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A glueball mass in 2 + 1 dimensional SU(2) lattice gauge theory is calculated
by applying variation in the Hamiltonian with exact ground state. In the range
0 < 1/g2 < 7, a good scaling behaviour am = 2.28g? is obtained, which is in
agreement with weak-coupling expansion result.

Using lattice gauge theory we can predict glueball mass. We calculated the glueball
mass in 2 + 1 dimensional U(1) LGT, and explained that the use of the Hamiltonian with
exact ground state is effective in studying glueball masses [1,2]. This paper extends the
method to SU(2) theory. 2 + 1 dimensional SU(2) gauge theory is super-renormalizable

- which has been discussed somewhere [4-9], and the weak coupling expansion shows

that the scaling behaviour is ma « 92 (where g2 = e%a, eis the charge).
The lattice Hamiltonian with exact ground state is:
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where 8 = 1/(2g%Cy), Cy is the Casimir invariant of the SU(N) gauge group in the fun-
damental representation. A2 is the representation matrix of the generator T2 of SU(N)
gauge group. For SU(2) gauge group, 8 = 2/(3g%), A2 = 73/2, 12 are the Pauli matrices,
Uz, Uy are the product of three link variables other than Ui on a plaquette Up,.
The exact ground state of the Hamiltonian in eq.(1) is:
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where R = 2/(3g“)ZTr(Up + Up) = 4/(3g% TrUp, and |0 > is the state defined by
E|IO > =0.
The Hamiltonian in eq.(1) can be rewritten as:

H == %z- ¢ RESeRES.—R 3)

a

We use the variational method to obtain the spectrum of the excited state in eq.(3),
The variational state is chosen as:

o) = :‘] C.lw,) (4)

ma=1

where |, > are a set of states which are orthogonal to |y > and possess the same
quantum numbers, Cn are the variational parameters, the excited energy E is determined
by the following minimum condition:

8E = s({w|H|w)/{w|w)) =0 | (5)

The lowest excited state of SU(2) gauge theory is a JP® = 0+ * state. For this excited
state, we choose |y, > as n x n square Wilson loop, that is:
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where V is the total number of Iamce site, Unp(x) isthe n x n square Wilson loop with a
corner located at x. To make |¥n > orthogonal to |¥g>, v, should be chosen as:

va = (&) (8)

where <...> = <ig |...|¥g>/< Yg| Yg>. By variation with respect to Cn in eq.(5), we
can obtain the eigenvalue equation:
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where
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A =2amB = 2am/[g* (12)
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In2 + 1 dimensional LGT, when we change the link integration variables [dU] into
plaquette integration variables [dUp], the Jacobian is 1 [10], the integral measure [dUp]
and ground state |y > are invariant in local gauge transformation. From this we can
show that the expectation of any n x m Wilson loop in ground state can be rewritten as
expectation of the trace of the product of n x m plaquettes inside the loop. Therefore, the
calculation of matrices Wmn and Dmn can be reduced to one-link SU(2) group integration.

* The ground state expectation By, of the square of Wilson loop including n plaquettes is

needed in the calculation:
By = (Te(UiyUsy+ - U, ) Tr(Us,Usp- - U, ) Do (13)
By using the SU(2) one-link integration formula:[11]

Z == ,LU(I) dU T+ ju+y 2 (TrJJ* + det] + detJ*)4/[k1(% + 1)1]

k=0 :
We obtain the recurrence formula:

By = (1—2y/x)B,, + 23,/ (14)
where x = 8/(3g%), y2 = 12(2x)/11(2x), li2x) is the i-th modified Bessel function, and
By = 4(1 — 3y,(2x)/2%)
When n > m, the symmetric matrix elements Wmn » Dmn are:

W.; = 4m(n —m — 1)y3*™(1 — Bn2/4) + 8 i} ky3+m*=%m(1 — B,m/4) (15)
: k=1

Dpy =4 2 (y3™*m' "By — 493**m") £ (b — m — 1)2(y3* ™ B s — 4y3itm?)
: Rii=t
+4(n—m—1) > (y5'*m'-%mp,, — 4yr+mt) (16)
k=1

We solve the eigenvalues of eq.(9) forN = 1, 2, 3, 4, 5, 8, 15 and 30, respectively, and
choose the minimum value of m to give the resulting curves g am ~ B as shown in Fig.1.
The scaling behaviour am = 2.28g2 is observed in the range 1/g2 >1. ltis in agreement
with weak coupling expansion in a considerable largerange (1 = 1 /g2 =< 7). The latest
Monte Carloresult [9] isam = (2.15 = 0.2)92 intherange 4.5 < 4/g2 = 5.5. Itis worthwhile
to mention here that in our calculation other variational states do not alter the eigenvalue
B am significantly. Similar to the U(1) case [2], n X n Wilson loop (that is the variational
states we choose) is most important to decrease the eigenvalue. On the other hand, owing
to the scaling behaviour of 2 + 1 dimensional SU(2) theory being a « gz' it cannot prove
that the last term A H in eq.(1) vanishes (but it can be shown to be finite) as a— 0. There-
fore the continuum limit of eq.(1) in 2 + 1 dimension is not the same as that of Wilson ac-
tion, but the above results show that they possess the same scaling behaviour. In addition,
we have also obtained another Hamiltonian which possesses exact ground state and the
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same continuum limit as that of Wilson action in both 2 + 1 and 3 + 1 dimensions. The
same scaling behaviour with the one in this paper can also be obtained. We will report
these results later.
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