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Abstract: In this letter, we present rephasing invariant formulae 5@ = arg[Va1 Va2 Va3 V1iVai Vai /Vsi det V] for CP

phases 6@ associated with nine Euler-angle-like parameterizations of a flavor mixing matrix. Here, a and i denote

the row and column carrying the trivial phases in a given parameterization. Furthermore, we show that the phases

5D and the nine angles ®,; of unitarity triangles satisfy compact sum rules §leni+d) _ slairl) - Dyi1,i—Pos2,; and

sla+ld _ sla+20) - Dy 2 — Dy i+1 where all indices are taken cyclically modulo three. These relations are natural

generalizations of the previous result dppg +dxm =T —a +7.

Keywords: CP violation, Unitarity triangles, CKM matrix

DOI: CSTR:

I. INTRODUCTION

The flavor mixing of quarks and leptons has been one
of the essential components for the development: of
particle physics, and it is also an inherently intriguing
subject for mathematical exploration. Among various rep-
resentations of the mixing matrix [1-9], Euler-angle-like
parameterizations using three rotation matrices and a dis-
tinct CP phase allow for nine possible forms [10].
However, at first glance, these nine phases appear to take
chaotic values, showing no apparent pattern.

On the other hand, the unitarity conditions of the mix-
ing matrix give rise to six unitarity triangles [11—17], and
numerous papers have also investigated the connections
between the CP phases and the triangles [18—30]. These
nine angles also seem to have independent values.

More recently, rephasing invariant formulae for the
CP phases [31—-33] produce a simple sum rule relating the
CP phases and angles as 6ppg + 6xm = 71— a +7. This led to
the discovery of an underlying order between the other-
wise random CP phases and angles.

In this letter, to organize relations connecting the nine
CP phases and the nine angles of unitarity triangles, we
first derive rephasing invariant formulae for each CP
phase in terms of the elements of the mixing matrix ¥ and
detV. Next, we present exact sum rules between the
phases and angles, demonstrating that the previous sum
rule is a special case of these relations.
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II. REPHASING INVARIANT FORMULAE FOR
CP PHASES IN GENERAL PARAMETERIZA-
TIONS OF FLAVOR MIXING MATRIX

In this section, following our previous works [31-33],
we derive rephasing invariant formulae for CP phases in
Euler-angle-like parameterizations of the flavor mixing
matrix V. For this purpose, we adopt the nine parameter-
izations proposed by Fritzsch and Xing [34].

We begin by defining the 2 x2 rotation matrix R;; as
follows:

Cy So 0

R (0) = =59 ¢ 0 s
0 0 1
1 0 0

R23 (0-) = 0 Co So 5

¢ 0 s,
Ry(m=( 0 1 0 |, (D)
-5 0 ¢,

Where s, = sin6,c, = cos§. Furthermore, complex rota-
tion matrices R»(0,5), Rx(0,8), and R3,(1,6) are defined
by replacing 1 — ¢ in Eq. (1). With these matrices, the
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flavor mixing matrix " admits nine different parameteriz-
ations [34].

P1: VP = R;y(0)Ry3(0,6M)R, (6),

P2: VU = Ry (0)R12(6,6" )R (o),

P3: V1 = Ry3(0)R31 (1,6" )R 12(6),

P4: VO = Ry(0)Rs1(1,6%")R53 (o),

P5: V® =Ry (DR12(0,6°)Ry| (1),

P6: VO = R1,(0)Ry(0,6°P)R3 (1),

P7: V' = Rys(0)R12(0.6"?)R3| (1),

P8: V) = Ry (T)R12(6,6%)Rs (o),

P9 : V) =Ry (T)Rx (0, 6)R}, (6) . (2)

Here, in each of these parameterizations, a row « and a
column i have trivial phases; thus, V,;, Vs € R. The nota-
tion V@ and 6 distinguishes the corresponding matrix
and CP phase. More explicitly, the conditions are

(i) _ (i) _ (ai)
arg Val = arg V[t2 =arg ‘/03

=arg V" = arg Vi = arg V¥ =0 or .

