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Nuclear Pairing Phase Transition”
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The intrinsic structure of the eigenfunctions of Cranking Shell Model Hamil-
tonian and the pairing phase transition at high rotational frequency are inves-
tigated with the particle-number-conserving approach. Pair-transfer matrix
elements and the K-structure of the wave functions display similar behaviour
under the Coriolis interaction, hence, both of them may be used to indicate the
pairing phase transition. The blocking effects on pairing parameter, A =
G/ <S+8>, are much more important than the Coriolis anti-pairing effects.

1. INTRODUCTION

Recently, it was found experimentally that in a series of Hf-isotopes the yrast bands
and the negative parity bands are a macroscopic rotor for ho > 0.40 MeV, namely, their
moments of inertia are almost constant and close to the rigid-body value[1]. Similar be-
haviour was observed[2] in the high spin states of 80Zr. These facts seem to imply that
the nuclear pairing correlation has effectively disappeared at high spin states which
brought to us the view-point that the pairing collapse would happen in high spin states
(Mottelson and Valatin[3]). But as was pointed out by P. Ring et al.[4], the moment of in-
ertia deduced from the energy spectra is of limited value to indicate a phase transition
from superfluid state to normal state, and the constant moments of inertia are by nomeans
indications of a pairing collapse. The energy gap inthe quasi-particle spectrum is expected
at low spins due to the pairing correlation, but a gapless superconductivity will be found
at high spin states. Therefore, it is hard to judge the superconductivity from the energy
spectra. Indeed, people found a pairing collapse in all self-consistent solutions of the
cranked HFB equation [5]. For rare earth nuclei, the collapse would happen at I~ 20—
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30 # for neutron and at I~ 40—50 % for proton. However, the results obtained without
particle-number projection are not reliable[4]. In fact,calculation resuits with particle-num-
ber projection before variation[6] show that the gap parameter decreases very slowly with
increasing I and still remains larger than 300 keV even at I~ 80 3, the expected maximal
angular momenta accommodated by rotating nuclei[7].

As for the definition of gap parameter, there have been several discussions avail-
able[8]. Usually, the gap parameter A is used to characterize the pairing correlation in the
BCS or HFB method[9].

A=G(s")=¢ 2 U,V,, M

where G is the average pairing strength and S* = 2 S = > atai is the creation

operator of a pair of nucleons. A is also referred as pamng deformation. Obviously, defini-
tion (1) is meaningless in the particle-number-conserving approach because <S* > =
0 for a state with a fixed particle number. Instead, we adopt the following definition[4,9]
in the present paper.

A = GA/(S*S), " )

This is a measurement of pairing energy, A = /G| (H,)| or{H,) = —A?/G.ltcanbe
proved that A is in coincidence with A in the BCS or HFB framework. :

Of course, the most direct evidence for a pairing phase transition should be given by
the pair transfer matrix element[4]. But unfortunately, it seems to be very difficult to
measure this matrix element at high spin states [10]. Therefore, we have to rely on theoreti-
cal investigations at the moment.

Usually, the particle-number non-conservation is considered as a main defect of the

-BCS or HFB approximation. Many techniques of particle-number projection have been

developed. The simplest one is to extract the components with the desired particle-num-
ber from the BCS wave functions (PBCS). Another recipe is to carry out the particle-num-
ber projection before variation (FBCS). The relevant references can be found in Ref.[9].
However, it needs to point out that, rather than the particle-number non-conservation, the
most serious defects of the BCS or HFB approximation for treating the nuclear system are
as follows:

(i) It is hard to take into account the blocking effect[11,12]. Simply due to this effect,
the gap parameter A is sensitively configuration-dependent[13,14], however it is general-
ly considered as a constant in the BCS treatment. The fact is that, apart from the Coriolis
anti-pairing (CAP) effect, the blocking effect is another kind of anti-pairing effects[15],
which is of special importance for the low-lying excited specira.

(ii) There exist excessive spurious states[12]. The number of the spurious states is
often larger than that of true states by a factor 2 or more[12]. Therefore, the conclusions
deduced from the quasi-particle spectra have to be reexamined carefully.

(iii) The usability of the usual BCS or HFB treatment is intimately related to the as-
sumption that the residual interaction between quasi-particles is negligible. However, the
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analyses of experimental data indicate that this residual interaction is not very weak[15],
it is very difficuit (in fact it is impossible) to be deait with in the BCS or HFB method.

