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Abstract: The breakup of weakly bound projectiles has been shown to significantly influence scattering processes,
including elastic scattering. In this context, we revisit the angular distributions (ADs) for elastic scattering of "Li
from '"Sn and '*°Sn targets. The study analyzes "Li + '"®Sn ADs over the energy range 18.15-48 MeV and 'Li +
120Sn ADs from 2044 MeV, utilizing various nuclear interaction models. These include the Sdo Paulo potential, the
CDM3Y6 potential (with and without rearrangement term), and cluster folding model. Results indicate that the real
component of the folded potentials must be scaled down by 40-65% to achieve an accurate fit to the experimental
ADs, underscoring the prominent role of ’Li breakup effects. Interestingly, the conventional threshold anomaly ob-
served in reactions involving tightly bound nuclei is not present. Further analysis using the continuum discretized

coupled channels (CDCC) approach provides excellent agreement with the data, reinforcing these findings.
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I. INTRODUCTION

The investigation of nuclear systems involving
weakly bound (WB) nuclei at energies near the Coulomb
barrier (Vg) is a subject of sustained interest in nuclear
physics [1, 2]. Among these WB nuclei, 'Liis particu-
larly noteworthy due to its pronounced a + ¢ structure and
relatively low binding energy of approximately 2.468
MeV. This unique structure can significantly influence
reaction mechanisms. Furthermore, investigations of nuc-
lear reactions involving WB stable ions have revealed nu-
merous unconventional behaviors [3].

This work focuses on understanding the scattering
mechanism of "Li projectiles from ''®!%°Sn isotopes at en-
ergies near and above the V3. We examine the nuclear
systems 'Li + ''®Sn at energies (E),;,) ranging from 18.15
to 48 MeV [4-6], and "Li + '*Sn at E,,;, between 20 and
44 MeV [7-9]. These systems have been the subject of
extensive experimental measurements [4-12] and theoret-
ical investigations [13-20]. Previous studies have
provided valuable insights into these systems. For in-
stance, Ref. [13] examined the scattering of *’Li from
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'20Sn and **Mg nuclei at E;,;, = 44 MeV, analyzing both
cross sections and analyzing powers through coupled-
channel calculations. These calculations successfully re-
produced the measured data when the interaction strength
was significantly reduced to compensate for overestima-
tion at the nuclear surface region. Similarly, Ref. [14] ex-
amined Li scattering by '*°Sn at E},, = 44 MeV within a
coupled-channel framework, considering virtual pro-
jectile excitations. Both cluster folding (CF) and double-
folding (DF) interactions were employed, yielding excel-
lent agreement with experimental data for cross sections,
vector analyzing power (VAP), and higher-rank tensor
observables in both elastic and inelastic scattering.

The derivation of "Li+nucleus potentials has been ap-
proached through both phenomenological [16, 17] and
microscopic [18, 19] methods. For instance, Cook [16]
conducted simultaneous fits to multiple ®’Li datasets
spanning mass numbers 24-208 to establish a global op-
tical potential (OP) for ®’Li scattering. The analysis re-
vealed that Woods-Saxon (WS) form factors with con-
stant parameters could be used for all potential compon-
ents, except the imaginary potential depth, which de-
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creased with increasing target mass. Notably, the real po-
tential depth was found to be identical for projectiles, res-
ulting in a smaller volume integral for 'Li. Additionally,
the imaginary volume integral was smaller for 'Li than
for °Li, indicating weaker absorption for "Li.

In a complementary study, Y. Xu et al. [17] proposed
a global phenomenological optical model (OM) potential
for 'Li projectiles, based on elastic scattering ADs and re-
action cross-section (or) data for target nuclei ranging
from 2’Al to 2°®Pb at energies below 200 MeV. This po-
tential provided satisfactory descriptions of ’Li elastic
scattering across the studied systems. Microscopic ap-
proaches have also contributed significantly to our under-
standing. Xu and Pang [18] introduced a global potential
by analyzing ADs from ®’Li elastic scattering off targets
(A > 40) at Ey,, = 5-40 MeV/u. The single-folding model,
incorporating the JLMB nucleon-nucleus interaction [21,
22] provided good agreement with experimental oy and
ADs data. In a more fundamental approach, Chen et al.
[19] developed a microscopic OP for 'Li+nucleus sys-
tems without adjustable parameters. This potential was
constructed by folding the microscopic OP of "Li's con-
stituent nucleons over their density distributions, with the
internal wave function described using the harmonic os-
cillator shell model. The resulting potential successfully
predicted ADs and oy for targets ranging from A =27 to
208 at energies below 450 MeV, demonstrating compar-
able performance to that of global phenomenological po-
tentials. Basak et al. [20] provided additional insights
through their analysis of elastic scattering cross sections
and VAP for *Li scattered from '*C, **Mg, **Ni, and
'20Sn nuclei. Their OM calculations employed a real fol-
ded potential based on realistic two-nucleon interactions,
requiring no normalization, along with imaginary and
spin-orbit potentials. This approach successfully accoun-
ted for both cross section and VAPs, including the ex-
planation of opposite signs observed in VAP data for
87Li + **Ni and *’Li + '*Sn systems at E,;, = 20 and 44
MeV, respectively.