3)

Since there is a duplication of the element V%", there are
effectively five independent conditions, and the phase «
appears either zero or two times. As the final condition,

the argument of the determinant is

argdet V@) = —g(@ “)

In other words, the phase structures of these parameteriz-
ations, V@  are specified by these six conditions.

Let us consider transforming the mixing matrix V in
an arbitrary basis into one of these parameterizations,
V@) Suppose that general rephasing transformations re-
move unphysical phases as

VD = W Vi, ®)
where (W1)os = €78, and (Wg);; = €7%5;; are diagonal
phase matrices. The inverse transformation from V@ to
the original matrix V is given by

V=P, VOO Vg = e ViDe T, (6)
By considering the arguments of the determinants, a rela-
tion argdetV = —6“?+ 3", .(y15—y,) is obtained, and the
CP phase 6 is determined to be

8D = (yu1 +yi2 + Y13 — Yr1 — Yro — Yi3) — argdet V
= arg[Vy Vaa Vo3 ViiVai Vai / V2] — argdet V

Val VQZ Var3 Vl i V2i V3i
V3.detV

(M

=arg

In practice, since V,,; appears twice in the numerator, can-
cellations occur between the numerator and the denomin-
ator as

5 = 4 |:Voz1 Va2 Vo3 VliVZiV%i:|
g V2 detV

v {(H ji Vai) ([ Lpra Vﬁi)}
g VyidetV '

®)

Since six phases are required to eliminate the unphysical
phases y;, and yg;, any other combinations have nontrivi-
al phases of V5! and are not explicitly solved for 6@,
This derivation remains valid even in the presence of Ma-
jorana phases for leptons because the resulting CP phases
are manifestly rephasing invariant.

Explicitly, the formulae are expressed as

6"V = arg | Vi2VisVar Vi | 612 = arg [ViuVisVa Vi |
Vll detV ’ L V12 detV ’
6" =arg ViuVieVaVia | - san arg [Vaa VsV Vi |
VizdetV [’ VordetV  ”
VypdetV 1’ VysdetV |’
[ V32 V33V Vo | (V31 V33V Vo |
P YnVsuba) - sey VaVasViaVn |
AT =7 M| TV dety
[ V31 V3 Vi3Vas |
509 = are | 2V32Vi3Vas |
arg V33 detV
©)

They provide a necessary and sufficient set of "irredu-
cible fifth-order" invariants, which cannot be decom-
posed into second- and third-order invariants, as only
nine such invariants are constructed using det V.

From the latest UTfTit results of the CKM matrix para-
meters [35],

sinfy; = 0.22519 +0.00083,
sinéy; = 0.04200 +0.00047,
sinf;3 = 0.003714 +0.000092,

0=1137+0.022=65.15°+1.3°, (10)

The numerical evaluation at the best-fit values yields
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suh g1 51 92.44° 11591° 65.15°

6CD 52 6@ | =1 157.51° 1.089° 114.89°

oGh §BD 56y 23.54°  156.49° 93.45°
(1n

In particular, the standard PDG phase 6ppg and the ori-
ginal Kobayashi—-Maskawa phase dxy are given by

6PDG = 6(13) N 6KM = 71'—6(11) .

(12)

Interestingly, the sum over any row or column of the
phases 6% yields the same value of a ninth-order invari-
ant.

(13)

det V3

360 =360 = arg {H””' V"‘} =273.49°.
i J

For a cross-check, we numerically compute cos .

cosd'V  cosd1?  coss!Y
cosd®)  cosé®  cosd®
cosdCY  coss®?  cosd®Y
-0.0425 -0.437 0.420
= -0.924 09998 -0.421 (14)
0.917 -0917 -0.0603

These values agree with those obtained from the mod-
uli of the matrix elements.

