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Exact Ground State and String
Tension in Massive Lattice
Schwinger Model
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A new Hamiltonian in the massive lattice Schwinger model is proposed and the exact
ground state found. The string tension of the infinite string is exactly calculated in both
the Naive and Susskind fermion schemes. The result shows that in both massless and . - )
massive lattice Schwinger models the string tension is equal to 1/2 e2. This indicates that

as in the massless Schwinger model, one can obtain the linear confinement potential in the
massive Schwinger model and no deconfinement phase transition occurs when a
approaches to 0. This result is in accord with that obtained in the continuum theory.

1. INTRODUCTION

As js well known, in the massless Schwinger model, physical quantities can be exactly solved

-and the quark confinement and the spectrum obtained. It can also be seen that these results are

equivalent to those in the free boson field which has a mass e/+/T [1]. However, in the massive
Schwinger model the exact solution still has not been found, despite the efforts made in the 1 + 1-
dimensional gauge theory [2].

The lattice gauge theory is a promising low energy theory. Recently, physicists have intensively
studied the massive lattice Schwinger model with the Monte Carlo method and made some progress
[3], but the analytical results are still lacking.

In 1985, the Hamiltonian with exact solvable ground state in the pure lattice gauge theory was

~ proposed by S. H. Guo et al. [4]. The string tension and glueball masses in the 2 + 1-dimensional

lattice gauge theory were calculated by using the variational method and in this way good scaling
behavior and universality were obtained [4]. Later, the Hamiltonian with solvable ground state in the
massless lattice Schwinger model was found, the string tension of the infinite string exactly calculated
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[5] and the correct continuum limit obtained. In this paper, this method is further applied to the
massive lattice Schwinger model. .

2. EXACT GROUND STATE AND STRING TENSION

We first confine ourselves to the Naive fermion theory. In the massless lattice Schwinger
model, the Hamiltonian with solvable exact ground state is [5]

Hy = 1 ela Z e CRLE (x) e*RE () e~CR1, (2.1)
2 z
where
Ry = 2] 8@ rU(x,)d(x + &),
k=21

(2.2)

with r_; = -r,, %(x) and ¥(x) being fermion fields, U (x, k) being the gauge field which satisfies

[U<x31)’E<x)] = U(rsl)s [U<x,—l)9E(x - 1)] - —U(x:—l), (2'3)
and C satisfies

—2C +3 j: 4C’1(—4C") —2C1(—4C) = (01‘)2, o

I4(2)is the Bessel function of zeroth order. For convenience, we choose the representation

1 0 /0 i
- - 2.
o (o —1)’ i (—i o)’ )
and denote -
- §(x) " +
(x) = <1,+(x)>, d*(x) (_§ (%) n(x))._ (2.6)
Assuming Hy=m Z e CR1EY (x) eXR1E () e CRe
+m 2] e Fin* (2) e g () e R, @7
since
eR1h(x) e CR1 = 2 —l’— C*¢,(x),
(2.8)

e"R1PT (£) eCR1 mm Z L' C i (x),

n=0 7
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where
bo(x) = ¢(x),
‘,’n(x> - [R19(»bu-l(x)]

= (=1)"reruU(x,k)- - ror g2 U <x + ”2‘ ki,kn)¢v (x + 2ki),

i=1 i=1
¢ (%) = ¢o*(x),
Qb:(x) - [—Rx ,4’7-"-1(::)] (29)

- (—1)~<z<x - ki)rk,.U<x - ki,kn)- e raraU(z — k1,41,

jm=y i=y

it is easy to rewrite H,, as

H,=m Z d’(x)‘b(x) + ”Zo % W Cz"+sz2n+2m

== C25+2m+2D. - !
..% ".Z=Z, (2n + 1)'(2m+1)r L (2.10)
—2 Z Z ! C1'+1m+lR2n+2m+l + 1"{09

a=0o m=0 (28)1(2m =+ 1)

where

D, = ; D) roryU(x, k1)« - rork,,U(x + Eki,ku) ¢:<x + 2 1(;),

i=1 i=1

R, = > S@) rpU(x, k1) - rorgaU <x + Sjki,kn) (x + Z ki ) (2.11)

i=1 i=1

and M, is a constant related to the normal ordering of operators. According to Eq.(2.4), when a —
0, we have

