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Abstract: We address a specific problem of the Newman-Janis algorithm: how to determine the general form of the
complex transformation for the Schwarzschild metric and ensure that the resulting axisymmetric metric satisfies the
zero-scalar-curvature condition .  In this context,  the zero-scalar-curvature condition acts as a constraint.  Ow-
ing to this condition, we refer to the class of black holes as the "Newman-Janis class of Schwarzschild black holes"
to emphasize the potential of the Newman-Janis algorithm as a classification tool for axisymmetric black holes. The
general complex transformation we derive not only generates the Kerr, Taub-NUT, and Kerr-Taub-NUT black holes
under  specific  choices  of  parameters  but  also  suggests  the  existence  of  additional  axisymmetric  black  holes.  Our
findings create an alternative avenue using the Newman-Janis algorithm to construct new axisymmetric black holes.
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I.  INTRODUCTION

The  Newman-Janis  algorithm (NJA)  [1]  is  a  method
used to  derive  axisymmetric  black hole  spacetimes  from
spherically symmetric ones. The term "off-shell" refers to
the fact that these generated spacetimes do not necessar-
ily satisfy the gravitational field equations [2]. This limit-
ation  has  led  to  criticism  because  axisymmetric  black
holes  obtained  via  the  NJA  often  fail  to  satisfy  these
equations.  For  example,  although  the  NJA  can  generate
an axisymmetric black hole in Chern-Simons gravity, the
Pontryagin density is non-zero, indicating a failure to sat-
isfy the field equations [3].

The  original  NJA  was  formulated  in  terms  of  the
Newman-Penrose  formalism  [4].  It  involves  applying  a
complex transformation,  followed  by  a  change  of  co-
ordinates or parameters, to derive a rotating solution [5].
However, a modified version [6] of the NJA has been in-
troduced,  which  eliminates  the  need  for  this  additional
complex coordinate transformation. Its most notable suc-
cess  came  from  reproducing  Kerr  black  holes1) and dis-
covering Kerr-Newman black holes in the Einstein-Max-
well theory [7, 8]. Given the observational relevance and

diverse  applications  of  rotating  black  holes  [9−13],  the
NJA has  become a  popular  tool  for  constructing  various
types of axisymmetric black holes [14−17]. Despite this,
the efforts continue [18−20] to understand the algorithm's
underlying physical basis. As time goes on, the NJA has
evolved  into  two  distinct  branches:  one  that  retains  the
Newman-Penrose formalism [6, 21, 22] and the other that
no longer relies on tetrads [5, 23].

In this work, we apply the NJA within the Newman-
Penrose formalism but omit the complexification of vari-
ables  and  parameters.  Our  goal  is  to  derive  a  general
complex  transformation  for  Schwarzschild  black  holes
that  yields  axisymmetric  black  holes  with  zero-scalar-
curvature  metrics.2) In  other  words,  we  aim  to  explore
how many zero-scalar-curvature  and axisymmetric  black
holes  can  be  generated  from  Schwarzschild  black  holes
by using the NJA. We refer to these solutions as the New-
man-Janis (NJ)  class  of  Schwarzschild  black  holes,  em-
phasizing  NJA’s  potential  as  a  classification  tool  for
axisymmetric black holes. In general, the black holes de-
rived  from the  same  seed  solution  should  belong  to  one
NJ  class  because  they  share  the  key  physical  properties
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1) Taub-NUT black holes can also be retrieved from Schwarzschild black holes by the NJA [2].
2) The zero-scalar-curvature condition indicates either a vacuum solution or a spacetime generated by matter with a zero trace of energy-momentum tensors.
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[18].
The remainder of the paper is structured as follows. In

Sec.  II,  we  begin  by  applying  a  modified  version  of  the
NJA  [6]  to  retrieve  Taub-NUT  black  holes  from  the
Schwarzschild  seed  metric.  We  emphasize  the  function
freedoms  in  the  process  of  retrieving  Taub-NUT  black
holes,  which  motivates  a  generalization  of  the  modified
NJA in Sec. III, where we also present a formal metric for
axisymmetric black  holes  resulting  from  general  com-
plex  transformations.  In  Sec.  IV,  we  focus  on  the  zero-
scalar-curvature condition and derive the explicit form of
the  complex  transformations  introduced  in  the  previous
section.  Sec.  V  explores  a  new  type  of  axisymmetric
black holes predicted using our treatment.  The final  sec-
tion,  Sec.  VI,  presents  our  conclusion,  followed  by  two
appendices  detailing  the  specific  forms  of  two curvature
invariants. 

II.  NON-COMPLEXIFIED NJA FOR TAUB-NUT
BLACK HOLES

In this section, we introduce the approach used [6] for
Kerr black holes and extend it to Taub-NUT black holes,
aiming to  further  generalize  this  approach  in  the  sub-
sequent  section.  The  term  "non-complexified"  refers  to
the fact that this approach does not require extending co-
ordinates  and  parameters  into  the  complex  domain.  We
begin  with  the  seed  metric  for  a  spherically  symmetric
spacetime, 

ds2 = −g(r)dt2+
dr2

f (r)
+h2(r)dΩ2

2, (1)

dΩ2
2 = dθ2+ sin2 θdϕ2where  is  the  metric  of  a  unit  two-

sphere.
The first step is to rewrite this metric in the Newman-

Penrose  tetrad  formalism.  We  introduce  the  advanced
null coordinate, 

du = dt− dr√
g(r) f (r)

, (2)

which transforms the above metric to 

ds2 = −g(r)du2−2

 
g(r)
f (r)

dudr+h2(r)dΩ2
2. (3)

