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Abstract: We investigate the gluon Wigner distributions at non-zero skewness using light-front wave functions

(LFWFs) in the dressed quark model, where the target state is a quark dressed with a gluon in the leading-order Fo-

ck space expansion. Our analysis focuses on the configurations in which the gluon, the target, or both are trans-

versely polarized. We derive analytical expressions for the Wigner distributions in the boost-invariant longitudinal

space (o) for transversely polarized configurations and observe a diffraction-like oscillatory pattern in o-space, ana-

logous to that reported earlier for unpolarized and longitudinally polarized gluons:
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I. INTRODUCTION

One of the fundamental objectives in quantum chro-
modynamics (QCD) is to understand the three-dimen-
sional structure of hadrons through their underlying quark
and gluon degrees of freedom [1, 2]. Among the most
comprehensive tools for hadronic tomography are Wign-
er distributions, which encode the simultaneous informa-
tion of partons in position and momentum space,-akin to
phase-space distributions in quantum mechanics [3, 4].
Wigner distributions are quasi-probability functions ex-
tensively used in quantum optics, signal processing, and
quantum field theory to study the phase-space structure
and dynamics of quantum systems [5—7]. While Wigner
distributions are not directly observable due to their
quantum nature and lack of probabilistic interpretation,
they are rich in structural information and provide insight
into phenomena such as orbital angular momentum,
spin—orbit correlations, and partonic correlations within
the nucleon [8—11].

Numerous studies have investigated quark Wigner
distributions, taking into account both zero and non-zero
skewness scenarios [12—16]. In contrast, gluon Wigner
distributions, especially those involving polarization ef-
fects and skewed kinematics, remain relatively less stud-
ied. Given the crucial role gluons play in the nucleon's
momentum, spin, and small-x dynamics, a deeper under-
standing of their phase-space distributions is essential.
Probing the role of gluons inside the proton, particularly
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their contributions to the proton’s spin through helicity
and orbital angular momentum is one of the primary ob-
jectives of the Electron—lon Collider (EIC) and the pro-
posed Electron—lon Collider in China [1, 2]. Some of the
recent studies in the literature that have focused on gluon
Wigner distributions are [17—21]. Wigner distributions of
gluon are also closely linked to generalized transverse
momentum-dependent distributions (GTMDs), which
unify and extend the framework of parton distribution
functions (PDFs), transverse momentum-dependent dis-
tributions (TMDs), and generalized parton distributions
(GPDs), offering a broader perspective on the internal dy-
namics of hadrons [16, 22—25].

A particularly interesting scenario arises when con-
sidering non-zero skewness, where longitudinal mo-
mentum is transferred to the target. This introduces a nat-
ural conjugate variable in coordinate space, enabling a
new dimension of imaging [26, 27]. In this context, a
boost-invariant longitudinal coordinate, defined as
o = 1b~P*, plays a pivotal role. The variable ¢ is conjug-
ate to the skewness parameter £, and allows us to explore
the spatial structure of the gluon distribution in the longit-
udinal direction in a frame-independent way, enriching
the phase-space interpretation of GTMDs and Wigner
functions.

In this manuscript, we study the Wigner distributions
for gluon at non-zero skewness using the dressed quark
model. This simple yet insightful framework provides an
analytically tractable environment to investigate gluon
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dynamics. We analyze configurations involving trans-
verse polarization, either of the target or the gluon, and
observe notable distortions in the distributions. The res-
ults for the unpolarized and longitudinal polarization of
gluon has been presented in [28]. These polarization ef-
fects are crucial for understanding spin—-momentum cor-
relations and are relevant in the context of gluon orbital
angular momentum and gluon spin decomposition in the
nucleon.

Our analysis reveals a diffraction-like pattern for the
gluon Wigner distributions in the o space for configura-
tions involving a transversely polarized gluon and/or a
transversely polarized target. This behavior is qualitat-
ively similar to the earlier reported results for unpolar-
ized and longitudinally polarized configurations. This in-
dicate that the gluon Wigner distributions in the boost-in-
variant longitudinal space are sensitive to both the
squared momentum transfer —¢ and the polarization of the
system.