This work presents a comprehensive investigation of
elastic scattering cross sections for ’Li projectiles on
181209y targets across a broad energy range. Utilizing
multiple nuclear potential models and computational ap-
proaches, we systematically compare theoretical predic-
tions with experimental data. A key focus of our analysis
is the determination of the necessary normalization
factors required to achieve optimal agreement with the
ADs data for both "Li + '"®Sn and "Li + '°Sn systems.
The paper is structured as follows: Section II details the
theoretical framework and potential models employed in
our calculations, Section III presents and analyzes the res-
ults, and Section IV summarizes our principal findings
and conclusions.

II. THEORETICAL FRAMEWORK AND IMPLE-
MENTED POTENTIALS

The elastic scattering ADs for the systems 'Li + ''*Sn
at Ep,, = 18.15-48 MeV and 'Li + '*Sn at E,,, = 2044
MeV have been reanalyzed using a systematic hierarchy
of theoretical approaches. We begin with microscopic
methods, including the S2o Paulo potential (SPP) and
double-folding potentials (DFPs), advance to cluster fold-
ing potential (CFP) to explicitly account for the distinct-
ive a + ¢ configuration of "Li, and ultimately employ the
comprehensive continuum discretized coupled channels
(CDCC) technique. This methodological progression
provides complementary insights into the scattering dy-
namics and facilitates the identification of optimal inter-
action potentials that accurately reproduce the experi-
mental ADs. The FRESCO code [23] was employed for
the calculations; supplemented by SFRESCO extensions
for y* minimization, which facilitated the accurate extrac-
tion of optimal potential parameters to fit the data.

A. Sao Paulo potential

The Sao Paulo potential (SPP) offers a microscopic-
ally-based description of the nuclear interaction. This ap-
proach derives the potential through double-folding (DF)
procedures that explicitly incorporate the nucleon-nucle-
on interaction potential (V) with realistic nuclear dens-
ities. The SPP formulation shares conceptual similarities
with conventional DF potentials but maintains distinct ad-
vantages in its theoretical foundation. For the current ana-
lysis, the nuclear density distributions of ’Li and '"*1*°Sn
were obtained from high-precision Dirac-Hartree-Bogoli-
ubov (DHB) calculations, as tabulated by the REGINA
code [24]. These microscopic densities provide a more
rigorous basis for potential generation compared to phe-
nomenological parameterizations. Figure 1 presents the
complete set of derived SPPs for both systems across the
investigated energy ranges. Within the SPP approach
used here, the imaginary part of the potential is construc-
ted to be proportional to the real part, sharing the same
radial form factor, with a separate normalization factor.

B. Double folding potentials

The 'Li + '"*'*°Sn systems were also investigated
within the microscopic DF model using CDM3Y6 inter-
actions. This analysis employed the same nuclear density
distributions derived from the DHB model [24] as used in
the SPP framework, ensuring consistency while focusing
specifically on the differences arising from the interac-
tion potential. The DFMSPH code [25] generated the
DFPs across the studied energy ranges by folding the pro-
jectile and target densities with the interaction potential

(Vaw):
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VPE(R) = /p,,(r[,) (1) Vn(s) d3r,, &r, ,S=r—r,+R
(1)

The Vyy (CDM3Y6 interaction) based on the M3Y-Paris
potential, incorporates both direct vp(s) and exchange
vex(s) components, which are density- and energy- de-
pendent:

VpEx) (05 8) = F(0)Z(E)vpix)(5)s (2)
where s is the separation between two interacting nucle-
ons and p is the nuclear matter density. This functional
dependence accounts for the nuclear medium effects on
the effective interaction, taking the form [26]:

F(p) = 0.2658[1 +3.8033exp(~1.40990) —4.0p],  (3)

The energy-dependent factor g(E) is expressed as [27]:

2(E)=1-0.003(E/A)g(E) = 1-0.003(E/A) 4
To explore additional physical effects, we implemented a
modified version, CDM3Y6-RT, which incorporates the
rearrangement term (RT) through an additional density-
dependent correction AF(p) [28]:

AF(p) = 1.5 [exp(-0.833p) — 1] ®)
The rearrangement term AF(p) accounts for the energy
dependence arising from the variation of the single-nucle-
on potential with density, representing a correction due to
the reorganization of the nuclear medium during the in-
teraction. The direct and exchange components of the ef-
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(color online) The SPP for a) "Li+''®Sn at Ey,, = 18.15, 19.15, 20.16, 21.17, 28, and 48 MeV and b) "Li+'?°Sn at £, = 20, 22,

fective NN interaction are scaled by the modified density-
dependent function [Frr(p) = AF(p)+F(p)| before the
folding integral is performed. This results in a microscop-
ically motivated, energy-dependent correction to the real
part of the folded potential. The resulting CDM3Y6 and
CDM3Y6-RT potential forms are displayed in Fig. 2.