This can then be expressed in terms of the Newman-
Penrose tetrad as 

gµν = lµnν+ lνnµ−mµm̄ν−mνm̄µ, (4)

lµ nµ mµ m̄µ

mµ
where , , and  are null vectors, and  is the com-
plex conjugate of . The explicit form of the tetrad vec-
tors is given by 

lµ = δµr , nµ =

 
f
g
δµu −

f
2
δµr ,

mµ =
1√
2h

Å
δµθ +

i
sinθ
δµϕ

ã
. (5)

f (r) g(r) h(r) F(r,N) G(r,N) H(r,N)
The next step is our proposal: We generalize the func-

tions , ,  and  to , ,  and ,
ensuring that they reduce to their original forms when the
NUT charge N vanishes: 

lim
N→0
{F(r,N),G(r,N),H(r,N)} = { f (r),g(r),h(r)}. (6)

This relation serves as a boundary condition for the sub-
sequent calculations.  We  then  introduce  a  complex  co-
ordinate transformation,1) 

u→ u−2iN lnsinθ, r→ r− iN, (7)

substitute it into Eq. (5), and obtain the following tetrad: 

lµ = δµr , nµ =

…
F
G
δµu −

F
2
δµr ,

mµ =
1√
2H

Å
−2iN cotθδµu +δ

µ
θ +

i
sinθ
δµϕ

ã
. (8)

Using this tetrad and Eq. (4), we generalize the metric as
follows: 

ds2 = −2

…
G
F
[
dudr+2N cosθdϕdr

]
−G[du+2N cosθdϕ]2+H2

(
dθ2+ sin2 θdϕ2

)
. (9)

M→ M′ = M− iN

The above  treatment  differs  from the  traditional  one  ap-
plied  to  Taub-NUT  black  holes  in  Ref.  [2],  where  the
mass parameter is also transformed by .

To  express  the  above  metric  in  the  Boyer–Lindquist
coordinates, we  perform  the  following  coordinate  trans-
formation: 

Chen Lan, Zi-Xiao Liu, Yan-Gang Miao Chin. Phys. C 50, 015108 (2026)

1) The term "non-complexified", as used in this paper, follows the convention introduced in Ref. [6]. In that context, the complexification refers to the process of ex-
tending both the radial coordinate r and physical parameters into the complex domain. In contrast,  the non-complexification means that neither r nor the parameters,
such as mass M or NUT charge N, are treated as complex. Nevertheless, a complex coordinate transformation is still applied. For instance, in deriving the Taub–NUT
black hole from the Schwarzschild solution, one performs the transformation given in Eq. (7) without complexifying r, M, or N. That is, this coordinate transformations
is made in the complex domain, but the coordinate and the parameters themselves are real.
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du→ dt+λ(r,N)dr, dϕ→ dϕ+χ(r,N)dr. (10)

gtr = grϕ = 0After considering the conditions , we derive 

λ = − 1√
FG
, χ = 0, (11)

which  are  required  by  the  axisymmetric  and  stationary
preconditions. Subsequently,  using  the  boundary  condi-
tion given by Eq. (6), we obtain 

lim
N→0
λ = − lim

N→0

1√
FG
= − 1√

f g
. (12)

f = g =
1−2M/r

For  Schwarzschild  black  holes,  where 
, we find 

lim
N→0

1√
FG
=

1
f
=

r
r−2M

. (13)

Following the procedure outlined in Ref. [6] for the Kerr
case, we choose for the Taub-NUT case, 

λ =
r2+N2

N2+2Mr− r2
, (14)

and solve F from Eq. (11): 

F =
(N2+2Mr− r2)2

(r2+N2)2G
. (15)

Rµν = 0

F(r,N) G(r,N) H(r,N)

We note that the choice of λ, Eq. (14), is based on our ex-
perience  and  familiarity  with  the  Taub-NUT  black  hole
metric. Later, we will show how the equations of motion,

,  along  with  the  boundary  conditions  Eq.  (6),  can
be  used  to  determine  the  exact  forms  of  the  functions

, , and .
F =GBy setting , we obtain 

G = F =
r2−2Mr−N2

r2+N2
. (16)

F =G
f = g

The  choice  of  results  from  the  characteristics  of
the seed metric, i.e.,  in the Schwarzschild case.

H =
√

r2+N2Finally, by fixing , we recover the Taub-
NUT black hole metric [24], 

ds2 = −F (dt+2N cosθdϕ)2

+F−1dr2+ (r2+N2) sin2 θdϕ2+Σdθ2, (17)

Σ = r2+N2where .  The  choice  of H,  similar  to  that  of λ,
will be discussed in further detail. Before proceeding, we
offer some remarks on the overall process.

χ = 0In Eq. (11), the equation  reduces the number of
free functions compared with the case of Kerr black holes
[6],  but  this  leaves H undetermined,  requiring  it  to  be
manually  fixed.  In Table  1,  we  compare  the  function
freedoms between Taub-NUT and Kerr black holes in the
framework of the NJA.

In Table  1,  "giv"  denotes  "given,"  meaning  that  the
function  is  initially  provided  as  a  condition.  "det"  refers
to "determined," indicating that the function can be form-
ally calculated  if  other  functions  are  known.  "semi"  de-
notes "semi-determined," meaning that the asymptotic be-
havior of the function with respect to a certain parameter
is known, but its explicit form is inferred from the target
metric. The table shows that, for the NJ class of Schwarz-
schild black holes, only two free functions must be fixed
based  on  experience  or  unknown  conditions.  When χ is
fixed to zero, the remaining function H becomes free for
Taub-NUT  black  holes.  In  contrast, χ becomes  free  for
Kerr black holes when H is fixed.