The manuscript is organized as follows. Section 2 in-
troduces the light-front conventions, outlines the relevant
kinematic setup, and details the dressed quark model used
in our analysis. In Section 3, we define the gluon Wigner
distributions with a particular focus on the non-zero
skewness regime. Section 3.1 presents the analytical ex-
pressions for the gluon Wigner distributions in the boost-
invariant longitudinal impact parameter space. Section 4
provides the numerical results and a-discussion-of the
physical implications. Finally, we conclude in Section 5.

II. DRESSED QUARK MODEL AND
KINEMATICS

We use the dressed quark model to investigate the
gluon Wigner distributions. The dressed quark, modeled
as a spin-1 state consisting of a bare quark and a gluon in
the leading-order light-front Fock space expansion, of-
fers a simple yet insightful framework for studying gluon
Wigner distributions. The model has been used in earlier
studies to investigate the other relevant distribution func-
tions, orbital angular momentum, and spin—orbit correla-
tions of quarks and gluons [11, 12, 29-31].

We adopt the light-front coordinate system
(x*,x7,x.), where x* is the light-front time and x~ is
light-front longitudinal spatial coordinate, defined as
x* = x"+ x* [32]. The total squared momentum transfer to
the target is given by ¢ = A> = (p— p’)* and the longitudin-
al momentum asymmetry between the initial and final
target states is characterized by the skewness parameter ¢,
defined as

A+
&= >pr
PP o
where P' = > is the average longitudinal mo-

mentum of the target. Choosing a symmetric frame [33],
in which the average momentum is defined as
P= %(p+ p’), the initial and final target states are para-
meterized as

p=(aver, be M), m
p=(a-op -5 ML), @
The momentum transfer is then given by
A=pop = (26p. 80, DAL,
26P*
and the  invariant momentum transfer squared is ex-

pressed as

B 4828m* + A%
= e
The dressed quark state with spin ¢ and momentum p

can be expanded in Fock space up to the two-particle sec-
tor, incorporating the quark-gluon configuration [30, 31]

PPy =@ (PBL(PI0Y+ Y / [dp1] / [dp:]

g102

X /1613 p*8°(p— p: - p)®7 ., (P;p1.p2)
X bl (pra,(p2)|0).
3)

The state is expressed as a superposition of a single-quark
state and a two-particle quark-gluon state, where the
light-front wavefunctions (LFWFs) encapsulate the non-

dp*d?
perturbative information. Here, [dp] = P Ll 7 (p)

represents the single-particle wavefunction with mo-
mentum p and spin o. ®F, . (p;p1, p2) represents the two-
particle light-front wavefunction and can be expressed in
a boost-invariant form using the relation ¥ . (x,q.)=
@7, VP* . The momentum variables (xi,q;.) are the Jac-

obi momenta, defined as

pi =xip*, gir =kiL +Xip., “4)

and obey the following conditions
Z:x,:l, Z:q,lzo. (5)
Assigning  (x1,9;.)=(x,q,) to the quark, and
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(x2,¢21) = (x4,9.,) to the gluon, we obtain

(6)

x+x,=1=x,=1-x,

(7

and g, +q,,=0=>¢q,,=—q,.

The longitudinal momentum fraction of the gluon with
respect to the target is x, = k;/P*, and the corresponding
four-momentum of the gluon is

ke = (%P kg k). (8)

III. GLUON WIGNER DISTRIBUTION AT NON-
ZERO SKEWNESS

We investigate the gluon Wigner distributions within
the dressed quark model, focusing on scenarios with non-
zero skewness. These distributions are constructed using
the LFWFs and defined via the Fourier transform' of
gluon-gluon correlators in longitudinal boost-invariant
space. The general expression for the gluon Wigner dis-
tribution is given by [34, 21, 29]:

-XW/M’(-X kJ_sAJ_’O-) / lU'f/

o . A,

nrijpi (% +j [ = lpt — +—().