The particle-number conserving (PNC) approach for treating the nuclear pairing cor-
relation is extended to solve the eigen-problem of the cranked shell model (CSM) Hamil-
tonian in this paper. A brief report was given in Ref. [16]. Because the number of the
valence nucleons involved in low-lying excited states is not too large (~ 10) and the
average pairing strength G is not too strong (G < d/2, d is the average spacing between
the single particle levels in the vicinity of the Fermi surface), it is not difficult to find out the
accurate PNC wave functions. Once the wave functions are obtained, the various nuclear
properties, such as the pairing parameter A which is of interest in this paper, and the pair
transfer matrix elements, etc., can be deduced immediately. The variation of all these
properties are the reflection of the variation of the intrinsic structure of the wave function.
Weare interested in the analysis on the K-structure of low-lying excited bands inthis paper.
As will be seen later, similar to the pair transfer matrix element, the K-structure (i.e., the
component of the fully-paired K¥ = 0+ configurations) is an important quantity which can
be used to characterize the pairing phase transition.

2. THEORY

As usual, the cranked shell model Hamiltonian for a deformed nucleus is expressed
as ’

Hcm-Hing,—w.]g _H;p +Hp —wVJxo (3)

where -wJx is the Coriolis interaction, Hsp is the single particle Hamiltonian (deformed
shell model), and Hp the pairing interaction. Due to the Coriolis interaction, the component
of the nuclear angular momentum onto the symmetry (z-axis) is no longer a constant of
motion. However, Hp (and hence, Hcsw) is usually assumed to be invariant under Ry (w),
a rotation of 180° around x-axis, therefore, it is convenient to choose the single particle
state as an eigenstate of R, ( ). The eigenvalue of R, (w), signature, r = +ifora single
nucleon and r = *1 for a system consisting of even nucleons. It can be seen that the
form of Heg remains unchanged if a proper phase convention is adopted [14]. Particular-
ly, the pairing interaction Hp is expressed as

Hy, = —GS*S = —G 3 st5i4,5,, @
MY

where p. (v) denotes the single particle state with a fixed signature r and parity , and E
(v) is the state with the same parity but opposite signature, i.e., the time-reversal state of
i (v). The effect of the time-reversal operator T on a single particle state is equivalent to
that of the operator R, () except for a possible phase factor.

When © = 0, there are two types of bands in the low-lying excited spectra, i.e., pair-

excitation band and pair-broken band. The pair excitation band for a 2n-particle system
is expressed as
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o) = >0 28 p,,lplpl “Pnbn) s (5)

1% Pn

where

| pia® * * paa) = b30%,+ - -6%,6%,10),

B =0 (yrast band), 1, 2, ...(pair-excitation bands). For these bands,
(S*S) = Z (S£S,) = n + > (SES,)

Higy

= 4 z Z ”pl..-p‘--'pﬂ ‘,1.,.,, oepyy (6)

PyePitPy placp,

The first term on the right hand side is the number of particle pairs and the second
term comes from the off-diagonal contributions of the pairing interaction. Due to the
coherent effect, <S*+S> will be much larger than n for the yrast band.

The pair-broken band (r = +1, w = +) is expressed as

o 1o1p(pe0) | 0) = 2 ”"""g:)_xlﬂovoplﬁx‘ . 'Ps-lpu—l>a
Pyreefyy

Mo and vo are the single particle orblts occupied by the unpaired particles, 'rm = TyQ.
Similar to Eq.(6), we have

(S*S)mn—14 DT Do, oSl )

PyeesPjoe n,_lp,,",‘

When w= 0, the eigenstates of Hcswm for the low-lying excited bands (r = +1, & =
+) of an even-even rotational nucleus can be expressed as

|28++) = D7 vhsloB, o o0a8,) + > D) o4 | pifie - ppiBrr)s  (8)

Pyree Py MoV PyeePiyy
>0 1ohe P+ 20 30 (o8 =1,
Py Py MU0 PyeeePyy

which consists of configurations with seniority v = 0 and v = 2. Calculation shows that
the component of the configurations with more unpaired particles (v = 4) in the low-lying
band is negligibly small!). The component of K¥ = 0™ fully-paired configurations in the
band | nB+ + > is

Py= 3 |vhes,l? ©)
Py Py
and
(S*Sy=n—(1—=P) + >, >, theoius, 51___p L

ByresPjennpyy Py *P

1) The configurations of v = 4 are necessary for a more detailed calculation. But those of
v>6 are still negligible.