The presence of two semi-determined functions in the
NJA  suggests  introducing  additional  conditions  to  fully
determine them. The equations of motion provide a natur-
al  choice  for  this  purpose.  According  to  it,  the  NJA can
partially  circumvent  the  traditional  challenge  of  being
considered to be an off-shell method.  We begin with the
metric in the Boyer–Lindquist coordinates, 

ds2 = −F
[
dt+2N cosθdϕ

]2
+

dr2

F
+H2

[
dθ2+ sin2 θdϕ2

]
,

(18)

F =Gwhere we have used  and replaced λ and χ by 

λ→− 1
F
, χ→ 0, (19)

Rµν = 0

in  Eq.  (9)  under  the  coordinate  transformation  from  Eq.
(10). Our goal is to use the vacuum equations of motion,

, along with the boundary conditions from Eq. (6),
to provide the explicit forms of F and H. In Sec. IV, when
we address the general case, we extend the vacuum equa-

 

Table 1.    Function freedoms.

f g h F G H λ χ

Taub-NUT BHs giv giv giv det det semi semi det

Kerr BHs giv giv giv det det det semi semi

Axisymmetric generalization of zero-scalar-curvature solutions from the Schwarzschild... Chin. Phys. C 50, 015108 (2026)
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tions  discussed  here  to  encompass  the  zero-scalar-
curvature condition.

R2
2 = R3

3We begin by noting , which reduces the equa-
tions of motion to the following three independent equa-
tions:
 

H4F”+2H3F′H′+4N2F = 0, (20a)

 

HF”+2F′H′+4FH” = 0, (20b)

 

H2
[
H (F′H′+FH”)+F(H′)2

]
= 2N2F +H2. (20c)

From Eq. (20a), we derive the solution for F,
 

F =
√

c1

2N
sin
ï

2N
Å∫

dr
H2
+ c2

ãò
, (21)

c1 c2where  and  are constants of integration.
Substituting  this  expression  for F into  Eq.  (20b),  we

arrive at the equation
 

H3H”−N2 = 0, (22)

which leads to the solution for H,
 

H2 =
N2

c3
+ c3(r+ c4)2, (23)

c3 c4where  and  are also integration constants. By substi-
tuting this result  for H back into the expression Eq. (21)
for F, we obtain
 

F =
√

c1

2N
sin
ï

2
Å

arctan
Å

c3(r+ c4)
N

ã
+ c2N

ãò
. (24)

Finally,  substituting these  results  into  the  third  equation,
Eq. (20c),  enables  us  to  determine  the  integration  con-
stants through the following relation:
 

2N + c3
√

c1 sin(2c2N) = 0. (25)

Thus, Eqs.  (23),  (24),  and (25) provide the general  solu-
tions to the equations of motion, Eq. (20).

We now proceed to determine the constants of integ-
ration using the conditions provided in Eq. (6). First, ap-
plying the condition
 

lim
N→0

H2 = c3(r+ c4)2 = r2, (26)

we find 

c3 = 1, c4 = 0. (27)

c2Next, we derive  from Eq. (25): 

c2 =

π+ arcsin
Å

2N√
c1

ã
2N

, (28)

c2 c3 c4

where we have omitted the periodicity inherent in the tri-
gonometric  function.  Substituting , ,  and  into Eq.
(24), we obtain 

F =
−N2+ r

(
r−
√
−4N2+ c1

)
N2+ r2

. (29)

Next, applying the boundary condition 

lim
N→0

F = 1−
√

c1

r
= 1− 2M

r
, (30)

c1 4M2

N→ 0
we deduce that  the  parameter  must  be  plus  a N-
dependent  function  that  vanishes  as .  Considering
the balance of dimensions, we arrive at 

c1 = 4(M2+N2). (31)

Therefore,  we  have  retrieved  the  metric  of  Taub-NUT
black holes without arbitrarily assigning specific forms to
any function at any stage of the above derivation.

Rµν = 0

Our  new  treatment  demonstrates  that,  starting  from
the Schwarzschild metric and applying the complex trans-
formation in Eq. (7), the Taub-NUT metric is the unique
solution  that  satisfies  the  vacuum  equations  of  motion

. 

III.  GENERAL NJA WITHOUT COMPLEXIFICA-
TIONS

In this section, we derive the forms of λ and χ using a
kind  of  matching  conditions1) instead  of  specifying  the
initial transformations. Our goal is to generalize the NJA
for  Schwarzschild  black  holes  by  introducing  a  broader
class of transformations.

To extend our treatment from the previous section to
arbitrary transformations, we consider a generalized com-
plex transformation of Eq. (7): 

Chen Lan, Zi-Xiao Liu, Yan-Gang Miao Chin. Phys. C 50, 015108 (2026)

1) It is Eq. (34), a generalized boundary condition similar to Eq. (6).
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u→ u− iα(θ, p), r→ r+ iβ(θ, p), (32)

α(θ, p) β(θ, p)

α(θ)
β(θ)

where the functions  and  depend on certain
parameters that are denoted collectively by p, such as the
NUT charge in Eq. (7). For simplicity, we use p to repres-
ent any relevant parameter and use the symbols  and

 but keep in mind that α and β depend on p.
First, we extend the functions in the seed metric, ori-

ginally  appearing in  the  advanced null  coordinate  in  Eq.
(3),  and  derive  the  following  null  tetrad  by  substituting
Eq. (32) into Eq. (5): 

lµ = δµr ,

nµ =

…
F
G
δµu −

F
2
δµr ,

mµ =
1√
2H

ï
−iα′(θ)δµu + iβ′(θ)δµr +δ

µ
θ +

i
sinθ
δµϕ

ò
, (33)

F(r, θ, p) G(r, θ, p) H(r, θ, p)
where the prime denotes the derivative with respect  to θ
and,  the  functions , ,  and  de-
pend on the parameter p and satisfy the matching condi-
tion 

lim
p→0
{F(r, θ, p),G(r, θ, p),H(r, θ, p)} = { f (r),g(r),h(r)}. (34)

