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Due to the change of the path-integral measure for fermion fields under chiral
transformation, an extra term (chiral anomalous term) is added to the action
of the generating functional for the coset pure gauge field theory of Abelian
chiral group. The path-integral quantization of this theory is realized and the
BRS invariance of the generating functional is restored with the aid of a chiral
anomalous term. Ward identities, consistent with the classical PCAC equations,
are also deduced by using the functional derivative technique.

1. INTRODUCTION

In Ref. [1] the quantization of the coset pure gauge fields with general Lie group G
was studied. When G is a chiral group. However, owing to the change of the path integral
measure for the fermion fields under chiral transformation [2], the usual BRS invariance
of the generating functional will be broken. Therefore, for this special case, we must go a
step further to study the quantization problem on coset pure gauge fields.

Consider the simplest chiral group G = U(1)x U(1)s and take H = U(1) as its
subgroup. A Lagrangian which is locally gauge invariant under the subgroup H is

o _i_ Fi'—(zr#(a“—icd,,)cb—md—ld’: ()

where Ay is the vector gauge field inthe subgroup H, and Fuv = duAv — 3vAu. Weintroduce
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coset pure gauge field ¢o(x) €G/H which can be parametrized as ¢o(x) = etxs and make
transformation

O (&) = g (a), F) = Fl) e, (1.2)
Under Eq.(1 .2),'51 “Dis transformed into
LA = % Fi — 578, —ied, — i1s0,0)d" — my e 4073’ (1.3)
For the sake of convenience, we omit the prime in Eq.(1.3) and rewrite it as
LB e % Fl, — 37,(8, — ied, — ivsD,0)d — mPeTsg, (1.4)

It can be easily proved that & ®is locally invariant under the chiral group G. Clearly,
if6(x) = 0, & ® will go back to & ““and the difference between & “’and & ® is just a
gauge transformation. So we call the gauge 6 = 0 a renormalizable gauge [3].

The generating functional corresponding to & ““>can be written briefly as (the gauge
fixing term etc. are omitted temporarily)

i fatxgtd

Z = j [dpdFdd,]e (1.5)

Obviously, both & “’and Z? are all locally invariant in the subgroup H. In the first
sight, according to the conventional way, it seems that the generating functional cor-
responding to & ® can also be written as :

Z0Y — S Badgdddzaa]e SRR (1.6)

where [d0] is the invariant integral measure of the coset pure gauge field [1]. However,
although & ®is locally invariant in the group G, Z®” is not a generating function with the
corresponding BRS invariance, because the path-integral measure of Eq.(1.6) is not
invariant under a chiral transformation. Thus, it is difficult to realize the path-integral
quantization from the generating functional Z®* by virtue of the ordinary Faddeev-Popov
technique.

In this paper, a generating functional Z® which is locally invariant under the group G
is derived strictly from the generating functional . Comparing this Z® with Eq. (1.6),
we find that there is an additional term in the action of Z&. Such an additional term may
be called chiral anomalous term, for it relates closely to the Adler anomaly in axial-vector
Ward identity. By virtue of the new generating functional Z®  we realize the quantization
of the coset pure gauge field under Abelian chiral group G, and prove that BRS invariance
of Z® under G will be restored again. Furthermore, according to the familiar functional
derivative technique, we can obtain the Ward identities in the non-perturbation approach.
The Ward identities exactly coincide with the classical PCAC equation which is directly
derived from the action of Z®). Thus we have a divergence equation of the axial-vector
current which has a consistent form both in classical and in quantum version. Inthis sense,
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we arrive at an anomaly-free theory.

This paper is arranged as follows: in Sec. 2 the expression of the generating functional
z®is derived; in Sec. 3 the path-integral quantization of this theory is realized: in Sec. 4
the BRS invariance of the generating functional Z® under the group G is proved, and in
the last Sec., the consistent Ward identities are obtained both in classical and in quantum
(non-perturbative) approach, and the main resuits in this paper are briefly discussed.