C. Cluster folding potential

The cluster folding model (CFM) formalism was spe-
cifically employed to incorporate the well-established o +
t cluster configuration of Li nuclei, which is particularly
significant given the modest binding energy of just 2.468
MeV. This approach constructs the effective potential
through careful consideration of the individual a+target
and r+target interactions, properly weighted by the cluster
relative wave function y,_,(r) as follows:

3
VCF(R) = / |:Va+”SSn (*2sn) (R_ $}’)

4
+ VH_]]XSn(lZOSn) (R + 7”) :| I/V{Y—f(r)|2d r, (6)

3

WEE(R) = / {W(H 18g(12085) (R— ?r>

4
+ Wt+”38n(1205n) (R+ ?r> :| I/\/(lft(r)lzd r,

(M

where (V. nsgno2sy and Vi usgyiogy)) and (W, gy gy,
and W, usg, 120, ) are the real and imaginary potentials for
a + '"*Sn('*Sn) and ¢ + '"*Sn('*°Sn) subsystems, respect-
ively. These constituent potentials reproduce experiment-
al data at energies £, =~ 4/7E; and E,= 3/7E;;. The o+t
bound state ("Li ground state) was described by a 2P,
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wave function generated from a WS potential with a radi-
us of 0.677 x (4"°+3'7) fm, a diffuseness of 0.65 fm,
and a depth tuned to achieve the cluster binding energy.
Critical to this analysis was the selection of appropriate
constituent potentials. The 'Li + '"®Sn analysis incorpor-
ated ¢ + '"®Sn potentials at 20 MeV [29] and & + '"*Sn po-
tentials at 27 MeV [30]. Similarly, the 'Li + '*°Sn analys-
is incorporated ¢ + '°Sn potentials at 20 MeV [29] and a
+ 'Sn potentials at 26.1 MeV [31], all carefully valid-
ated against existing experimental data. The complete set
of derived CFPs is presented in Fig. 3.

This multi-faceted theoretical framework enables a
comprehensive investigation of the elastic scattering dy-
namics, systematically addressing the physical mechan-
isms influencing the interaction through increasingly
sophisticated treatments of nuclear structure and reaction
mechanisms. Each methodological approach provides
complementary constraints on the potential forms and
their parameters, collectively yielding a robust under-
standing of "Li scattering processes.

1. RESULTS AND DISCUSSION

A. Analysis of "Li + '"*12%Sp data using SPP

The elastic scattering ADs for the 'Li + '"*Sn system
at Ej,, = 18.15-48 MeV [4-6], and for the 'Li + '*°Sn sys-
tem at £, = 2044 MeV [7-9] were analyzed using the
SPP, which provides a microscopically-based description
of the nuclear interaction. Building upon the SPP2 formu-
lation [32], we applied this approach to achieve a com-
prehensive description that incorporates the internal
structure of the colliding nuclei. The real component of
the potential was generated using the REGINA code
framework, while the imaginary part was constructed as a
scaled version of the real potential, maintaining a consist-

ent radial dependence. The employed potential is:

U(R) = Vc(R) — Nrspp VDF(R) —iNjspp VDF(R) (®)
This formulation incorporates normalization factors for
both real (Npspp) and imaginary (N;gpp) components. The
optimized values of these factors provide important phys-
ical insights into the interaction dynamics. As detailed in
Table I, the analysis consistently requires significant re-
duction of the real potential strength, with average nor-
malization factors of 0.54+0.28 for '"*Sn and 0.60+0.05
for '2°Sn. This substantial reduction —corresponding to
approximately 46% and 40% weakening of the bare po-
tential strength— directly reflects the impact of "Li break-
up on the elastic scattering channel. The energy depend-
ence of these normalization factors is particularly pro-
nounced near the Coulomb barrier region (Vg = 21 MeV),
where coupling to breakup channels is most significant.

As shown in Figs. 4 and 5, this approach successfully
reproduced the experimental ADs across the entire en-
ergy range. For clarity, the presented ADs are displaced
by a factor of 0.5. The optimal potential parameters ex-
tracted from these fits are presented in Table I, along with
or and the corresponding volume integrals (Jy, Jy). The
systematic behavior of these parameters provides import-
ant insights into the energy dependence of the "Li-nucle-
us interaction.