This condition must be satisfied because,  for a given
transformation  Eq.  (32),  the  axisymmetric  black  holes
produced by the NJA related to the functions G, F, and H
reduce  to  the  original  spherically  symmetric  metric  Eq.
(1) related to f, g, and h, as p approaches zero. Following
the procedure for deriving Eq. (9) but  replacing Eqs.  (7)
and  (8)  by  Eqs.  (32)  and  (33),  respectively,  we  provide
the following metric: 

ds2 = −G
[
du+α′(θ) sinθdϕ

]2
+H2

(
dθ2+ sin2 θdϕ2

)
+2

…
G
F
[
β′(θ) sinθdϕ−dr

][
du+α′(θ) sinθdϕ

]
. (35)

gtr = grϕ = 0 λ(r, p)
χ(r, p)

Secondly,  when  the  transformation  Eq.  (10)  is  applied
with  the  replacement  of N by p,  the  conditions

 lead  to  the  following  solutions1) for 
and : 

λ(r, p) = −H2 √F/G+α′(θ)β′(θ)
FH2+ (β′(θ))2

,

χ(r, p) =
csc(θ)β′(θ)

FH2+ (β′(θ))2
. (36)

Following the  reasoning  stated  in  the  previous  sec-

λ(r) χ(r) p→ 0

tion (see the contexts from Eqs. (10)−(12) and the relev-
ant analysis in Ref. [6]), we propose the following forms
of  and  as : 

λ(r) = −h2 √ f /g+d
f h2+b2

,

χ(r) = − c
f h2+b2

, (37)

where b, c,  and d are free parameters. Before continuing
calculations, the following two points deserve attention:
 

α′(θ) β′(θ)

α′(θ) F =G
β′(θ)

β′(θ) , 0

● Only one of  and  can be zero. If both are
zero, no modification occurs to the seed metric or the null
tetrad. If  is zero and , both F and H can be de-
termined,  but  if  is  zero,  only F can  be  determined,
leaving H undetermined. This indicates that it may not fix
all  free  functions  to  use  the  equations  of  motion  alone.
Therefore, we will first examine the case of .
 

●  The  assumption  in  Eq.  (37)  is  motivated  by  the
form of Eq. (36) and the matching condition in Eq. (34),
which is quite general. However, for a specific case, such
as Taub-NUT black holes,  the formulation in Eq. (14) is
inferred directly from the Taub-NUT metric in Eq. (17).
 

f = g
F(r, θ) =G(r, θ)

F(r, θ)

Finally, when  in the seed metric, we can reason-
ably assume . From Eqs. (36) and (37), we
can express  as 

F(r, θ) =
b2+ cβ′(θ) sinθ+ f (r)h2(r)

d+ cα′(θ) sinθ+h2(r)
√

f (r)/g(r)
, (38)

H(r, θ) β′(θ) , 0and determine the function  owing to : 

H2(r, θ) = − β
′(θ)

csinθ

ñ
d+ cα′(θ) sinθ+h2(r)

 
f (r)
g(r)

ô
. (39)

f = g = 1−2M/r
h = r

For the Schwarzschild metric where 
and ,  the  resulting  metric  components  of  Eq.  (35)
take the forms 

g00 = −
b2+ cβ′ sinθ−2Mr+ r2

d+ cα′ sinθ+ r2
,

g11 =
d+ cα′ sinθ+ r2

b2−2Mr+ r2
, (40a)

 

g03 =
sinθ

[(
d+ r2

)
β′−

(
b2+ r(r−2M)

)
α′
]

d+ cα′ sinθ+ r2
, (40b)

 

Axisymmetric generalization of zero-scalar-curvature solutions from the Schwarzschild... Chin. Phys. C 50, 015108 (2026)

λ(r, p) χ(r, p)1) Because  and  originate from the Boyer–Lindquist coordinates, they do not depend on θ. That is, the θ variable must be canceled out in the solutions.
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g22 = −
1
c
β′
[(

d+ r2
)

cscθ+ cα′
]
, (40c)

 

g33 =

î
−c

(
b2+ r(r−2M)

)
(α′)2 sinθ−

(
d+ r2

)2
β′
ó

sinθ

c (d+ cα′ sinθ+ r2)
.

(40d)

If the metric described by the above components sat-
isfies the condition of a vanishing Ricci curvature, it  be-
longs to the NJ class of Schwarzschild black holes, which
is discussed in the next section.

β′ r→∞
The spacetime  produced  by  the  NJA  is  asymptotic-

ally  flat  as  long  as  does  not  vanish.  As ,  the
Ricci curvature scalar behaves as 

R ∼ − 2
r2
+

csinθ
r2β′

+
c(β”)2 sinθ

r2(β′)3

−
c
(
β”′ sinθ+β”cosθ

)
r2(β′)2

+O
(
r−3

)
. (41)

K ≡ RµναβRναβµ
8[β′(θ)]3

[
cα′(θ) sinθ+d+ r2

]3

rs

Furthermore,  the  formulation  of  Ricci  scalar R and
Kretschmann scalar  contains the denominat-
or ;  thus,  a  potential
curvature singularity exists at , given by 

rs =
√
−cα′ sinθ−d. (42)

rs

g11

If  is  not  real  for  all  values  of θ, the  metric  de-
scribes a regular black hole spacetime. The event horizon
is determined by the singularity of , 

b2−2Mr+ r2 = 0, (43)

which is analogous to the horizon of Kerr black holes. 