2. DERIVATION OF GENERATING FUNCTIONAL

The path-integral quantization of a gauge theory which is described by the Lagrangian
(1.1) in subgroup H = U(1) can be realized with the aid of the Faddeev-Popov technique
[4]:

ifadxgt)

ZW = j [ddFd A, 16(F ) A ge , 2.1)

where Fa[Au] = 0 is the gauge condition, for example, Fa = 9Au = 0, and Aa is the
Faddeev-Popov determinant, which satisfies the following relations:

P j [du(R)18(FE) =1, F4= F,[h(8, — ied,)h ], (2.2)

whereh = e’;B is an element of the U(1) group, and [du(h)] is the invariant integral measure
of the U(1) group, :

[du(R)] = [dB]. (2.3)

In order to investigate the behaviour of the generating functional (2.1) under transfor-
mation (1.2), we introduce the invariant integral measure of coset space G/H

[du(p) ] = [46], (2.4)
so that
| tas15(6) = 1. 25)
Inserting Eq.(2.5) into the righf hand side of Eq.(2.1), we find
ZW = j [d4dFd 4,d015(F )6(8) A e "= 2.6)

Fujikawa has pointed out that the path-integral measure of fermion [d¢dd]is not
invariant under a chiral transformation [2]. But his discussion was limited to the Euclidean
space as well as to the infinitesimal transformation. Now, we can discuss this problem in
the Minkowskian space and for any finite transformation. To this end we rewrite Eq.(1.2)
as
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1@ = [ 9 (B0, 00x — )0, 2.7)

and a similar expression for & (#). In terms of the discrete indices x and x’ in coordinate
space, we have

Go(x) = Z A(x, x')u‘bp(x,)’ (2.8)
where
A(z, ), = (&9975) 8, . (2.9

Because the fermion field quantities are elements of the Grassmann algebra in the
path-integral theory, the integral measure for v is transformed into

[4¢']1 = T] do/(=) = (Detd(z, ) ] dg(x) = (Deta)[dgp]l.  (2.10)

under the chiral transformation (2.8). From Eq.(2.9) it can be easily seenthatA isa unitary
and diagonalizable matrix, and its determinant has the form

detd == Det[ (&9®7s), 5, .»] == £iT07s, (2.11)

where we take a formal sign

Trlrs = trrs Z 6(x) == tr7, Z 0(x)8;, 5 | sr=sx

Er '[ Prtr0(2)750(x — ') | gremne 2.12)

It is clear that Tr67sis an ambiguous quantity in the form 0 x « mathematically. In
order to give the calculating resuit a definite physical meaning, we must take a correct
limiting procedure to calculate this ambiguous quantity, in other words, we must assigna
regularization scheme. Therefore, we introduce the following regularization factor

i)
M3

4 [aoee =1 (2.13)

to calculate Tr67s where P(x) = 7,(8, — ied,.(x)) is a Dirac operator determined by
Lagrangian (1.1). Thus,

{ 2= i
Tror; = } d*ztr0(x)Tse 10 5(x — %) | prmss (2.14)
Moo

Inserting the plane wave expansion for the 8-function in Eq. (2.14) and making further
calculation, we have
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Teors = — 12‘; j 202 F () F o () (2.15)

where F,,, = —;— uvasF ag. In terms of EQ.(2.15), EQ.(2.10) can be written as

: ie?
('] = [dgled T FurFuv. (2.16)

Similarly, under the transformation (1.2), the measure [ 4 ] transforms into

. ie?
[dF'] = [dB1ed i FusF s (2.17)
and then [d¢d$ ] can be written as
; —ie}
[ddF] = [dg'dp'] '] “*5af FunF uw (2.18)

Thus, under Eq.(1.2), the generating functional (2.6) becomes

2 j[d(p’dcz‘d/i“d@]a(F,,)8(8)A,4exp {,J' d' —%. Fi, — 51,3,

—ied, — i10.0)d — mF ey %; ez~*,,,f,,>}, (2.19)
Omitting the prime in Eq.(2.19) and denoting it by Z®, we have
i[dbe(eB)
78 — j [dgdFd A,d016(F )8(0)A 4o T = D490 (2.20)

—ie?

where G = Folon Comparing Eq.(1.6) with Eq.(2.20) it can be seen there is an

additional term 6G in Eq.(2.20).