2
(1 - |Vll|2) |V22|2 - |V11V12V21|2 - |V13V31|2

cosoD = =-0.0425,
2|V]1V12V13V21V31|
1= Vi) [Vasl? = [Via Vi Va2 = [V Vi ?
cos&“z):( [Vial?) " IVasP = Vi Vis Vil = [V Vil = 0437,
21V ViaVis Vo V|
1= VisP) [Vaal? = [Via Va3 Vis 2 = [V Vi P
C056(13):—( | 13|) | 22| | 12V23 13| | 11 33| 20420,
2|Vi1 Vi Viz Vs Vas|
L= Vai P IVial? = Vi Vit Vi |2 = [Vas Vi |2
COS(S(ZI):—( | 21|) | l2| | 11V21 22| | 23 3l| :_0.924,
2|V2]V22V23Vl]‘/3]|
1= Vaol2) IVasl? = |Vaa Vo Va2 = [Via Voy [2
COS(S(ZZ):( [Vaal?) " 1Vaal = [Vaa Vas Vol = [Via Vi = 0.9998,
2|V21V22V23V12V32|
1= Va3 P) [Vaal? = [Viy Vs Vs 2 = Vi3 Vs |
C056(23):—( | 23|) | 32| | 22V23 33| | 13 21| :_0.4217
2|V Va Vs Vi3 Vis|
1= Va1 ) [Vaal? = [V, Viaa Vi |2 = [V Vs 2
0085(31)2—( | 3l|) | 22| | 21V32 3l| | 11 33| =0917’
2|V Va1 V31 V3 Vsl
1= Vial) [Vis P = Vs Vi Vi 2 = [Via Va2
COS5(32)=—( IVaal?) " IVasl = [Vaa Vaa Vsl = [Via Vi - _0917,
2|V31V32V33V12V22|
1= |VasP) Vit P = Vi3 Vi Vs 2 = [Vas Vi ?
cosém):( | 33|) [Viil" = Vi3 V31 Vas|* = [Va3 Vi = _0.0603.
2|V13V31 Vs Vs V|
(15)

Since 6@ also carries the sign of sind®?, it contains more
information than an evaluation based solely on the abso-
lute values of the matrix elements.

III. EXACT SUM RULES BETWEEN CP PHASES
IN GENERAL PARAMETERIZATIONS AND
UNITARITY TRIANGLES
It is noteworthy to reconsider the relations between

the results and the angles of unitarity triangles. The three
angles of the unitarity triangle are rephasing invariants.

a=arg {—M} =92.40°,
ViaViw
\P\ %
B =arg {—M} =22.49°,
thth
\% dV*b}
= -2 =65.11°. 16
roae { VeaVes (16

A’ general phase matrix ®@ of these angles is defined in
[13]. In particular, the elements in the second column of
@ correspond to a, 8, and v, respectively.

arg(—IT;,) arg(-IT},)
arg(—II;,) arg(-II,))
arg(—1II;)

arg(—IT;,)
arg(—II7,)
arg(—IT;,

b=
arg(-IT;,
1.054°

= 64.09°
114.85°

22.49°
92.40°
65.11°

156.46°
23.50°
0.0370°

(17

Here, Il,; = V4;V; Vi V5, and the indices are defined cyc-
lically. For better readability, all flavor indices are rewrit-
ten using numbers as follows:

Vi3 V3, Vo Vs
Vl 3 V|*2 V32 V3*3
VsV ViaViz

Va1 Vi Vs Vs
VilVisVas Vs,
Va V3 VisVi

Vi V5V Vs,
Vi Vi Va1 V3,
Vo V3 Vi Vi,

(18)

I1=

The sum over each row and column of the matrix @
equals 180°.

Z:@ijzzj:dnj:n. (19)

Since solving general sum rules is a challenging task,
we employ a transfer matrix approach. We define a phase
matrix A and a transfer matrix 7,
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SV 512 503) 0 0 1
A=| s s s | T= 0 0|, (20
SBD 562 563 01 0
one finds the following relations
Vlzl Voo Vi V122 Va3 V33 VIZB Va1 Va1
Vi Va1Van VisV2Va Vi VasVas
_A= ViaV3, Vs Vi3V3, Vs Vi V3 Vs
AT -A= arg Vi V222 V3 arg V12V223 Vi Vi3 V221 Va3
ViV V2, Vi3V V3, Vi Vai Vi
3 arg 5 2
ViiVai Vi, ViaVaa Vi, Vi3Vas Vs,
=T?0OT>-TOT>.
(21

Alternatively, by multiplying 7 from the right and using
T?=T" =T-', we arrive at a more compact notation.