IV.  NJ CLASS OF SCHWARZSCHILD BLACK
HOLES

α(θ)
β(θ) R = 0

Rµν = 0

In this section, we aim to explore whether it can yield
additional  zero-scalar-curvature  black  hole  solutions  by
applying the NJA to Schwarzschild black holes. Specific-
ally, we seek the general forms of the functions  and

 that  satisfy  the  condition ,  indicating  the  zero
scalar-curvature.1) We note  that  the zero scalar-curvature
is  a  less  stringent  condition  than  the  vacuum  Einstein
equations, .  Although  any  metric  that  satisfies  the

TrT µν = 0

vacuum Einstein equations must be zero-scalar-curvature,
a  zero-scalar-curvature metric  may  not  satisfy  the  Ein-
stein  equations.  A  zero-scalar-curvature metric  can  cor-
respond to the scenarios involving a traceless energy-mo-
mentum tensor, . An additional issue arises con-
cerning  the  interpretation  of  the  NJA.  Traditionally,  the
NJA has been understood primarily as a method for intro-
ducing rotation into a static black hole solution. However,
it can also alter other physical properties, such as generat-
ing a nonzero NUT charge.  The observation that  the en-
ergy-momentum tensor has zero trace may evoke similar-
ities  with  electrodynamics  and  prompt  the  question  of
whether the NJA could similarly introduce electric charge
into  an  initially  uncharged  BH.  From  the  perspective  of
symmetry, if  the  seed  solution  possesses  an  axisymmet-
ric distribution  of  electric  or  magnetic  charge,  our  con-
struction method does not exclude the possibility of such
charges  emerging  in  our  new  solution.  Therefore,  our
idea  is  applicable  to  searching  for  new  axisymmetric
black holes from a spherically symmetric seed black hole
in gravity coupled to other fields.

To proceed, we express the Ricci scalar R as a poly-
nomial in r: 

R =
1

Rd

(
Rn,0+Rn,1r+Rn,2r2+Rn,3r3+Rn,4r4

)
, (44)

Rn,i i = 0, . . . ,4
numerator

where ,  are  the  coefficients  given  in  App.
A,  the  subscript n is  the  abbreviation  of ,  and
the denominator takes the form 

Rd = 8(β′)3
(
d+ cα′ sinθ+ r2

)3
. (45)

denominator
Similar to the subscript n in the numerator of R, the sub-
script d means .

R = 0 Rn,i = 0
Rn,1 = 0

β(θ)

To  solve ,  we  require ,  resulting  in  five
equations.  Solving  yields two possible forms for

: 

β(θ) = c1, (46)

 

[β(θ)− c2]2 = d+ cα′(θ) sinθ, (47)

c1 c2

β(θ) = c1

where  and  are  constants  of  integration.  The  first
solution, , leads  to  both  the  numerator  and  de-
nominator of the Ricci scalar vanishing, making the ratio
indeterminate;  therefore,  we  discard  it.  Thus,  we  only
keep the second solution Eq. (47).

Chen Lan, Zi-Xiao Liu, Yan-Gang Miao Chin. Phys. C 50, 015108 (2026)

Rµν = 0
Tµµ = 0

Rµν = 0

1) The vacuum solution from  satisfies the zero-scalar-curvature condition, and the spacetime generated by matter with a vanishing trace of the energy-mo-
mentum tensor, ,  also satisfies  this  condition.  In other  words,  the zero-scalar-curvature condition encompasses a  broader  range of  solutions than the vacuum
equations of motion .
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Rn,4 = 0The  equation  yields  a  nonlinear  differential
equation:
 

−16(β′)3+8cβ′β”cosθ−8c
[
(β”)2+ (β′)2−β”′β′

]
sinθ = 0.

(48)

Rn,0 = 0 Rn,2 = 0
α′

Rn,1 = 0 Rn,4 = 0
Rn,i = 0 i = 0, . . . ,4

β(θ)

Additionally,  the  equations  and  lead
to the same equation as Eq. (48) if  is  replaced by the
solution in Eq. (47). As a result, there are only two inde-
pendent equations,1)  and ,  among the five
ones, , . To solve Eq. (48), we first note
the  presence  of  trigonometric  terms  and  the  absence  of
the function  itself. Such a property suggests a substi-
tution to  simplify  the  equation.  We define  the  new vari-
ables,
 

x := −cosθ, y(x) := β′(x), (49)

with which we transform the original nonlinear differen-
tial equation Eq. (48) into
 

y(x)
[
c
(

x2−1
)

y”(x)+2cxy′(x)+2cy(x)+2y2(x)
]

= c
(

x2−1
)

[y′(x)]2. (50)

To further simplify, we employ the ansatz
 

y(x) =
e−

2Y(x)
c

1− x2
, (51)

which changes the equation into
 

(
x2−1

)
Y”(x)+2xY ′(x)+

e−
2Y(x)

c

x2−1
= 0. (52)

Its solution is given by
 

e−
2Y(x)

c = cc2
3csch

2 [c3 (arctanh x+ c4)] , (53)

c3 c4

β′(x)
where  and  are constants  of  integration.  This  solu-
tion provides a general form for , which can now be
integrated to obtain the desired transformation functions.

β(θ) y = β′Now, we can derive  from :
 

β(θ) = cc3 coth[c3 (arctanh(cosθ)− c4)]+ c5, (54)

c5

α(θ)
where  is a constant of integration. Next, we determine

 by using the second expression in Eq. (46),
 

α(θ) =c−1
[
−d+ c2c2

3+ (c2− c5)2
]

[−arctanh(cosθ)+ c4]

+β(θ)+ (c2− c5)
î
2ln(cc3)− ln

Ä
β2(θ)

−2c5β(θ)− c2c2
3+ c2

5

äó
+ c6,

(55)

c6

Rn,1 = 0 Rn,4 = 0

where  is  a  constant  of  integration.  By  substituting α
and β back into Eq. (40),  we derive the general NJ class
of  Schwarzschild  black  holes.  Notably,  both α and β do
not  depend  on  the  parameter b because  the  equations

 and  do not involve b.
(b,c,d)

(c2,c3,c4,c5,c6)
α′ β′

c5 = c6 = 0
c5

c6

θ = 0 cscθ

α′

β′

g22 g22 θ = 0

We  now  examine  the  parameters  and con-
stants  in the solutions given by Eqs.  (54)
and (55). First, although  and  rather than α and β ap-
pear in the tetrad and metric, we cannot set . As
we will  demonstrate  later,  the non-zero values of  and

 are essential for obtaining the correct Taub-NUT black
hole.  Second,  we  note  that  Eq.  (40c)  presents  potential
singularities  at  and π due  to  the  presence  of .
We must choose the constants in α and β to eliminate any
divergence in the metric at these two angles. Because 
depends  solely  on θ,  plays  a  key  role  in  addressing
these singularities in .  Expanding  around  up
to the constant order, we find 

g22 ∝

θ−2+2c3 c3 ≥ 0,

θ−2(1+c3) c3 ≤ 0.
(56)

θ = 0 c3

c3 ≥ 1 c3 ≤ −1

θ = π

To avoid the divergence at , the constant  must
satisfy the conditions  or . A similar analys-
is shows that these conditions also apply to avoid the di-
vergence at .

