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The a -correlation in a single-level model with pairing forces independent of
spin and isospin is discussed in this paper. The analytical solutions to this
problem are obtained by using the Boson-Fermion representation. The paper
also provides analytical expressions for the « -correlation energy and reduced
rate of « -transfer and discusses the significance of the obtained resuits.

1. INTRODUCTION

The experimental facts have proved that a-clustering or « -correlation effects exist in
heavy nuclei. Among them the spontaneous a-decay is perhaps the most convincing one.
The a -transfer in direct reactions[1] and the pre-equilibrium emission of a -particles in
compound nuclear reactions[2] have to be explained with preformation probabilities of -
particles. Recent studies pointed out that the dipole modes in heavy deformed nuclei are
closely related to the excited states with « -clusters|[3].

However, the theoretical study of a -clustering in heavy nuclei has not yet been fully
developed. In this paper we consider a single-l-level model with pairing force of Wigner
type independent of spin and isospin as a qualitative study of the main features of a-cluster-
ing. Itis indeed an oversimplified model through which, however, we can get analytic solu-
tions, thus we could further understand the essence of « -correlation and carry on further
calculations. Section 2 introduces the boson-fermion composite representation of the
model . Section 3 provides the eigensolutions as well as the results of « -correlation ener-
gies and «a -transfer rates . The last section briefly discusses the resuits.
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2. THE BOSON-FERMION COMPOSITE REPRESENTATION OF THE
SINGLE-I-LEVEL MODEL WITH PAIRING FORCES

The hamiltonian of the single-l-level model with pairing forces independent of spin and
isospin is as follows,

H=5 3 ahumbumm+ 21 |3 BHOBL) + D BHOBM]. ()
mm gmy a »

where ¢ is the single particle energy, B; (o), B, (o), B (v), B, (v) are creation and an-
nihilation operators of nucleon pairs, respectively,

Bi(a) = \/% [a*a* 158 52t 7% B.(0) = (B(o))*, (22)
Bi(r) = \/% [ 153 W28 ks Bu(7) = (BE(E)), (2b)

2 \ is the strength of the pairing force independent of spin and isospin. It is negative for
attractive interaction.

The sixteen operators in bilinear forms of a* and a with orbital angular momentum L
= 0 constitute the U(4) algebra. These sixteen operators together with the twelve
operators given by Eq.(2) form the SO(8) algebra.

The problem can be solved directly with group-theoretic method. But we introduce in
this paper the boson-fermion composite representation in order to show the a -correla-
tion effect more clearly. In the composite representation, the nucleon pairs with zero or-
bital angular momentum are represented by bosons while the unpaired nucleons are still
represented by fermions. The state vector of unpaired nucleons is denoted by | vy LM >,
where v is the number of the unpaired nucleons, LM the orbital angular momentum and
its z-component and v set of other quantum numbers. This kind of state vectors has the
following properties,

Bo(a)|ovLM) =10, (3a)
B (z)|ovLM) =0, (3b)
An arbitrary state vector in the composite space can then be expressed as

|F)> - F‘(b:(d'), b:(t’); (hi)P)‘O)lVYLM>s (4)

where (hi)F are operators of the U(4) subalgebra.
Obviously,

Bu(a)[F)) =0, B(7)|F)) =0, )

The state vectors in the composite space are related to those in the original fermion space '
by the following transformation relation[4],
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In the above expressions | o) is the boson vacuum state, 3(a), b.(0), 61(7), 5.(7)
are the creation and annihilation operators of bosons corresponding to those of nucleon
pairs defined by Eq.(2) and &Zis the projection operator with which Eq.(6) always yields
nonvanishing resuits.

The Dyson representation < ) inthe composite space corresponding to the fermion
operator G is defined by the following equations[4],

lo) = (0| F)),
U= exp [2 5.(0)Bi(a) + >, b,.(r)B:(r)]. }

(TL‘T2>_<(F1[@./V@IF1» ] (7)
(@|Gl@) = ((F,| 2P 2| F,)) (8)
The operators
Ct= - {[B*(@)B*(o)]" — [B+(r)B+(r>]°°}}
©)

are creation and annihilation operators of a four-nucleon cluster (a -cluster) which is to-
tally symmetric in space coordinates of the four nucleons. Their boson-fermion composite
representations obtained according to Eqgs.(7) and (8) are as follows,