When 6 = 0, i.e. in the renormalizable gauge, this term is vanishing automatically.
Besides, integrating over 6 in Eq.(2.20) gives the generating functional Z‘4’. Therefore,
we call Eq.(2.20) the generating functional in the renormalizable gauge, and also call 6G
the chiral anomalous term because of its relation with Adler anomaly.

" It must be pointed out that the use of Eq. (2.14) to calculate Tr67s, where 6 may be
any finite parameter, is good only for Abelian group such as U(Q1). If the group G is a
non-Abelian chiral group SU(N) x SU(N), Eq.(2.14) must be generalized [5] to

] 1 PrEppe . PR(n)Pri)
Trars = L dtjd‘xe“‘."’tra(x)?’;; —2- (e W 4 e M? )5(" = x') lieg (2221)

As»’

Where a(x) = E'—(—;‘& are the chiral transformation parameters and P, (x) and P (=)

are the left- and right-handed Dirac operators
wl.(x) - ‘r“(a“ =+ Vp('t) + Au("))s DR (x) by Y,u(au -+ V“(:c) e Au(x)): (2‘22)

respectively, Vi(x) and Aw(x) are the vector and axial-vector gauge fields respectively. In
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addition, - Y = S d'yaf () Y:(y), where Y;(y) is a pseudoscalar gauge operator.

Here appears a 5-dimensional integral, so we call this regularization scheme a 5-dimen-
sional regularization scheme.

3. PATH-INTEGRAL QUANTIZATION

In the previous section, by virtue of introducing the coset pure gauge field 6(x), we
derive the generating functional Z® in the renormalizable gauge from the generating
functional Z#¥. Now, let us turn to arbitrary gauge conditions

Fild, 4,,01 =0, (i=1,2) @.1)

from the renormalizable gauge Fa[Au]l = 0,6 = 0. Introduce the Faddeev-Popov deter-
minant Ag(y, Ay, 6) which satisfies

s j [du(8) 16(FE) = 1, (3.2)

where [du(g) ]is the invariant measure of group G = U(1) x U(1)sand g = ¢#*"s % is an
element of G, :

[du(g)] = [dfda], FE = F, [emneﬂcp, A, +Lo,p, 0+ a], (3.3)

Moreover, Ag is a gauge invariant quantity, i.e., AZ = A, We can write Ag as

o= e e = ()

8F§ (%) &F¥(x)
38(v)  daly)
SF¥ (%) 8F¥(x)
88C(y)  8a(y) /=
where §u,(x) = 58(x), 8u,(x) = sa (),

Inserting the left-hand side of Eq.(3.2) into Eq.(2.20), the generating functional
becomes

(3.4)

) ‘ i z 2(
Z5) - j [d$dFd A,d015(F )5(8) A ¢ ”’*“’j

(du(g)18(F5)Az

- j [du(g)dddFd A,d016(F )8(0)8(FE)A sage <P+ (3.5)

It can be easily seen that only the factor 5( F£) includes the group element g in the
integrand of Eq.(3.5). To eliminate the group element g, we perform a transformation in
the integration variables:



Vol. 12, No. 4 353

@ = Tseiby  F = e BTy 4 = A, + 1 08,0 =0+, (3.8)
e

In this tfansformation, Aa and Ag are invariant, and
. F§==F[¢", A:n BI]EFB,s
3P =s(FlAD) =0 (P[4 =L 8,8]), 56) =206 — o)