(b,c,d) (c2,c3,c4,
c5,c6)

Next,  the  parameters  and  constants 
 are  further  constrained by the fundamental  energy

conditions  [25, 26].  These  conditions  ensure  that  the
physical interpretation  of  the  spacetime  remains  consist-
ent with the energy distribution:
 

−G0
0 ≥ 0 −G0

0+Gi
i > 0

●  Weak  Energy  Condition  (WEC):  The  components
of  Einstein’s  tensor  satisfy  and .
This  condition  asserts  that  the  total  energy  density,  as
measured by any observer following a timelike trajectory,
is always non-negative.
 

−G0
0 ≥ 0 −G0

0 ≥ |Gi
i|

● Dominant Energy Condition (DEC): This condition
requires  and , ensuring  that  the  en-
ergy  flux  remains  causal  and  the  energy-momentum
propagates at or below the speed of light.
 

−G0
0+∑

i Gi
i ≥ 0 −G0

0+Gi
i > 0

●  Strong  Energy  Condition  (SEC):  Here, 
 and . This implies that the gravita-

Axisymmetric generalization of zero-scalar-curvature solutions from the Schwarzschild... Chin. Phys. C 50, 015108 (2026)

Rn,3 ≡ 01) Note . See App. A.
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tional interaction tends to attract, as demonstrated by the
convergence  of  timelike  and  null  geodesic  congruences,
even when negative mass-energy densities are present.
 

The  energy  conditions  impose  nonlinear  inequalities
on the parameters and constants. Solving these inequalit-
ies  analytically  is  generally  infeasible.  Instead,  they  are
possibly  suited  for  verifying  whether  a  constructed
axisymmetric  black  hole  satisfies  the  required  energy
conditions.

Let us now consider a specific example by assigning
particular values to the parameters and constants. Choos-
ing 

b= c=
√

d = a, c2 = c5 = c6 = 0, c3 = 1, c4 =
iπ
2
,

(57)

α(θ) β(θ)
where a denotes the angular momentum parameter of ro-
tating  black  holes,  we  obtain  the  forms of  and 
corresponding to Kerr black holes: 

α(θ) = acosθ, β(θ) = acosθ. (58)

Alternatively, by choosing 

b =
√

a2−N2, c→ a, d→ a2+N2, (59a)

 

c2 = −2N, c3 = 1, c4 =
iπ
2
,

c5 = −N, c6 = N − iπN, (59b)

α(θ) β(θ)we can derive the functions  and  for Kerr-Taub-
NUT black holes from Eqs. (54) and (55): 

α(θ) = acosθ+2N lnsinθ, β(θ) = acosθ−N, (60)

a = 0
which  reduce  to  those  of  pure  Taub-NUT  black  holes
when setting .

Our proposal  differs  from the treatment of  Ref.  [20],
where  the  authors  generalized  the  seed  metric  from
Schwarzschild  black  holes  to  any  spherically  symmetric
black  hole  and  then  adopted  the  NJA.  Our  focus  is  on
complex  transformations;  specifically,  we  identify
Schwarzschild black  holes  as  the  seed  and  correspond-
ingly  propose  the  general  NJ  transformations,  where
these transformations ensure that the resulting metric sat-
isfies the zero-scalar-curvature condition.
 

V.  NEW ZERO-SCALAR-CURVATURE BLACK
HOLE WITH AXISYMMETRY

In  this  section,  we  provide  a  new  example  of  zero-
scalar-curvature black  holes  derived  from  the  Schwarz-
schild  type  using  the  NJA.  The  metric  is  constructed  by
selecting the following parameters and constants:
 

b/π = c = a, d =
π2c2

4
, c3 =

π

2
,

c4 = i, c2 = c5 = c6 = 0, (61)

a bπ
α(θ)

β(θ)

where  is  a  parameter  that  is  used  to  replace c and .
Using these values in Eqs. (54) and (55), we obtain 
and  as follows:
 

α(θ) = β(θ) = a
π

2
tanh

[π
2
arctanh(cosθ)

]
, (62)

which can  be  seen  as  a  deformation  of  Eq.  (58)  corres-
ponding  to  Kerr  black  holes.  Furthermore,  substituting
Eq. (62) into the general solutions given by Eq. (40), we
derive  the  metric  components  of  a  new  zero-scalar-
curvature black hole:

 

g00 =
2π2a2−4

[
r(r−2M)+π2a2

]
[cosh(π arctanh(cosθ))+1]

(π2a2+4r2)cosh[π arctanh(cosθ)]−π2a2+4r2
, (63a)

 

g11 =
−π2a2sech2 [ π

2arctanh(cosθ)
]
+π2a2+4r2

4
[
r(r−2M)+π2a2

] , (63b)

 

g22 =
π2

16
csc2 θsech2

[π
2
arctanh(cosθ)

][
π2
a

2 tanh2
(π

2
arctanh(cosθ)

)
+4r2

]
, (63c)
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g33 =

(
π3a2+4πr2

)2−4π4a2
[
r(r−2M)+π2a2

]
sech2 [ π

2arctanh(cosθ)
]

8
[
(π2a2+4r2)cosh(π arctanh(cosθ))−π2a2+4r2

] , (63d)

 

g03 =
3π4a3−8π2Mar

2(π2a2+4r2)cosh[π arctanh(cosθ)]−2π2a2+8r2
. (63e)

R = 0

R = 0

R = 0

Since  the  general  expressions  Eqs.  (54)  and  (55)  are
obtained  by  solving  the  condition ,  any  specific
parameter choice,  such  as  in  Eq.  (61),  necessarily  en-
sures  that  the  equation  of  motion  is  satisfied.  In
particular, the resulting metric in Eq. (63) must also satis-
fy ,  which can be explicitly verified by substituting
Eq. (63) into the Ricci scalar.