C ~ —;— In(ae),

(2.12)
By further considering, in the classical continuum limit,
D, ~ (ae)", R, ~ (ae)", (2.13)
we obtain
Hy—>m Z (=) db(x) + My, when a — 0. (2.14)

namely, H,, approaches to the fermion mass term except for an irrelevant constant. Thus, we can
take the Hamxltoman in the massive lattice Schwinger model as
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H = Ho + Hm. (2.15)
Since
(ecg,E(x)e-CR1)+ - e—CRIE(x)e.CRl,
(CCng(x)e_CR1)+ — c'CR1§+(x) eCRl., (2.16)
(eFin(x)eRi)* = e~CRin*(x)ech,
H is positive definite. Let
== aCR
|9) = 5] 0), o
where | 0> is defined as
E(x)|0) = 0,6(x)[0) = 0,7(x) |0) = 0, (2.18)
then
H|2) =0, (2.19)

This means that | 2> is an exact ground state of H.
We now calculate the string tension. Denote the state in which an pair of quark and anti-
quark are connected by an n-string of the gauge field as | M,>,

|Mn> = eCR"Z"{:-l(»’
Mi= > £ (2)i'U(x,Dn*(x + I, (220)

x
[mtsn

-1

U(z, £n) = H U(xxi, 1),

the string tension of an infinite string is

a—ﬁm—l—<1u",HlM">
rvena (M, M,y ° 221)

>

For arbitrary @, >, ( 0| M, ! (2™ R* M? 0) converges uniformly for all n
therefore, 7=0 (281
0

o),

K ’
lim (M,|M,) = lim lim <o 'M.,, L (2e)uRitys
R —o LY 452" kg() (zk)! ) d

(2.22)

K
- <o' - 20)HR L+
fmlim 210 |Magr (2)*RiM

>k k=0
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U,

Utx',=1)

FIG.1

The constraint n > 2K in the last line of Eq.(2.22) indicates that only the configuration shown in
contributes to lim (M ,| M I

Analogously, by using

fim $<M.,|H,JM,> =0, (2.23)

we get

lim L (M, |H|M,) = % ¢! lim (0| M,Ee®™E M |0)

-+ g

(2.24)

aéez Iimlim.:-l-i<O’[M,,,E] e (zc)"«RNM:,E]]o >

Kool ™ k=0 (2&)r

and again, contribution comes from the configuration as shown in Fig.i only. For convenience, in the
above equation, we have omitted the space index and the summation over x. By considering the
effect of the electric field £, we have the following inequality

= —{0|[M,,EIR*[M*, E1|0) _ .
2k) < <n,
(” k) <OIM;|R€&M:'0> ' S (225)

consequently,

.. —1 :

lim —=(01IM., EIRI[MZ, E1|0) = (0| M,RIMF]0),  (226)
Finally, we obtain

1

a = — g2

2 | (227)
For the Susskind fermion scheme, if we take the Hamiltonian as

H, =+ ela 3] e"RE () eXRE (s)e
=

—CR, £+ R, ~cr,
+ m 2 e CREY(22)e™ReE(22)e (2.28)

+ m Z[e'“m*(Zz + 1)e* R (22 + 1)e™FRs,
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where £7(x) and §(x) are defined on even sites, 7*(x) and 7(x) on odd sites, and

R, = D7 E*(22)i'W22,k)n* (2x + &) + n(2x + 1)itU(2x

t=t1 (2.29)
+ 1L,R)EQx+1 + &),

Results similar to those in the Naive fermion scheme can be obtained.

3.DISCUSSION

(1) We have proposed a Hamiltonian in the massive lattice Schwinger model and. found its
exact ground state. Because the fermion mass term breaks the chiral symmetry, the additional
variable § does not appear even in the Naive fermion theory [5].

(2) We have exactly calculated the string tension of the infinite string and the result is 1/2 e2.
This means that in the Massive lattice Schwinger model, one can obtain the same linear confinement
potential as in the Massless lattice Schwinger model and no deconfinement phase transition occurs
when a approaches to 0. This conclusion coincides with that obtained in the continuum theory [2].

(3) The Naive fermion theory is correct in some aspects, such as the string tension.

(4) It is possible to apply this method to the SU (N) theory directly.
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