LB = -i- Fl — 7.0, —ied. — ir0,0 )¢’ — mP e 405l m P BY
G = — ﬁ’z (0 — a)FLFL, =6G + JSL; aF o F,. 3.7)
Besides, it can be easily seen that [d.4,d0] = [dA4.46’]. We have also
[dgpdd] = [d<ll'd$']¢’”""f’. (3.8)

In evaluating Tra75, considering that the effective Lagrangian now is &® + 6G, we
must use the following limiting procedure to replace Eq.(2.14) [5]:

;BB ; Pr(OBL
2 Trars = J d'rtra(x)7s (e MT 4 ¢ Mt ) o(x — 2 ) s 3.9)
M»a

where P, (x) = 7,(8, —icd, (x) — i9,6(x)) and Pg(x) = Tu(8y —ied,(x) +
10,0 (x) ) are the left- and right-handed Dirac operators respectively, which are determined

by Lagrangian & ‘®. Then we make further calculation of the right-hand side of (3.9) and
have

s e
2Trar; = — %{2 I d'2aF By, (8.10)

Therefore, under transformation (3.6), the generating functional (3.5) can be written
as

zZ® = j[dp(g)dd;'dJ;'dA;dG']a (F,, [A; — -:— 6,49])
X 8(6' — &)8(F)) A, Age] "“‘fm'*"d” 3.11)
Omitting all the primes in the above expression, we have
Z2® - j[dgbd(ﬁdA,‘dGM(FB)Aae if e ® o0
[ taute)1e (£ [ .= L 9,8]) 00 — a 3.12)

Noticing [du(g)] = [dBda], we obtain from (2.2) and (2.5)
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f[dﬂda]AAa (F,, [A,‘ - L am]) 5(6 — ) = 1, (3.13)
Thus, we arrive at

i{a4z(e(B)
Z"’"jtdwadA,.dels(Fs)ABe o e (3.14)

This is the path-integral quantization of the theory in an arbitrary gauge.

4. BRS INVARIANCE

By using the Faddeev-Popov ghost fields £ (x) and 7/ (x), (i = 1,2), we can rewrite (3.14)
as :

z® j[d(bqudA“deEdq"]expi {ij [ym +06— L (F;;)’]
o

+ | s O Mute, D), (@.1)

where Mij(x,y) is given by (3.4). For the sake of simplicity of writing, we denote
_ [du]l = [d¢pddd 4,d6d5'dn'], .
Suet = Jd‘x [g@’ +6G — 2—1; (Ff,)’] + ’f d2d'yE (DOMa(x, DG (42)
So Eq.(4.1) becomes
Z® = j'[d,‘]efseff, (4.3)

It can be easily proved that the generating functional (4.3) is BRS invariant. To do this,
consider the following BRS transformation

8¢ (%) = i(n: (%) + 7502 (2))624 (),
8f(#) = ig(2) (—m(=) + 7sm())51,

54, (x) = % B8, (#)82, 86(x) = n,(x)34,
3 (x) = — LFi()a1, 80'(s) =0, (4.2)
where d1 is a Grassmann number. Eq.(4.4) indicates that the transformations of Au(x), 6(x)

and i,-‘ (x) are all translations and 7' (x) is invariant, so the path-integral measure correspond-

ing to these fields is invariant. In addition, the transformations of w(x) and E(x) can also
be written as

&'(x) —_ e.’(q,(x)+r,,,,<;;)azd,(x), $'(x) = J,(x),i(—m<r>+'f,nz<z”“, (4.5)
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and the path-integral measure of the fermion fields is transformed into
[dd'dd’] = [dpdP]e ¥ Tradds (4.6)
By means of Eq.(3.9) we can calculate Trz,6275 and obtain

2 Trq 87 = —8;‘2 jd*m (%) F () F 0 (2) 50, a.7)

Moreover, under the transformation (4.4), & ® is invariant and the variation of the
chiral anomalous term is

p jm@cm = —é,ej deny () F o () F,, ()00, (4.8)

This indicates that the variations of the chiral anomalous term and the fermion integral
measure are exactly cancelled one another. Therefore, in order to demonstrate that the
generating functional (4.3) is BRS invariant, we only need to prove that is invariant under
transformation (4.4). This proof is just the same as that in ordinary gauge theories. Thus,
we complete the proof of BRS invariance_ of the generating functional (4.3).