1/g11 = 0 r± = M±
√

M2−π2a2

rrs

g00 = 0

The  horizons  are  determined  by  the  solutions  of
, yielding . The infinite red-

shift  surfaces,  characterized  by  the  radius , are  depic-
ted by the condition : 

2π2a2−4
[
π2a2+ (rrs−2M)rrs

]
[cosh(π arctanh(cosθ))+1] = 0.

(64)

θ = 0

We compare the structure of infinite redshift surfaces,
depicted by Eq. (64), with that of Kerr black holes in the
polar  slice  using  the  Boyer–Lindquist  coordinates,  as
shown  in Fig.  1.  In  this  figure,  the  blue  curves  indicate
the outer  and inner  radii  of  the infinite  redshift  surfaces,
whereas the solid black and dashed gray curves represent
the outer and inner horizons, respectively. The pink shad-
ows denote  the  black  hole  ergospheres.  Notably,  the  in-
finite  redshift  surfaces  exhibit  comparable  deformations,
particularly at .

To assess  the  existence  of  singularities  in  the  space-
time, we compute the Kretschmann scalar, 

K =
1

Kd

Ä
Kn,0+Kn,1r+Kn,2r2+Kn,3r3

+Kn,4r4+Kn,5r5+Kn,6r6
ä
, (65)

Kn,iwhere the coefficients  are as provided in App. B, and
the denominator is given by 

Kd =
{(
π2
a

2+4r2
)

cosh[π arctanh(cosθ)]−π2
a

2+4r2
}6
.

(66)

Kd r = 0 cosθ = 0The real roots of  occur at  and , sim-
ilar to the roots found in Kerr black holes, indicating that
these  black  holes  possess  a  singular  loop  rather  than  a
singular  point.  Moreover,  the  Kretschmann scalar  of  our
solution  differs  from  that  of  the  known  Kerr  and
Taub–NUT spacetimes.  This  enables  us  to  conclude that
the  resulting  black  hole  cannot  be  obtained  from  either
Kerr  or  Taub–NUT  through  a  coordinate  transformation
since the Kretschmann scalar is independent of the choice
of coordinates.

Finally,  we conclude this  section with  an  analysis  of

 

Fig. 1.    (color online) Polar slices in the Boyer–Lindquist coordinates.
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a

aKerr

the mechanical and thermodynamic properties of the new
black hole.  To compute the relevant quantities and com-
pare them with  those  of  the  Kerr  solution,  we  must  em-
phasize  that  our  analysis  is  conducted  within  Einstein’s
theory of gravity. This point is important because not all
thermodynamic  information  is  determined  solely  by  the
spacetime  metric;  for  instance,  the  entropy  also  depends
on the underlying gravitational action. Next, we compare
the  new black  hole  with  the  Kerr  black  hole  in  terms of
the  properties  of  Hawking  temperature,  Berkenstein-
Hawking  entropy,  and  angular  velocity  if  the  two  black
holes have the same mass and the parameter  is equival-
ent  to  the  angular  momentum  per  mass  of  Kerr  black
holes .

Since  the  new axisymmetric  black hole  described by
Eq. (63) is solved within Einstein’s theory of gravity, it is
expected to obey the relation that the Hawking temperat-
ure  is  proportional  to  the  surface  gravity.  That  is,  it  is
suitable  to  compare  the  surface  gravity  of  the  two black
holes.  The  surface  gravity  of  the  new black  hole  can  be
computed from the following relation: 

κ2 = −1
2
∇µξν∇µξν

∣∣∣
horizon

, ξν = (1,0,0,Ω), (67)

where Ω is the angular velocity given by Eq. (72). Thus,
we obtain 

κ =
r+−M

r2
++

π2a2

4

. (68)

For the Kerr black hole, its surface gravity is [27, 28] 

κKerr =
rKerr
+ −M

(rKerr
+ )2+ (aKerr)2

. (69)

κ , κKerr

a = aKerr
It is obvious that  even if the two black holes have
the same mass and  1).

S = A/4

Next,  we  consider  the  Bekenstein–Hawking  entropy.
According  to  the  Bekenstein–Hawking area  law,  the  en-
tropy  is  proportional  to  [29]  the  horizon  area, .
We can compute the horizon area from Eq. (63): 

A = 2π2
Å

r2
++

π2a2

4

ã
. (70)

t = const. r = r+By  integrating  the  surface  with  and .
For  comparison,  the  horizon  area  of  Kerr  black  holes
takes the form 

AKerr = 4π[(rKerr
+ )2+ (aKerr)2], (71)

which is evidently different from Eq. (70).

lα =
(1,0,0,Ω)

The angular  velocity  at  the event  horizon can be ob-
tained  [27, 28]  from  the  tangent  null  vector 

, yielding 

Ω =
a

r2
++

π2a2

4

, (72)

which represents  the  angular  velocity  of  light  rays  relat-
ive to an observer at infinity and can be interpreted as the
black hole’s angular velocity.  For comparison, the angu-
lar velocity of a Kerr black hole has the form 

ΩKerr =
aKerr

2MrKerr
+

, (73)

which is also different from Eq. (72). 