C == (c+)+

. ) W(D) ==
: (10a)
D) o — _2.”3_+L il 3 ata
TR =ar {(1 2021 + 13)(1 T 1)) t@Ey }
-+ (—1) N[+ \(D
+ gy ,,.ém(”')g (4P
+ LUB BB — (BB )R}, (10b)
where
ng = >, b5(0)bu(0) + > bE(7)bu(7) (11a)
o A ED I A A, (11b)
mm gy
ot = -;- {[6%(0)6%(0)1® — [5+(2)b* ()1} (12a)
a=(a")*" (12b)
ai§<u (4;)P (3P = s Z [6+(0)8(a)113[a*ali?
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- 1 +(0)ba ()b +31LL 1
\/21+ - Z“,‘ [63(0)be(7) + ba(0)bi(r)][a*alix (13)

+ Dy 1 TN # +7710710 + a*ta1M
(BHNR = [ {(— VO @it + 3D sr()erali |, (142)

(BHENR = [t {(— V2 ()31 18 + 30 620030k . (1ab)

The boson-fermion composite representation of the hamiltonian given by Eq.(1) is as
follows,

1 22 122 )
(D’—2(8+l+ ) - 3+ ata + en
& A1l U+ A+l d
—u{ 3. wpene + e 15
.,-ezsu:«; SN T TSR (15)

As a*a s related to the operator representing the number of the four-nucleon cluster, the
attractive pairing force favors the occurrence of such four-nucleon clusters.
In the Dyson representation, the Schrédinger equation

(H—E)lg)y=0 -~ (19)
is reduced to

(&P E)r 2|F)y =0,
(P —E)P[F)y =0, (7

The problem can be solved directly in this representation. Although there appears in the
normalization an uncertain phase factor as well as an uncertain multiplicating factor, both
of them have no influence on the calculated results [5].

3. EIGENSOLUTIONS OF THE HAMILTONIAN, « -CORRELATION ENERGIES AND
a-TRANSFER RATES

In general, spin S and isospin T are contributed both by bosons and fermions. The
situation becomes easier if fermion has no contribution and only boson doesto Sand T.
The situation also becomes easier when the contributions of bosons and fermions are
added. For these two cases, the basic vectors can be written in a general form as

|7ps ASTM sM1o7S(2)T(2)LM))

- (a“')’a(ﬂ"')"ﬂ(s.,.)s'“‘s(T.,.)T“‘T(bt‘(o‘))s—“')(btl(t))T'T(”) ‘ 0) l ”75(0)’1‘(”)
—S(v) — T(»)LM) (18)

where | 1¥S (v) T(v) - S(v) - T(v)LM > denotes the state vector of the unpaired nucleons,
v is the number of such unpaired nucleons, S(v) -S(v) the spin and its z-component, T(v),
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-T(v) the isospih and its third component, LM the orbital angular momentum and its z
component and v set of other quantum numbers. In the above expression, ,
| Su= 5B+ 5B = — /T T 1(SP + 52), (19)
To= TR+ TR =— VU + 1(TR + TP), (20)
are the spin and isospin raising operators resbectively, wh’ile
g = — {16 ()8* ()1 + [ ()8 (x)1} (21)

isthe creation operator of another S = 0, T = 0 cluster independent from a*. The quan-
tum numbers in Eq.(18) satisfy the following relation,

4+ 1) + 25 = S(0) + T = T(9)) + v = d, o ori(22)

The nucleon number A is fixed for a given system. The non-orthogonal basic vectors given

by Eq.(18) together with their conjugates |7g5--+)) form a biorthonormal set. Only
general properties of the biorthonormal set will be used in the calculations and the explicit
expression of [z,;--+)y is not needed.

According to the properties of the hamiltonian, STM s M7 vy S(v) T(v) LM are con-
served quantities, hence eigensolutions of HO)P and PHO)+ can be written as

NP|F(n; ASTMsM1o7S(v)T(v)LM))

- > e mgs ASTM sMro7S(2)T(2)LM)), (23a)

Rp-o

P|F(n; ASTMsM7ovS(0)T(2)LM))

= D5 | ng3 ASTMsM7o7S(2)T()LM)), (23b)
.B-.

with the biorthonormal basic set, it is not difficult to evaluate the matrix elements ((75 ]
¢ P |ny)) They form a triangular matrix. The eigenenergies can easily be found as

3 =B 32 Y 2 ) ,
E(n;ASTvrS(v)T(»)L) (s + 1+ T 1) (4 —2) ETEEY (4 Y4+
;'21-1;-1 [T = T(v) + S = S(2) + 221[T — T(v) + S — S(v) + 21 + 4]
e L Lt gl s 2 T ey -
22+ 1) (4—2) U+ 1 [S(2)(S = S(2)) + T()(T — T(v)], (29)

For a definite v,
T+ S+ 2n=T(s) + S(v)

—_— . il
0,2,4,"'[A ,2(21+1)—A y] 5 = 2 is even (253)
2 2 < 2
+
A—v

A— A—
1,3,5,---[ 522+ 1) — Z”L, z

2
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v=0,1,2,-,4 (25b)

T(2),S(») < % (25¢)
For attractive pairing force, A< 0, v, nand T + S should take values as small as possible
in ground states.