Additionally, we reproduced the "Li + '"®!2°Sn ADs
using only one adjustable parameter (N;spp), fixing Npspp
at the aforementioned average normalization factors of
(0.54 for '"®Sn) and (0.60 for '*°Sn). These results,
presented as dashed curves in Figs. 4 and 5, agree well
with the data. The optimal extracted Nygpp values are lis-
ted in Table 1. The derived volume integrals from the
SPP analyses using both (varied Nigpp + varied Njgpp)
and (fixed Nygpp + varied N;gpp) approaches exhibit beha-
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vior consistent with the breakup threshold anomaly
(BTA) [33, 34]. This phenomenon, observed in scatter-
ing involving WB nuclei, is characterized by a decrease
in the real potential strength (revealing a repulsive polar-
ization potential) and an increase in the imaginary
strength (enhanced absorption) as the energy approaches
the Coulomb barrier. This contrasts with the normal
threshold anomaly [35] seen with tightly bound nuclei.
This systematic behavior emerges naturally from the mi-
croscopic foundation of the SPP. The success of this ana-
lysis highlights how the SPP framework incorporates the
essential physics of WB projectile scattering while main-
taining a fundamental connection to microscopic nuclear
structure. The required potential normalizations quantitat-
ively capture the dynamic polarization effects from coup-
ling to the breakup channel.
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B. Analysis of 'Li + '"*'2’Sn data using CDM3Y6 interac-
tion with and without RT

We further investigated the "Li + '"*!'*°Sn systems us-
ing the microscopic DF model with CDM3Y6 interac-
tions, with and without the rearrangement term (RT). The
comparison between standard CDM3Y6 and CDM3Y6-
RT results offers valuable insights into the importance of
rearrangement effects in these scattering systems. The
systematic differences between these approaches help
quantify how such microscopic corrections influence the

overall potential strength and energy dependence re-
quired to reproduce the experimental ADs. The em-
ployed central is:

U(R) = Vc(R) = Ngpr VPF(R) = iNipr VPT (R) )]
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Table 1. Optimal potential parameters for 'Li + ''%!2Sn o'k w 7L+ ™sn Exlp. Data ' ' ' ' ]
nuclear system using SPP. The values of (Jy), (J), and (oR) DF-CDM3Y6 - - --DF-CDM3Y6 RT
are displayed. Underlined parameters mean fixed. 10° sEEzEmEEE = = = & -— 18.15 MeV

7 ) R 7, T — ssspsees oo o= s o o . . 1015MeV;
Nispp Nigpp XN b \ \ . w
(MeV) (mb)  (MeV-fm’)  (MeV-fm’) o T T e 7w
7L1 + l]8sn
0.931 0.1 0.1 8.74 382.64 41.1
18.15
0.54  0.161 0.11 9.46 221.94 66.17
0.32 0.81 0.15 88.49 131.52 33291
19.15
0.54 0.670 0.16 81.06 221.94 275.37
0.357 0.746 0.24 161.7 146.73 306.61
20.16 L
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e
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24 °
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44 0.563  0.464  0.04 1892 229.99 189.54 (circles) versus DF calculations utilizing both CDM3Y6
0.6 0505 006 1892 250.2 210.94 (curves) and CDM3Y6-RT interactions (dashed curves) at

The analysis introduced two adjustable parameters: Nppp
and N;pr as normalization for the real and imaginary po-
tential components respectively. The imaginary compon-
ent of the potential is generated by scaling the real folded
potential. The DFP calculations using the CDM3Y6 inter-
action successfully reproduce the experimental ADs for
Li + '"%12Qn gystems, as evidenced by the good agree-
ment depicted in Figs. 6 and 7. The best fit Nppr and Njpp
parameters derived from the analyses (Table 2) provide
key insights into the underlying interaction dynamics. For
the 'Li + '"®Sn system, the real DF potential strength re-
quires substantial reduction with an average Nyppr value
of 0.35 £ 0.19, corresponding to approximately 65%

Ej= 20, 22, 24, 26, 28, 30 and 44 MeV.

weakening of the bare potential. The 'Li + '*°Sn system
shows a similar but somewhat less pronounced effect,
with an average Nppp of 0.41 & 0.03. The inclusion of the
rearrangement term through the CDM3Y6-RT modifica-
tion yields comparable quality fits (Figs. 6 and 7), with
only marginal differences in the required normalization.
The 'Li + '"*Sn system now shows an average Ngpp of
0.37 + 0.20 (63% reduction), while the "Li + '*’Sn sys-
tem yields 0.422 + 0.03 (58% reduction). The minimal
variation between standard CDM3Y6 and CDM3Y6-RT
results suggests that rearrangement effects play a second-
ary role compared to the dominant breakup dynamics in
these systems.
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Table 2.
and N;p values with corresponding Jy, Jy, and oy results.