pdinda ( 2>WF (2)Wlp ' , D=0
9

dz” d an ik<z
2(2n)} p*

+ AJ—
X s A~ 0
.=

Here, the skewness parameter ¢ denotes the longitudinal
momentum transfer to the target, and o represents the lon-
gitudinal impact parameter space variable conjugate to &
[22]. The field strength tensors F*' are evaluated at two
spatially separated points and connected via Wilson lines
W and ‘W’, ensuring gauge invariance. The gauge-in-
variant Wilson line ‘W connecting two points z; and z, is
defined as

W(z1,22) = P|exp(=ig [ dif' A, () |

The Wilson line “W(z;,7,) has to be evaluated along some
path connecting the point z; and z,. We choose the path
such that z+ = 0 as our fields are defined at z+ = 0. So, we
move in z~—z, plane. For connecting any two general
point (z1,z;) in z~ —z, plane and representing a generic
vector z#=(z",z7,z.), we can define the longitudinal
gauge link for point separated in longitudinal direction i.e
if z; =(0,a",c.), 22=(0,b7,c,) [35],

(Wi(ai’bi;cl) = P

exp(—ig fab: dn’A*(O,n’,cl))} ,

and the transverse gauge link for point separated in trans-
verse direction i.e if z; = (0,¢™,a,), 2o = (0,¢7,b,),

Way,b ;) =P {exp(igf;:L dnlAl(O,c’,nl))} .

Any two points in'the z~ —z, plane can be connected us-
ing the combination of the above-defined longitudinal
and transverse gauge links. Since, we are interested in the

bi-local operator F* (—%) WF* (%), we choose

Z1=—5 and 22= 3 We choose to connect these points by

a staple-like path of straight lines passing through infin-
ity. So.we have

23—l <
where,‘W(—%,OO) = W"(—i,m_, Zi)(Wl(—%,0%;00_)
and Wioo, 5) = W(oo,, 2 1o0myW (oo™, s 1)
] a2 - 2 2 > 2

In light-front gauge we have A* =0, which makes the
longitudinal gauge link (‘W~) unity and we are left with
only transverse gauge link

W22 =W

_ L
25 )(WL(OOL,EL;OO )

an
(—?,OOL;OO

%
:1+lg/ dnJ.'AJ_(O7007777L)+""

For our calculations, we retain only the leading-order
term (unity), thereby neglecting all higher-order contribu-
tions. As we adopt the light-front gauge A* =0, the field
strength tensor simplifies to F*' =§*A’. The transverse
components of the gauge field A’ are expressed in terms
of creation and annihilation operators [31]

)=

At twist-two, the gluon Wigner distributions are construc-
ted using the polarization projectors I'V € {67, —ie?/, %R,
I''L}, where R and L denote right- and left-handed polar-
izations respectively [24].

In the dressed quark model, the target state is expan-
ded in terms of Fock components, and we retain only the
quark-gluon two-particle sector. The two-particle LFW-
Fs are obtained using light-front Hamiltonian perturba-
tion theory and expressed as [31]

dk*d*k,
2k (2 )3

[eiRyarkye™s" + € (kyal(kyes ).
(10)
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g o Xe O g, m)x (6,

pa , = , (11
0'10'2(-x qJ_) 2(27’[)3 D(kl,x) ( )
where
1 . 1-
O(x,q,,m) = — -2 16]_¢x_(01 ZL)o—l +1m01( xx)

denotes the spin-momentum structure, and
m*+k Ok
1-x

D(k,,x)=m? -

is the energy denominator. Using the LFWFs, the gluon-
gluon correlators for different choices of I'V are ex-
pressed as overlaps of wave functions weighted by gluon
polarization vectors. The correlators depend on the kin-
ematic variables x, =1-x, the skewness &, transverse
momentum k, ., and transverse momentum transfer to the
target A,. The polarization vectors €/ and €® are con-
structed from the Cartesian components via
el® = el xje?,

The gluon-gluon correlator functions can be com-
puted using the overlaps of two-particle LFWFs [21].
These correlators depend on the gluon polarization oper-
ator I'V and the polarization of the target state. Explicitly,
the correlators are given as follows:

(a) For the unpolarized case,
r=a,

corresponding to

1/)
Woo = Z ‘PUIM(xg’ng)\Pm/lz(yngLg)

oA

(612 611 + 6%2 6312)

(12)

(b) For the longitudinally polarized case with
I/ = —ie/,

( iy _
O-(T

= =i Y W ()Y, 0 i)

o1,41,42

(13)

2 %2
(6/126/11 —ELE, )

(c) For the right-handed circular gluon polarization
l"ij — r‘RR’

‘RR «
Wy = W (e YT, O i) €X X (14)

oL

(d) For left-handed circular gluon polarization
l'*ij :rLL

W(FLL) — _ \I_/*(r (X )\P (y )EL E*L
oo’ T o1y g’qJ_g o1y g9qJ_g Ay A1

2

o1,41,42

(15)

where the kinematic variables are defined as follows:
x, =1—x is the gluon longitudinal momentum fraction,
x, =X /(1-¢), and y, = x,/(1+§). The initial and final
momenta of gluon are (y,,q,,) and (x',q’,) respectively.
The transverse momenta of the gluon in the initial and fi-
nal states are given by

XA,

2(1+&)’

XA,

21-¢)

Gig=—k, + .= "KL~ (16)

and the circular polarization vectors of the gluon are
LR _
€ =€l Fie [24].

The gluon Wigner distributions in boost-invariant
longitudinal' space are obtained by taking the Fourier
transform of correlators with respect to ¢&:

§max d .
pr(-xgao—’AL’kL;S)z/O %elgfwr(xg7§7AL7kL;S)7 (17)

where S denotes the polarization of the target state, and
Emax 18 given by

—t [ 4Am? )
fmaxzzn/lz< 1+_t—1>, with —¢ =

For the case of an unpolarized gluon and an unpolarized
target, the Wigner distribution is defined as

48m* + A2
1-&
(18)

1 .
Pl Ark) = 5[0 (o AL koi+2)

+pl oAk =2)]. (19)

Substituting the relevant expressions for the gluon-gluon
correlator, we obtain an analytic form of the Wigner dis-
tribution

) Emax df
p%/u(xg,o',t,kl):/ Ee

0

ire ¥g
8

[-(@a-&,
- AT +AExk AL+ X)) +E

Q@=38)+4mA(1-x) £ (20)

The integrand includes kinematic and mass-depend-
ent contributions along with a factor

1-&
a, = > .
¢ D(CILng)D*(C]'Lg’X;)Xg((l _xg)2_§2)3/2

2

2C
2(27)
stant and C is the color factor.

Here N = 55—, with g being the strong coupling con-
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A. Transverse Polarization Case

The Wigner distributions for transversely polarized
gluons, in conjunction with either an unpolarized or lon-
gitudinally polarized target, can be expressed in terms of
helicity-dependent correlators [21]. For an unpolarized
target, the gluon Wigner distributions with right- and left-
handed transverse polarizations are defined as the heli-
city averages:

1 RR ~
pi/RT(-xg’ g, AJ_’ kJ_) = E |:pr (-xg’ g, AJ.: kJ_;+ez)

" o Ak =8|, (22)

1 LL N
Pl 0 AL k) = 5 [0 (0 AL KL 42)

" o AL k2] (23)

For a longitudinally polarized target, the corresponding
helicity-difference Wigner distributions are given by:

. 1 R
pis“(xg’o-’AJ-’kL) = 5 {erR(Xg,O',AL’kL;+ez)

I*RR

—pP (xgaa—’ AL7 kl;_éz):| s (24)

1 )
Pir (X0 ALk, ) = 3 [PFLL(xg,G, A ki +er)

—p e oh L kis-2)]. (29)

In the case of a transversely polarized target, the gluon
Wigner distributions depend on the polarization of the
gluon and are defined as:

; 1 ~
p(;(?) (xgao—,AL’kL) = E [prkk(xg’o-’Al’kl;-’-ei)

™ o ALk =8)], (26)

rLL

i 1 ,
pl;(;l) (Xg,O', AL7kL) = E [p (xg,O', AL’ki;—f—ei)