AT> AT =T*®-T. (22)

This represents the transfer along columns of A and rows
of ®.

§D — @il = Dpi1,i = Do (23)

Here, the indices are taken modulo three. Note that the
transfer 77 from the left increases the indices of the rows.
These relations are numerically verified as follows:

65.15°  92.44° 11591°
114.89° 157.51° 1.089°
93.45°  23.54° 156.49°
11591°  65.15° 92.44°
- 1.089° 114.89° 157.51°
156.49° 93.45°  23.54°
-50.76  27.29 23.47
= 113.80 42.62 -156.42
-63.04 -6991 13295
64.09°  92.40° 23.50°
= | 114.85° 65.11° 0.0370°
1.054° 22.49° 156.46°
114.85° 65.11° 0.0370°
—| L054° 22.49° 156.46° |. (24)
64.09°  92.40° 23.50°

Similarly, we can find another transfer as follows:

ar ViV Vas ar V2, V31 Va3 ar VLV Vs
Evovpvs,  MEyivavr,  MEy v
ViaVi3V3 ViVisV3 ViV Vs
TA-A= ar, L ar 2 ar -
g V2 ViV g V2 Va1 Va3 g VL V2 Vo
arg Vaa Va3V, Va1 Va3 Va, arg Var Vaa Vo,
V2 Va2 Vas V2,V31Vas ViVaiVa
=T°0T°-T?0T.
(25)

Alternatively, by multiplying T from the left, one obtains:
T°A—TA = ®T? - T, (26)

and for matrix elements
oD — g2 = Dgiv2 = Do - 27)

Iterating these two transfers, we can find the sum rules
for all combinations between 6” and §%7.

Finally, we reproduce the results of previous work.
Since it suffices to examine the relation between 6% and
6" the case of @ =1,i =2 in Eq. (23) becomes

oI — 1% = Dy —D3,, T—6km—Oppg =QA~—7Y. (28)

Thus, the relation &ppg+dxm =7—a+7y is confirmed.

Furthermore, it has also been shown in previous work

[32,33] that such a difference between phases and angles

is expressed in terms of a third-order invariant [36].

Vus Vcd th }

OppGg — Y = {—7 =mT—0km—C. 29

pPDG — Y = arg det Vexw T—O0kM— @ (29)

A comprehensive study of this kind of relation will be

performed in the subsequent work. The results generalize

the previous sum rule to the nine CP phases in the differ-
ent parameterizations and angles of unitarity triangles.

IV. SUMMARY

In this letter, we present rephasing invariant formulae
8D = arg [Vo1 Va2 Va3 ViiVaiVai/ Vi, det V] for CP phases 6
associated with the nine parameterizations V@ ofa fla-
vor mixing matrix. Here, ¢ and i denote the row and
column with trivial phases in V@, In practice, since can-
cellations occur between the numerator and the denomin-
ator, these are a necessary and sufficient set of irredu-
cible fifth-order invariants constructed using the determ-
inant.

Furthermore, we find exact sum rules §®+? —g@i+h =
D1~ Doy and 6@ — @20 =@, ;) — D, between
the nine phases 6“” and the nine angles ®,,; of the unitar-
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ity triangles. These relations revealed intrinsic underly-
ing orders connecting the CP phases and angles, which
seem to be random and independent. We show that a rela-
tion from the previous work ppg +dxm =T —a +7y 1S im-
mediately reproduced as a special case (a = 1,i =2) of the

first sum rules. These results provide a general and con-

cise framework for differences between angles and

phases, and offer a valuable guide for future experiment-

al tests of CP violation.
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