Optimized parameters for the "Li + ''*'°Sn systems using DF-CDM3Y6 interactions with/without RT, showing fitted Ngpp

E (MeV) Interaction model Nrpr Nipr VvIN og (mb) Jy MeV-fm?) Jyy (MeV-fm®)
Li+ '"8Sn

CDM3Y6 0.585 0.1 0.1 10.46 256.90 43.92

1813 CDM3Y6-RT 0.623 0.215 0.1 10.19 221.10 76.30
CDM3Y6 0.221 0.549 0.15 88.49 96.964 240.87

1013 CDM3Y6-RT 0.228 0.568 0.15 88.57 80.83 201.37
CDM3Y6 0.244 0.51 0.24 161.9 106.97 223.58

20-16 CDM3Y6-RT 0.252 0.531 0.24 162.1 89.25 188.07
CDM3Y6 0.1 0.765 0.71 320.1 43.75 334.69

2L CDM3Y6-RT 0.1 0.797 0.71 320.3 35.38 281.98
CDM3Y6 0.458 0.353 89.4 1044 199.44 153.71

2 CDM3Y6-RT 0.477 0.386 84.3 1048 167.71 135.72
CDM3Y6 0.498 0.48 2.3 2115 213.20 205.49

8 CDM3Y6-RT 0.524 0.536 23 2128 181.01 185.15

Li + '%°Sn

CDM3Y6 0.415 0.293 1.8 122.8 182.14 128.60

20 CDM3Y6-RT 0.431 0.307 1.8 123.0 152.96 108.95
CDM3Y6 0.43 0.295 4.2 357.0 188.40 129.25

2 CDM3Y6-RT 0.447 0.316 4.3 358.5 158.34 111.93
CDM3Y6 0.414 0.404 30.69 657.9 181.08 176.70

o CDM3Y6-RT 0.428 0.436 31.6 661.0 151.34 154.17
CDM3Y6 0.338 0.316 20.5 817.8 147.54 137.93

26 CDM3Y6-RT 0.351 0.345 20.0 822.2 123.87 121.75
CDM3Y6 0.423 0.409 73.2 1089 184.38 178.27

2 CDM3Y6-RT 0.439 0.442 76.4 1092 154.64 155.70
CDM3Y6 0.427 0.321 99.6 1210 185.41 139.38

% CDM3Y6-RT 0.447 0.349 99.8 1213 157.17 122.72
CDM3Y6 0.39 0.375 0.03 1931 167.66 161.21

44 CDM3Y6-RT 0.414 0.431 0.03 1953 143.77 149.68

C. Analysis of 'Li + '"#2%Sp data using CFP

The remarkable clusterization tendency of 'Li, partic-
ularly its preferential dissociation into # + a configuration
at ~ 2.468 MeV, motivates our application of the CFP ap-
proach within the microscopic CFM framework. This
method effectively reproduces the 'Li + ''®!2°Sn ADs via
the following central potential formulation:

U(R) = Vc(R) = Nrcr VCF(R) —i Nicr WCF(R) (10)

The 'Li + "®2%Sn ADs were reproduced using two
parameters: Npcr (real CFP normalization) and Nyqp
(imaginary CFP normalization). The CFP based calcula-
tions successfully reproduced the 'Li + '®!2Sn ADs

across all measured energies and angular range, as
demonstrated in Figs. 8 and 9. Excellent agreement is
achieved overall, though the higher ¢ values observed at
28 and 48 MeV for '"*Sn and at 28 and 30 MeV for '*Sn
originate from minor discrepancies at backward angles (0
> 110°). These deviations likely arise from other reaction
channels, not accounted for in the double and cluster
folding calculations, that become significant at these en-
ergies and angles.

The analysis within CFP framework reveals Npcr
values of 0.50 + 0.23 and 0.40 = 0.09 for "Li + '"*Sn and
"Li + 'Sn systems, respectively (Table 3), correspond-
ing to ~ 50 % and 60 % reductions in real CFP strength.
This consistent reduction requirement mirrors our obser-
vations in SPP, DF-CDM3Y6, and DF-CDM3Y6-RT
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Table 3.
tems obtained from the calculations within CFP. The values of

Optimized parameters for the 'Li + '"®!2°Sn sys-

O, Jy, and Jy are given. Underlined parameters mean fixed.