5. WARD IDENTITIES

From the effective Lagrangian of the generating functional (3.14)

Ly =L +0G = —.i- F}, — §7,(8, —icd

I3
. 5 ~
— i750,0)d — mPe ¥ — 2 g K, (5.1)
8n?
we can directly derive the classical equation of motion for the coset pure gauge field 6

6gef! = a agcfl
06 #1008 ! (5-2)

or

é 3
B,(iB7 ,Tsh) = 2imBrse 4075y — % F.F.,. (5.3)
This is just the axial-vector Ward identity in coordinate representation, i.e. the PCAC

—— . 2 ~
equation, where —*¢ F,F,, is the Adler anomalous term. When § = 0, (5.3) becomes

R
B,(iB7 Ysb) = 2 imPrsh — ;—; Fu.F,,. (5.4)

It can be seen that Eq. (5.4) is exactly the anomalous Ward identity derived from the
Lagrangian & “’in the perturbation approach.

Similarly, from Eq.(5.1), we can derive the classical equation of motion for the
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subgroup gauge field Ay
ie? ~ L
O Fu + 25 .Fu = icfr,4, (5.5)
T
which leads to the CVC equation
0.(ig7 ) =0, (5.6)

Thus we can easily obtain the vector and axial-vector Ward identities in coordinate
representation by virtue of the classical equations of motion of the field quantities. On the
other hand, we can also derive these Ward identities from the BRS invariant generating
functional (4.3) by means of the non-perturbative functional derivative technique. To this

end, let us use the external sources X, X. J «and J corresponding to the field quantities
. &5 &+ A, and 6 respectively and write Eq.(4.3) as

Z[Jl= j [dp]eiSeects], (5.7

where

Sets[J] = Sets + S d'z(PX + X + ], A, + ]6). (5.8)
By using fhe integral formula for the Grassmann variables
S dE'El = 5, (5.9)
we have from (5.7)
| tdulg ey eisein — o, 5.10)

Upon performing the BRS transformation and using standard functional derivative
technique we can get the following vector and axial-vector Ward identities easily
0T ()iu(F(2))0 = 8(x — 2 TS F ()Y — 8(x
— 2){TP()F(2)), (8.11)
Bu(T P (2)f5u(2)P(2") )y = 2 im(T (D) F (@) 757434 ()5 (2') D,
i .
= 25 (TE@Fu(@Fu (D))

= 8(x — 2 )T P(2)F(2) 75
= 8(x — 2T (x)P(2")), (5.12)

where fu = id7,d, jsu = idY,Tsd . Comparing Eq.(5.11) with Eq.(5.6), and Eq.(5.12)
with Eq.(5.3), it can be seen that they are consistent. Furthermore, when 6 = 0, Eq.(5.12)
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becomes
O TS (@ isu()B(2'))s = 2 im(Td(2) (=) Tsb (D F(') s
- —8; (To (&) F () F s ()T (2)Ds

—8(z — 2 KT P(DF ()75
— 8(x — )T () F(z)D (5.13)

and this equation coincides with Eq.(5.4) also. Thus, we obtain the consistent VWard
identities by virtue of the classical and the quantum (non-perturbation) method. In this
sense, we may say that Eq.(4.3) is the generating functional of an anomaly-free theory.

To sum up, considering the variation of the path-integral measure of the fermion fields
under a chiral transformation, We have found new joint-invariant generating functional with
a chiral anomalous term, which is BRS invariant and leads to consistent classical and
quantum Ward identities. We can also deal with the quantization of the coset pure gauge
field theory under a non-Abelian chiral group in a similar manner. This will be discussed
in another paper.
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