If v = 0, the excitation energies of a given system are determined by T + S + 2n
which acts as a principal quantum number. If we consider systems of different nucleon
numbers at the same time, the energy levels with the same value of T + S + 2nforma
rotational band in the gauge space as shown in Fig.1.

If v = 1, we have two situations: (1) (Z,N) < is even, the ground state (T + S = 1)
energies can be calculated from Eq.(24); (2) (Z,N) > is even, the ground state (T + S =
1) energies can be calculated from the corresponding formula for holes.

The separation energy of the last nucleon can be obtained from the ground state ener-
gies of v = 0, 1 shown in Fig.2. We can see the effect of a -correlation in addition to the
odd-even effect. :

The separation energy of a nucleon pair S3(A) can be obtained from the separation
energies of two subsequent nucleons S1(A) and S;(A-1). The a-correlation energy can be
obtained from the separation energies of two subsequent nucleon pairs,

C.(A)—--;L{-S,(A-——Z,T+S— 1)+ 25(4, T +S=0) —S(4+2,T

54
+S=1)} - m (286)

Noticing that the spin and isospin of operators C* and C are zero, we obtain c -trans-
fer rates for casesv = 0, 1 as

S
ok : —— 1S
- - £
- - 2
% - 3
N = e
E.-m- - _.."_"_ g
- - - - ey |
S 2 oy . ) 0
A i A
FIG. 1 Energy spectra for FIG. 2 Separation energies
casesofv=0.e =0, = ofthelast nucleon S4(A) and
-1.0 MeV, | = 5. the last nucleon pair S5(A). €

=0,A=-1.0MeVI| = 5.
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B(A—4—>A,nSTorL) = B(d— 4 — 4, aSTvrL)

= (C*C) 4nsrorr = K(A4; aSTv) - {(1 - {1-—‘4) (1 o+ )

2+ 0/ Ti@mED
i czadis i, plie: T 7 3 e, 7
(2 + 1)? [2 (S+T—v) +(0+ 4)] +_——_(21+1)’ K(A4—4, LST:/)}, (27)

where

— o \2 —
K(A;nsry)-i[("—"-) ko BITR S5 g iy
: 12 2 2
-(S+T-—v+2n+4')] 28)
is the eigenvalue of the operator @™ « . The reduced « -transfer rates for the ground states
are shown in Fig. 3. Curves corresponding to casesv = 0, n = 0T+S=01andv =

1,n=0,T + S = 1 are indicated. :

4. DISCUSSIONS

This paper points out that the « -correlation results from the existence of pairing for-
ces between identical nucieons and different kinds of nucleons. The attractive pairing force
favors the clustering of two protons with two neutrons. The a-transfer rates are directly re-

- lated to the occurrence probability of « -clusters.

In the case of the existence of unpaired nucleons, the number of available states for
pairing is reduced and hence the « -correlation effect is weakened owing to the Pauli prin-
ciple. However, the main features remain the same as in the case of v = 0,

8r — v=0,#=0,T+S=0
==—=p=0, n=0, T+S=]
===v=| n=0, T+S=1

B(A+2-A-2)

FIG. 3 Reduced « -transfer rates B(A + 2—»A—-2). e =0,\ =-1.0 MeV,
= 5.
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In heavy nucleus, the fermi level of neutrons and protons belongs to different shells.
It costs a definite amount of energy in the cross shell excitation of a proton or neutron
pair. But, as pointed out in this paper, the « -clustering after the cross shell excitation of
a nucleon pair will gain a certain amount of energy. Under the competition of these two
factors it is possible to have a certain amount of excited configuration with « -cluster in
the ground state of a heavy nucleus. Although such a -correlation effects may not be clear-
ly exhibited in binding energies of heavy nuclei[6] owing to the small occurrence prob-
abilities of a -clusters, it is significant in explaining the spontaneous « -decay and the «
-transfer reaction. The occurrence probability of a -clusters increases with the excitation
energy, therefore the rate of pre-equilibrium emission of « -particles in nuclear reactions
increases with the incident energy. Moreover, if the a -cluster occurs at the nuclear sur-
face in excited states, it is possible to have the associated dipole vibration.

What is considered in this paper is only the « -correlation in a single level model. But
it is possible to use the analytic solutions obtained from this single level model to study
the influence of excited configurations with « -clusters. This kind of investigation is in
progress.[7] :
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