Vol. 12, No. 1 - 85

DD OB R nams s

BOVg  PyeeePiceePpy g p:’*p-
i

B-1le (1 O)
The pair transfer matrix element between the adjacent even-even nuclei is

(n+ 18 ++|S aft+) = 50 S o8y B,

v Pyeee Py
+ D S ok ke (11)
My ¥ PpePpg

" Weare particularly interested in the pair transfer matrix element between the yrast
bands and its variation with w , let

- _ (1 04+[St|n 0++)|?
Je [{n + 10++[S*[20++)|(w=0)" (12)

Obviously, due to the Coriolis interaction the ratio Ro decreases with the increase of .

Usually the ground state of an even-even nucleus at « == 0, [304++ (w0 = 0)) =
7 70| 0)is regarded as the quasiparticle vacuum state. The projection of the band
|nB+ + > onto this state is

(A0++(0 = 0) [sf++(@)) = 3] 8., (0 = 0)s5,.., (). (13)
Especially, for # = 0, [{#0++(w = 0) |70+ (w))|? represents the component
of quasi-particle vacuum in the intrinsic state of a rotating nucleus. It is easy to prove

[{n0++(0 = 0) [ #0++(w@))| > Py > [(30++(w = 0) [ n0++(w)}|2.  (14)
3. RESULTS AND DISCUSSIONS

As in Refs.[17,18], we analyze the low-lying eigen-states of Hcsm in a single-j model
(™ = 13/2*). In this model the single particle levels take the form of :

Eig ==& 392.-7 G+ 1)
iG+1)

The truncated configuration energy is chosen as E/k = 2.5 in the diagonalization of
Hcsm. The calculations were done for G/k = 0.10, 0.15, 0.20, 0.25 and 0.30. The results

for G/k = 0.20 are presented in the following, and those for other G values are similar.
First, we analyze the variation of pair transfer matrix elements. The w—-dependence of
Ro, the relative strength of pair transfer reaction between the ground bands of 6- and 8-
particle systems is plotted in Fig.1. It can be seen that when w / k = 0.18, Ro= 0.5, i.e.,
the pair transfer reaction strength decreases to about one half of that for » = 0. Calcula-

tions also show that the Ro-value decreases smoothly with the increase of w and no sharp
drop happens. -

-+ e, (15)
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FIG. 1 Variations of Rg and Pg with @ . Ro is the relative strength of the
pair transfer reaction between the yrast bands of 6- and 8-particle sys-
tems and P the component of the fully-paired K* = 0™ configurations
in the yrast band wave function of 8-particle system.

It should be noted that the w—dependence of the K-structure for the yrast band of
Hcsm, Py, i.e., the component of the fully-paired configurations (K™ = 0+, v = 0), is very
similar to that of Rg. As o increases, the pair-broken configurations (K = 0) are gradually
mixed into the yrast band due to the Coriolis interaction. When Pg decreases t0 0.5, i.e.,
the weight of the pair-broken configurations is the same as that of the fully-paired con-
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FIG. 2 Pairing parameter &
/G for 6-particle system. 0, 1
and 2 correspond to the
yrast band, the yrare band
and the second excited
band, respectively.

FIG. 3 Pairing parameter A
/G for 8-particle system. 0, 1
and 2 correspond to the
yrast band, the yrare band
and the second excited
band, respectively. a and b
are referred to the lowest
two bands in 7-particle sys-
tem.
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figurations, the overlap integral of the wave function onto that for the ground state at w =
0 (i.e., the so-called quasiparticle vacuum state) | {0+ (o = 0) |70 ++(w0))|[*< P,
In this case, the intrinsic structure of the wave function becomes quite different from that -
of the quasiparticle vacuum state. In other words, the intrinsic structure of the wave func-
tion has undergone a great change. Perhaps we can say that in this case the nuclear su-
perconductivity has disappeared in fact. Therefore, it seems reasonable to use Po, the
K-structure of the wave function for the yrast band, to describe the superconductivity of
a deformed nucleus, as Rq does.

The calculation had been carried out also for a two- shell (j7 = 13/2% and 9/2-) model
which should resemble the realistic case. The separation between the bottoms of these
two shells, e = 1/2(13/2%) —eq = 1/2(9/27), is fixed to be 1.0 «. The calculated curves of
Ro and Po almost coincide with each other. A further calculation with the Nilsson levels is
in progress. The preliminary result shows that the behaviour of the synchronistic varia-
tions of Ry and Py remains unchanged. These facts reveal again that it is reasonable to
use Pg and the K-structure of the wave function to describe the superconductivity of a
deformed nucleus.