+" o ALk =2)],  (@27)

i 1 i .
péTU(‘xg’O—sAJ_skJ_) = 5 [de(xg3o—’AJ_,kJ_;+ei)
+p61]('xg’a—’AL7kl;_éi):| 5 (28)

i 1 —ie' A
pg}L(xg’o-vAJ-»kJ—) = 2 {p ef(xg’o-»AJ_»kJ_;"'ei)

o (A k-2)]. (29)

Here, &; denotes the transverse spin direction of the tar-

get, where i = x,y. The transverse polarization states are
defined in terms of helicity eigenstates, for example,

syo Loyt
ey =5 (13)2[-1).

The analytic expressions for the gluon Wigner distri-
butions in the boost-invariant longitudinal position space
(0) corresponding to various combinations of gluon and
target polarizations are derived using two-particle light-
front wave functions. The explicit results for the trans-
verse polarization configurations are presented in Egs.
(30)—(37). These include the cases of transversely polar-
ized gluons ‘with unpolarized and longitudinally polar-
ized targets, as well as transversely polarized targets. The
integrals ‘involve the skewness parameter ¢, and the res-
ulting Wigner distributions depend on the set of kinemat-
ic variables (x;,&,k3,A%,k, -A,). The dependence on the
transverse momentum transfer A, is re-expressed in
terms of the Mandelstam variable ¢, using the relation in
Eq. (18), prior to performing the Fourier transform to the
o-space. The analytical expressions for pf,;,, o5y, and piy
in the dressed quark model are mentioned in the Ref. [21]
for zero skewness. The expression for pf,;, p5,, and p§;
for non zero skewness listed here in Eqgs.(20), (36), and
(37) reproduces the result of [21] in the limit & — 0.

Emax dé
R
pf}T(-xg7o-7t7kL)= /0 ae

-+ (g +1-8) (41 -k
+ szi —4x,(k, - AL —i(ki A,
—kaA)),

7€ 28 [ (1 - x,)?
Xg

(30)

§W’Hl dé‘: X a
gL _ 6 o 8| 2 _ 2
Pur(Xe, 058,k ) = /0 4”6 %, [ 4m=((1-x,)
=&V = (1+x;, =)A=k
— AT +4xlk, - AL +4dixy (ki A

~kaA)],
(31)

.fmax dé_‘ . a
P (g 0 kL) = /0 2.7 At (- -8

4
+( — 1+ E)(—4(1 - + A7
—dxy(Ek, AL =il A o),
(32)
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Fig. 1. (color online) The first moment of the gluon Wigner

distribution pf,,, for various values of -z, corresponding to the
unpolarized gluon in an unpolarized target.

Emax dé . .«
piLT(xg,U'vtaki) = /0 Eemf ;: [—41"’!2((1 —Xg)z

=&Y - (1-x,+E)@E1 -k,
— AT +4x k- AL +Aixg (ki Ay

~kaA)],
(33)

é:max d .
Pgr(px(xg’o" k)= / 47751610{ a, [4im(((1 —x)" +&)
0

28k + 2iky = x,Ap) — 2(1 — x,)6(2k,
+2iék; =~ ixA))|.
(34)

g(L)x

Prr (xg,o-7 tk,)=

max e
/0 f;e”'f a [4m((1 - x,* +€)
(Uigky + k) — ixAy) —2(1 - x,)

EQiky + €)= x M)
(35)

ox s d‘f io-& . 2
Pry(xe,0,t,k,) = ) Ee a, [4zm(2§(xg -1

+ = x (1= x4+ EHAD)]
(36)

Emax d .
Ptk = [ e [ - i+
0 TT

—2(1 = x)Ek + (1 - x)xEA)|.
(37

R
puT(ost)

~t=0.05 GeV2
-t=0.1 GeV?
-t=0.6 GeV?2

~t=0.05 GeV2
-t=0.1 GeV2
~t=0.6 GeV2

~t=0.05 GeV2
~t=0.1 GeV2
~t=0.6 GeV?