T len T T L L L L
) m 'Li+ "SnExp. Data
10 ¢ CFP (Varied N + Varied N, ) E
- - --- CFP (Fixed N, + Varied N ) _ 18.15 MeV]
_ - 19.15 MeV §
2016 MeV]
4 =
10 w
6 10% | 3
®
10°
10" £
10°
1 1 L 1 L 1 L 1 3
0 20 40 60 80 100 120 140 160 180
ec.m.’ (deg)
Fig. 8.  (color online) Experimental '"*Sn("Li,’Li)''*Sn ADs

at Ep,p,= 18.15, 19.15, 20.16, 21.17, 28 and 48 MeV (squares)
compared to the CFP calculations (curves).

e 'L+ Sn Exp. Data
F —— CFP (Varied N__+ Varied N
- --- CFP (Fixed N + Varied N

ICF)

ICF)

U/GR

0 deg)

cm.” (

Fig. 9.  (color online) Experimental '**Sn(’Li,’Li)'*Sn ADs
at E,,= 20, 22, 24, 26, 28, 30 and 44 MeV (circles) compared
to the CFP calculations (curves).

analyses, creating a coherent picture across different the-
oretical approaches. This consistency strongly suggests
that the required normalization primarily reflects dynam-
ic polarization effects arising from ’Li's weak binding and
cluster nature, rather than being an artifact of any particu-
lar model [36-41]. The slightly greater reduction ob-
served for '2°Sn compared to ''®Sn may indicate subtle
mass-dependent variations in how the breakup process
modifies the effective potential, though both systems
clearly demonstrate the characteristic signatures of WB
projectile scattering [36-40]. These results collectively
highlight how the CFM provides both quantitative agree-
ment with experimental data and valuable physical in-
sight into the underlying reaction mechanisms. By treat-
ing the a and ¢ components explicitly, the approach cap-
tures essential features of the 'Li-nucleus interaction that

E ] R Jy Ty
(MeV) Neer - Noer 1N (MeV-fir’)  (MeV-fir’)
"Li+ '¥Sn

0905 01 01 1110  297.87 6.77
B 05 oas o 9sl 164 731
0502 0581 017 93.62  165.23 39.33
P05 0ssh017 9356 16458 39.33
0435 0638 023 1721  143.18 43.19
20.16
0.5 0580 023 1638 16458 39.27
0192 099 07 3383  63.19 67.02
2T G5 0607 10 25 le4ss 41.09
0505 0788 1048 1107  166.22 5335
% 05 0793 1054 1108 16458 53.69
0455 1355 3.6 2293 14976 91.73
. 05 149 46 2342 16458 100.87
Li + '%°Sn
0.545 0368 14 1312 158.58 25.89
0 04 0510 34 138 11638 35.88
0475 0492 56 3851 13822 34.61
2 04 osm 135 413 11638 45.52
0391 0732 502 7087  113.77 51.50
04 078 s04 7025 11638 49.81
0294 0.696 17.16 896.6  85.548 48.96
2 04 0sa4 8116 8645 11638 3827
0384 0781 1517 1150  111.74 54.94
2 04 0756 1548 1144 11638 53.18
0428  0.627 130.1 1263  124.54 44.11
o4 oen 1402 1274 11638 4721
0315 1.14 008 1892  91.66 80.20
04 099 1s9 205 11638 69.65

more phenomenological treatments might obscure.

Moreover, we reproduced the 'Li + '"*!Sn ADs us-
ing one adjustable parameter, N;cr, fixing the Ny at the
aforementioned average extracted normalizations (0.50
for ''®Sn) and (0.40 for '*°Sn). These results, presented as
dashed curves in Figs. 8 and 9, agree well with the ADs
data. The optimal extracted N, values from both (var-
ied Npcr + varied Nycp) and (fixed Nycop + varied Nycr)
approaches are listed in Table 3. The extracted Jy values
show a non-vanishing nature below the barrier, a signa-
ture of the BTA phenomenon.
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D. Analysis of "Li + '*'?*Sn data using CDCC method

Our systematic analysis using various potential mod-
els (DF-CDM3Y6, DF-CDM3Y6-RT, SPP, and CFP)
consistently demonstrates the need to reduce the real po-
tential strength by approximately 65%, 63%, 46%, and
50% for the "Li + ''®Sn system, and by 60%, 58%, 41%,
and 60% for "Li + '2°Sn, respectively. This systematic re-
duction requirement originates from the significant break-
up effects of "Li in the nuclear field of the Sn targets, ef-
fects which are explicitly and accurately accounted for
within the CDCC framework implemented through
FRESCO calculations.

The core concept of the CDCC method is to truncate
and discretize the continuum above the 'Li breakup
threshold into a series of momentum bins, each treated as
an excited state. This methodology allows the coupling
effects of these discretized continuum states to be incor-
porated into the reaction calculations. This approach gen-
erates a repulsive real dynamical polarization potential
(DPP) [42, 43] through continuum couplings, which ex-
plains the observed strength reduction. The extent of the
model space, defined by the maximum momentum (k).
was adjusted based on the bombarding energy. For bom-
barding energies between 18.15 and 20 MeV, The mo-

120 140
T T

120 140 160

Fig. 10.
and d) L,

180

mentum space (k) above 'Li breakup threshold was trun-
cated at k,,, = 1.25 fm™' (corresponding to E,,, = 19.05
MeV). For energies greater than 20 MeV and up to 30
MeV, k. Was set to 1.5 fm™ (E,,, = 27.44 MeV). For
the two highest energies studied, the model space was ex-
tended to k=2 fm™! (E,, = 37.34 MeV).