VI.  CONCLUSION

In  this  study,  we construct  axisymmetric  black  holes
that satisfy the zero-scalar-curvature condition and can be
generated by the NJA from Schwarzschild black holes as
the seed metric. We successfully derive the general forms
of  complex  transformations  and  the  corresponding  axi-
symmetric metrics. Our results include Kerr, Taub-NUT,
and Kerr-Taub-NUT black holes as special cases for dif-
ferent  choices  of  parameters.  Additionally,  our  findings
indicate  the  existence  of  new  axisymmetric  black  holes,
which  we  designate  as  the  NJ  class  of  Schwarzschild
black holes.

The methodology developed in this study may be ex-
tended to related areas. For instance, it can be applied to
construct  axisymmetric  black holes  in  the Chern-Simons
gravity. This would involve inverting the specific form of
complex  transformations  when  the  vanishing  Pontryagin
density is  imposed  as  a  constraint.  Another  possible  ap-
plication  is  the  construction  of  regular  black  holes  [30]
that  satisfy  the  relevant  equations  of  motion.  Notably,  a
class of regular black holes exists that does not originate
from quantum corrections,  such as  the  ABG black holes
[31], the solutions to gravity coupled to nonlinear electro-
dynamics,  where  the  corresponding  equations  of  motion
should  be  imposed  for  searching  axisymmetric  black
holes  besides  the  zero-scalar-curvature  condition.  More-
over,  for  the  regular  black  holes  derived  from  quantum
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a πa/2→ a κ = κKerr r+ = M+
√

M2 −4a2

rKerr
+

1) Scaling  by  the  replacement  also  does  not  lead  to .  Under  this  transformation,  the  outer  horizon  becomes ,  which
clearly differs from the Kerr horizon . Furthermore, such a scaling does not transform metric \eqref{eq:metric_new} into the Kerr metric, and therefore cannot es-
tablish equivalence with the Kerr spacetime.
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corrections [32−35], our method may facilitate the gener-
ation of axisymmetric solutions that meet specific condi-
tions. This will be the focus of our future research.
 

APPENDIX A: COEFFICIENTS IN EQ. (44)

Here, we present the coefficients of the numerator in
Eq. (44).

 

Rn,0 = −4
¶

2a2b2c(β”)2 sin(θ)−bc(β′)
î
2a2b

(
β(3) sin(θ)+β”cos(θ)

)
−2acsin2 θα”β”+bcsin2 θ(α”)2

ó
+4ab2(a+b)(β′)3

+ c(β′)2
[
2absinθ

(
ab− cα(3) sinθ

)
−2abcsin(2θ)α”+ c2 sin3 θ(α”)2

]©
+8csinθα′

¶
cβ′
î
ab

(
2β(3) sinθ+ cosθβ”

)
+α”

(
b2 cosθ− csin2 θβ”

)ó
−2b(2a+b)(β′)3+ csinθ(β′)2

[
−3ab+ cα(3) sinθ+ ccosθα”

]
−2abcsinθ(β”)2

©
+ c2(α′)2

¶
4β′

[
b2 cos2 θ+2cβ(3) sin3 θ

]
−16sin2 θ(β′)3

−8csin3 θ(β”)2+ c[3sin(3θ)−13sinθ](β′)2
©
,

(A1)

 

Rn,1 = −8Mβ′
¶

c
î
2sinθα′

(
ccosθα”−2(β′)2

)
+ csin2 θ(α”)2+ ccos2 θ(α′)2

ó
−4ab(β′)2

©
, (A2)

 

Rn,2 = 4
¶
−12ab(β′)3+ cβ′

[
4abβ”cos(θ)+ sinθ

(
4abβ(3)+ csinθα”(α”−2β”)

)]
+2csinθ(β′)2

×
[
−2ab+ cα(3) sinθ+2ccosθα”

]
−4abcsinθ(β”)2+ c2 cos2 θ(α′)2β′+2csinθα′

î
−6(β′)3

+ ccosθβ′ (α”+β”)+ csinθ
(
−2(β”)2−3(β′)2+2β(3)β′

)ó
−4csinθ(β′)4

©
, (A3)

 

Rn,3 = 0, (A4)

 

Rn,4 = −16(β′)3+8cβ′β”cos(θ)−8c
[
(β”)2+ (β′)2−β(3)β′

]
sin(θ). (A5)

 

APPENDIX B: COEFFICIENTS IN EQ. (65)

Here, we display the coefficients of the numerator in Eq. (65).
 

Kn,0 = 12288π6
a

6 sinh4
[π

2
arctanh(cosθ)

]
cosh6

[π
2
arctanh(cosθ)

]
×
î(

21π2
a

2−8M2
)

cosh(πarctanh(cosθ))

+8M2+21π2
a

2
ó
, (B1)

 

Kn,1 = −5898240π6Ma6 sinh4
[π

2
arctanh(cosθ)

]
cosh8

[π
2
arctanh(cosθ)

]
, (B2)

 

Kn,2 = −294912π4
a

4 sinh2
[π

2
arctanh(cosθ)

]
cosh8

[π
2
arctanh(cosθ)

]
×
î(

17π2
a

2−20M2
)

cosh(πarctanh(cosθ))

+20M2+17π2
a

2
ó
, (B3)

 

Kn,3 = 47185920π4Ma4 sinh2
[π

2
arctanh(cosθ)

]
cosh10

[π
2
arctanh(cosθ)

]
, (B4)

 

Kn,4 = 589824π2
a

2 cosh10
[π

2
arctanh(cosθ)

]
×
[(

7π2
a

2−40M2
)

cosh(πarctanh(cosθ))+40M2+7π2
a

2
]
, (B5)
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Kn,5 = −18874368π2Ma2 cosh12
[π

2
arctanh(cosθ)

]
, (B6)

 

Kn,6 = 12582912M2 cosh12
[π

2
arctanh(cosθ)

]
. (B7)
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