-100 -50 50 100 ¢
(©)
PL(a.t)
0.0006 - —_— -t=0.05 GeV2
; ~t=0.1 GeV2
0.0005 )
; ~t=0.6 GeV
-100 50 50 100 ¢
(d
Fig. 2. (color online) The first moment of the gluon Wigner

distribution for a) transversely polarized gluon in unplolar-
ized target pijT b) transversely polarized gluon in longitudin-
ally polarized target pﬁ'; c) p!;(;f)x both the gluon and the target
are transversely polarized d) p}) longitudinally polarized

gluon and transversely polarized target.

IV. NUMERICAL ANALYSIS AND DISCUSSION

The Wigner distributions are plotted for three differ-

ent values of the squared momentum transfer, —z = 0.05,
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0.1, and 0.6 GeV?, in order to study the impact of —¢ on
the transversely polarized gluon Wigner distributions in ¢
space. For all cases, the transverse momentum transfer
A, is chosen to be perpendicular to the gluon transverse
momentum k,, thereby suppressing contributions from
terms proportional to k, -A,. The mass of the dressed
quark is taken to be 0.0033 GeV Figure 1 displays the
Wigner distribution for an unpolarized gluon in an unpo-
larized target, presented in the longitudinal impact para-
meter space. Figure 2 shows the Wigner distributions in ¢
space for cases where the gluon, the target, or both are
transversely polarized. In all the plots of Figs. 1 and 2,
the gluon longitudinal momentum fraction is fixed at
x,=0.7, and the transverse momentum is chosen as
k, =0.2% GeV. Figure 2 illustrates the distortions in the
gluon Wigner distributions induced by the transverse po-
larization of the gluon and the target state. Figs. 2(a) and
2(b) show the modification of the distribution when the
gluon is transversely polarized in unpolarized and longit-
udinally polarized target. Figs. 2(c) and 2(d) show the
plots when the target itself is transversely polarized. The
magnitude of the gluon Wigner distributions is signific-
antly reduced when the target is transversely polarized
compared to the cases of longitudinal polarization or an
unpolarized target. For the distributions pyr and p;r, the
peak magnitude increases monotonically as ‘—¢ decreases.
In contrast, for pyr and pr;, the peak height exhibits a
non-monotonic dependence on —f, reaching a maximum
at —t = 0.1 GeV* among the three chosen values of —r. A
common feature across all the distributions is the emer-
gence of a diffraction-like pattern in o space. The results
indicate that such diffraction-like patterns persist in the
longitudinal impact parameter space even when either the
gluon or the target is transversely polarized, with the peak

of the distribution exhibiting sensitivity to the magnitude
of —¢. Similar diffraction patterns have also been repor-
ted in earlier studies for gluons in cases involving unpo-
larized and longitudinally polarized gluons and targets
within the same model [28].

V. CONCLUSION

We investigated the gluon Wigner distributions for
transverse polarization in the dressed quark model incor-
porating non-zero -skewness, within the light-front
Hamiltonian formalism. Using the two-particle LFWFs,
we evaluated the gluon-gluon correlators for different
transverse polarization configurations and derived the as-
sociated Wigner distributions in the longitudinal boost-in-
variant impact parameter space (¢). We obtained the ana-
lytical expressions for the gluon Wigner distributions, for
the cases when either the gluon or the target or both are
transversely polarized. The gluon Wigner distributions
Bus P, 5%, pS% ) and pf; are analyzed in o space
through the two-dimensional plots shown in Figs. 1 and
2./ All distributions exhibit a diffraction-like oscillatory
behavior and sensitivity to the momentum transfer —¢,
consistent with earlier findings for gluon Wigner distribu-
tions in unpolarized and longitudinally polarized config-
urations reported in [28]. Similar oscillatory diffraction
patterns have also been observed in studies of quark
Wigner distributions within the dressed quark model and
the light-front quark-diquark model [12, 22]. While quark
Wigner distributions with transverse polarization have
been explored in various models, to the best of our know-
ledge, the present work provides the first analysis of
gluon Wigner distributions with transverse polarization in
the boost-invariant longitudinal impact parameter space.
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