 0‘0081<1—ms) . (39)

1 TeV/ yisin*a 4m?

where we considered top quark as f for simplicity. Thus
we can realize Qh* ~0.12 with m, =1 TeV, ys =1 and
sina ~ 0.1 even if we don't have resonant enhancement.
With resonant effect, we can fit the relic density for small
Higgs mixing case without conflicting constraints of dir-
ect detection searches [26].

IV. CONCLUSIONS AND DISCUSSIONS

We have investigated a three-loop induced neutrino
mass model in a non-holomorphic modular flavor sym-
metry, in which we found some prediction in a frame-
work that masses inside the loop does not depend on
structure of the neutrino mass matrix. Since our model
has a rank two Yukawa matrix in the neutrino sector, the
lightest neutrino mass eigenvalue vanishes. Here, we
have realized a model with minimum free parameters;

400 600 800 1000 0

1e 1/es

(color online) Allowed region for electron g—2(left), muon g-2(center), and LFVs(right), where these points do not satisfy

three complexes =, &, d, and five reals a,, a,, a, M,, K,
due to an appropriate charge-assignments under the mod-
ular symmetry. Then, we have performed the chi square
analyses considering the neutrino oscillation data, and in
particular, we have found rather narrow arrowed regions
for the NH case while we could not fit the data in IH
case. By adopting the best fit value for NH, we have fur-
ther analyzed the lepton flavor violation, muon g-2,
lepton flavor universalities, and dark matter, where we
have neglected all the complicated processes such as co-
annihilation interactions by controlling the related
masses. Through the numerical analyses, we have found
it is difficult to explain the observed relic density within
the perturbative limit. But, it is easy to resolve it by intro-
ducing a singlet boson without changing predictions in
neutrino sector.

APPENDIX A: LOOP FUNCTION

The loop function at the three level is in general ob-
tained only via numerical way. But if some conditions are
imposed, one can analytically integrate it out. Here, we
show the integration under the case of Dy, <mg,, to
which we apply our model where mg =mg, +6mg with
€ = % < 1'

One can expand the integration in terms of
€(= Dy, /mg,) and €5 as

Fzao+a16[2+ble§+O(ef)+()(e§), (A1)

’ ’” 1
ap = /[d-x]3/[d-x ]3/[dx ]3 y//(y+z) . Z”()"+Z') 5
(1-2z (A-z2)7

(A2)

, . x/’
a "’_/[dx]S/[dx ]3/[dx ]3 (y,,(y+z)+zu(y;+z/))2
(1-2z A-2)7
(A3)
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(-1 +2)z2(-1+2)Z (—yy

/s

7 +yy'z

712 _y/ZZ/r +y/ZZZH)

b ~ /[dx]3/[dx']3/[dx"]3 { 2 2 2 > 2|
(_yyuzr _yr/ZZr +yy//Zr +y//ZZ/ _y/ZZ/r _|_y/Z Zr/_ZZrZH +Z Z/Z//)

Here ao ~ 0.062, a, ~ —2.92, and b, ~ —0.0281 and [[dx]s = [, dx [, " dyl.ci_.y.

(A4)
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