A critical aspect of CDCC calculations is ensuring
their convergence, meaning the results must be independ-
ent of the choice of numerical parameters (e.g., matching
radius, R, and integration step-size, hcm) or model
space parameters (e.g., momentum-bin width, Ak, max-
imum momentum, k..., and the inclusion of pseudo-
states with different angular momenta, L). A series of test
calculations were performed for the case of ’Li+'*Sn at
28 MeV. These tests confirmed that the calculations are
converged with the numerical parameters (R,,,,., = 40 fm,
hem = 0.04 fm), as shown in Fig. 10 (a) and Fig. 10 (b).
The convergence with respect to the model space was
also examined. As shown in Fig. 10 (¢), the calculations
are converged with a bin width of 4k = 0.25 fm™', indeed,
the results for 4k = 0.2, and 0.25 fm™ are very similar, a
finding consistent with the previous study of Sakuragi et
al. [42]. Furthermore, convergence test against the max-
imum momentum value confirmed that calculations are

b) 1

B SRR hcm = 0.01
hcm = 0.02

--hem = 0.03
—— hem =0.04

1%0 1?0

60 80 100 120 140
0. (deg)

160 180

(color online) Convergence tests of the CDCC calculations for "Li + '?°Sn at 28 MeV with respect to @) R, b) hem, c) Ak,



N. Amangeldi, N. Burtebayev, G. Yergaliuly et al.

Chin. Phys. C 50, (2026)

converged with k,,,, = 0.75 fm™', as the momentum bins
above this value do not contribute significantly. Finally,
the model was tested with respect to the included partial
waves. As shown in Fig. 10 (d), which includes pseudo-
states with L=0, 1, 2, 3, 4, the calculations show conver-
gence at L =3.

Guided by these convergence tests, the final CDCC
treatment incorporated continuum states via momentum
bin discretization (0.0 < k <0.75 fm™ with 4k = 0.25 fm™)
[44] above the 2.468 MeV breakup threshold. This in-
cludes the significant resonant states (7/2°, E,= 4.652
MeV and 5/2°, E, = 6.604 MeV) with L=3 and the bound
non-resonant state (1/2°, E,= 0.4776 MeV) in addition to
the 'Li ground state (3/2°, E,= 0.0 MeV). For the coup-
ling and diagonal potentials, we employed the cluster
folding procedure outlined in Egs. (6 and 7), using the
same ¢+ '"®Sn ('°Sn) and  + '"*Sn ('?°Sn) potentials as in
our CFM calculations. The CDCC method requires first
calculating the projectile’s wave functions. The 'Li
ground state and the 1/2° bound state were modeled as a
2P;), configuration using a WS potential with a radius of
0.677 x (47 +3!53) fm, a diffuseness of 0.65 fm, and a
depth tuned to achieve the cluster binding energy (V, =
96.25 MeV). The two resonant states (7/2” and 5/27) were
modeled as a 1D, and 1Ds;, configurations using a WS
potential with the same geometry and depths of 96.8894
and 88.8348 MeV, respectively. This two-body cluster
approach for "Li is further supported by similar findings
for the °Li nucleus. Despite °Li having a dominant d+a
cluster structure, a full four-body (n+p+a) CDCC analys-
is of °Li + *®Bi scattering revealed that the dominant
breakup effect is still well-captured by the simpler d+a
two-body breakup channels [45]. Given the dominant role
of L=3 resonances [36, 44, 46, 47], our CDCC model in-
cludes one non-resonant (1/2°) and two resonant states
(7/2" and 5/2°), with widths of 0.2 and 2.0 MeV, respect-
ively.

As Figs. 11 and 12 demonstrate, the CDCC calcula-
tions achieve good agreement with experimental ADs
without requiring potential normalization. The remaining
minor deviations likely reflect limitations in the model
space truncation and discretization or small uncertainties
in the input cluster potentials. A slight oscillation ob-
served in the calculations at backward angles for the '*°Sn
system (Fig. 12) is a genuine result arising from the spe-
cific interference pattern between the elastic and breakup
channels at these large angles. Importantly, the success of
these parameter-free calculations validates our earlier
findings from simpler models, confirming that the sub-
stantial potential reductions indeed originate from dy-
namic polarization effects due to continuum coupling.
The CDCC results provide particularly clear evidence
that the DPP generated by breakup channel coupling ac-
counts for the reduced effective potential strength needed
in the other approaches. This physical interpretation uni-

T
118,

T T T T
= Li+ "®Sn Exp. Data
CDCC
1o sEEEzEEE = B = = = = m = g 1815MeV]
19.15 MeV
m g 2316 MeV

10" F

[ |
21,17 MeV

olo,

80 100 1.80
ec m.’ (deg)

Fig. 11.  Experimental 'Sn(’Li,’Li)"'®Sn ADs (circles)

versus. CDCC calculations (curves) Ep,= 18.15, 19.15, 20.16,

21.17, 28 and 48 MeV.