Now we analyze the variation of the gap parameter A= GV <S*S> withw . The
results are similar with the one deduced by P.Ring et al with the particle number projec-
tion before variational calculation,such as, the calculated A -value for the yrast band varies
with @ very slowly (Figs.2 and 3) and changes slightly even at very high rotational frequen-
cy. For instance, A (w/k = 0.30)/3 (® = 0) = 80%. This fact can be understood as fol-
lows: <S*S> = number of particle pairs n for a pure fully-paired configuration and n -
1 for a pure one-pair-broken configuration. The < S +8>-value for the yrast band will be
enhanced to some extent due to the coherent effect of the pairing correlation. However,
the yrast band and other low-lying bands are mainly composed of paired and pair-broken
configurations. Usually, we have <S*S> 2 n-1. Hence, the variation of \/<S¥3 > with
@ becomes very slowly. However, according to the analyses given above, a great change
of the K-structure of wave function and the pair transfer matrix element happens when o
/x 2 0.20, which implies that the status of nuclear pairing correlation has undergone a
great change. Therefore, it seems not suitable to indicate the pairing phase transition by
means of the variation of A.

Contrary to the slow variation with @ , the gap parameter A is sensitive to the block-
ing effect. Systematic odd-even difference of A is found in the calculation. As shown in
Figs.2 and 3, the \/<S*S> -values for the lowest two bands in 7- particle system (cur-
ves labelled by a and b) are smaller than those for the yrast bands in 6- and 8-particle sys-
tems. Furthermore, for the excited bands in even systems, the blocking effect is even
stronger because their main components are pair-broken configurations, hence, the
v/ <S¥8>-values (curves labelleg by 1 and 2) become much smaller. Moreover, it can
be seen that the gap parameter A for excited bands varies slightly with » and almost
remains a constant. For example, for the lowest two excited bands in 8-particle system,
V/<S*S> = 1.74  0.01 forw /k< 0.30 (Fig.2, curves 1 and 2). It is understandable be-
cause the excited bands are not superconductivity states even though at w = 0.

Finally, we discuss the variation of A with pair strength G. In the BCS or HFB ap-
proximation A = A = 0, when G< Gg. G, depends on the location of the Fermi surface
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F1G.4 Variation of pairing parameter A with G. (a) 6-particle system (b) 8-
particle system.

and the distribution of the single particle levels in the vicinity of the Fermi surface. When
G = G, Adisplays a sharp discontinuity (c.f. Ref.[9], p.465). But unlike this "sharp tran-
sition", A approaches smoothly to zero as G — 0 in the FBCS treatment (particle number
projection before variation), which is similar to the result obtained with the PNC treatment
in the present paper. Two examples are given in Fig.4. Fig.4(a) is the calculated results
for 6-particle system and Fig.4(b) is that for 8-particle system. The dashed line and the
solid line correspond to the o /x = 0 and 0.20, respectively. Their behaviors are very
similar.

4. CONCLUSION

The gap parameter'l Gv<S S> , which coincides with A = G<S> inthe BCS

«or HFB approximation and is often used to characterize the nuclear superconductwlty,

varies very slowly with the nuclear rotational frequency o . The change of RAis very small

even the intrinsic structure of the wave function has undergone a great change. There-

fore, it seems not suitable to use A to indicate the nuclear phase transition from the su-

perconductivity state to normal state. On the other hand, y depends sensitively on the
blocking effect. Calculation displays a systematic odd-even A -difference.

The most direct evidence of the pairing phase transition can be found from the pair
transfer matrix element, which is unfortunately very hard to be measured yet. According
to the calculation in this paper, the variation of the pair transfer reaction strength (or Ro)
with w and that of Pg (the component of fully-paired K= = 0* configurations in yrast
bands) are almost synchronistic. Therefore, it is reasonable to use Po, as well as Ro, as an
indicator of the pairing phase transition in the deformed nuclei. Calculation displays that
Ro and Po decrease with the increase of w but no sharp transition occurs.

Finally, it should be mentioned that the conclusions are drawn merely on the basis of
the single-j model analyses. The calculations and analyses in more realistic single particle
levels, such as the Nilsson level, are in progress.
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