120 140 160

12b

o I7Li + 78Sn Ex;). DataI

—— CDCC

o
o
B
44 MeV
1 1 1
0 20 40 60 80 100 120 140 160 180
ec.m.’ (deg)

Fig. 12. Experimental '*°Sn("Li,’Li)'*Sn ADs (circles)

versus CDCC calculations (curves) at E},,= 20, 22, 24, 26, 28,
30 and 44 MeV.

fies our understanding across all theoretical methods em-
ployed in this comprehensive study of "Li scattering.

Figure 13 displays the energy-dependent reaction
cross sections for the 'Li + ''®!2%Sn systems, calculated
using multiple theoretical approaches (SPP, CDM3Y®6,
CDM3Y6-RT, CFM, and CDCC). The calculated cross
sections exhibit systematic energy dependence that can be
parameterized by the following second-order polynomial
fits:

or(E) =-2905.6+190.5 E—1.78 E? (11)

or(E) = —3747.5+246.9 E —2.76 E* (12)

The quadratic energy dependence revealed by these
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"Li+""®Sn system

SPP
CDM3Y6
CDM3Y6-RT
CFM

cbce

o >

Polynomial fit
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E._, (MeV)

lab’ (

Fig. 13.
CDM3Y6, CDM3Y6-RT, CFM, and CDCC.

polynomial fits reflects characteristic nuclear reaction dy-
namics observed in heavy-ion systems. For both Sn iso-
topes, the reaction cross sections initially increase with
energy due to greater penetration of the Coulomb barrier,
then gradually saturate at higher energies as nuclear inter-
action probabilities decrease. The systematically larger
coefficients observed for the '*’Sn system compared to
18Sn quantitatively capture the expected enhancement in
nuclear absorption for the heavier isotope, consistent with
established mass-dependent trends in heavy-ion reactions.
The negative quadratic terms in both expressions. physic-
ally represent the transition between 'competing mechan-
isms: at lower energies, cross sections are dominated by
barrier penetration effects, while at higher energies, the
reduced interaction time and increased importance of dir-
ect reaction channels become predominant.

This energy dependence pattern appears consistently
across all theoretical approaches shown in Fig. 13, though
with model-dependent variations that particularly high-
light the significance of properly accounting for breakup
effects when dealing with WB projectiles like 'Li. The
polynomial parameterizations provide a useful quantitat-
ive framework for comparing the energy evolution of re-
action probabilities across different theoretical treat-
ments. Although, the extracted o values from the vari-
ous employed approaches are generally in close agree-
ment, those obtained from the CDCC results showe a sig-
nificant enhancement at the lowest studied energies.

IV. SUMMARY

This systematic study of 'Li elastic scattering from
1812081 nuclei across an energy range of 18-48 MeV re-

50

Li+"Sn system

o

E

b'n:
e SPP

CDM3Y6

= CDM3Y6-R
A CFM
e CDCC

—— Ploynomial fit
1

102 1 1 1 1
20 25 30 35

E,.. (MeV)

40 45

(color online) Energy versus the extracted oy values for 'Li + ''*12°Sn systems using the different employed approaches: SPP,

veals'the dominance of the projectile's weak binding and
cluster structure in governing the reaction dynamics. All
theoretical approaches employed —from folding models
to microscopic CDCC calculations—consistently demon-
strate that accurate descriptions require 40-65% reduc-
tions in the real potential strength. This substantial renor-
malization directly reflects the dynamic polarization po-
tential arising from coupling to breakup channels.

While simpler models achieve good fits through em-
pirical normalization factors, the CDCC framework suc-
cessfully reproduces the data without adjustments by ex-
plicitly treating continuum states, confirming these reduc-
tions as physical effects rather than artifacts. The cluster
folding model's success further underscores the import-
ance of properly accounting for 'Li's a+ structure.

Reaction cross sections exhibit characteristic energy
dependence, initially rising due to barrier penetration and
saturating at higher energies. Polynomial fits capture
these trends while revealing subtle mass-dependent dif-
ferences between targets. Notably, the conventional
threshold anomaly is absent, replaced by smooth energy
dependence consistent with persistent breakup effects
across the studied range.

Collectively, these results establish that reliable de-
scriptions of WB nuclear systems must incorporate both
cluster degrees of freedom and continuum coupling. This
provides a unified understanding that bridges phenomen-
ological and microscopic approaches, offering valuable
benchmarks for future theoretical developments. The CD-
CC method emerges as particularly robust approach for
such systems, though appropriately normalized folding
potentials offer practical and effective alternative when
full coupled-channels calculations are impractical.
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