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Multi-particle and Multi-hole
State Densities Based on the
Harmonic Oscillator Model

Yang Xianjun”, Zhang Jingshang and Zhuo Yizhong

(China Institute of Atomic Energy, Beijing)

On the premise of considering the Pauli exclusion principle strictly, we have obtained an
exact general formula of multi-particle and multi-hole state densities for any single-
particle Hamiltonian. Besides, by using the semi-classical Thomas-Fermi approximation, -
we havecalculated the state densities for three-dimensional linear oscillators and the state
densities of 1p--10p, 14--7h and 1p1h--6 p6h. We have also discussed the effect of the Pauli
exclusion principle and made comparisons with the state densities of the equi-interval
model generally used in the exciton model. The results indicate that the equi-interval
single-particle density formula is a good approximation for the nuclear reactions induced
by a nucleon.

1. INTRODUCTION

The state density plays an important role in nuclear reaction theory. It is a significant physical
parameter [1] in studying static nuclear properties, such as kinetic energy and ground state energy.
In recent years, the average state densities of nuclear excited states have been widely used in many
aspects of nuclear reaction theory. Many processes, such as the precompound reactions [2-4], the
study of the spreading width of giant resonances [5] and the calculation of the shell model optical
potentials [6] demand more accurate knowledge of state densities. Therefore, it is more significant
to study state densities in a microscopic approach.

In 1936, Bethe put forward the problem of state densities [7,8]. Since then, most authors have
based their studies of state densities on the statistical model [9-17]. They either simply paid no
attention to, or just approximately considered, the effect of the Pauli exclusion principle in deriving
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the formula. But as we know, the Pauli principle plays a major role in state densities, especially in
the case of high particie-hole number and low excitation energy. The case mentioned above just
corresponds to the pre-equilibrium nuclear reaction at excitation energies of few tens of MeV,

In 1983, G. Ghosh et al. [18] obtained a formula for the mean value of the state densities of
&pa/t and g,,,h by applying the semi-classical Thomas-Fermi approximation to the three-
dimensional harmonic oscillator model. Their results were consistent with the accurate results of
quantum mechanics. Later, in their work Blin et al. [19,20] tried to extend the formula to the case
of m particles and n holes. However, they did not take the Pauli exclusion principle into account.

In this paper, starting from the definition of state densities, we turn the restricted summation
of the average state densities of m particles and 7 holes into a summation of a series of non-
restricted polynomials. Different from the earlier researchers, we obtained an accurate formula of
state densities for multi-particle and multi-hole nuclear systems with the introduction of the Pauli
exclusion principle. Being model independent, our formula can in principle be used to calculate the
average state densities of nuclear systems consisting of 7 particles and 7 holes in any type of single-
particle potential well. As a result, our formula is of universal significance. In Section 3, utilizing our
formula and the semi-classical Thomas-Fermi approximation, we have calculated the state densities
of &1, gi0p 82t and &1pin—&epsht for three-dimensional linear oscillators. We have also compared
our results with the single-particle state densities from the equi-interval model. We have found that
the equi-interval single-particle model is a reasonable approximation in its application to the exciton
model.

2. FORMULA FOR CALCULATING THE STATE DENSITIES OF MULTI-PARTICLE AND
MULTI-HOLE SYSTEM

The state density of a Fermi system consisting of m particles and n holes is defined as

?m A
mB) = 3 a(E =318, -3,
?1<Pz<"'<[l”_ {‘-pl ﬁ—/ll
1.1</,z<...</.”

2.1)

where ¢, and ¢/ are energies of the single-particle and single-hole, respectively. Here the Fermi
surface is set as the starting point of energy. p\p; ... b, denote the particle states and 4,4, ... 1, the
hole states. The summations are performed with the restrictions p, < Py < +==p,andh, < h, < e
< h,,. The restricted summations are required by the Pauli exclusion principle and the delta function
is introduced to ensure energy conservation. By setting m = 0 and 7 = 0, we can get the state

densities g,,,,,, and &opms fOT systems consisting only of particles and holes, respectively. Eq.(2.1) can
be rewritten as

“m Prp
gm,.-z.(E) = 2 <f‘1#z"‘f‘ms1’11’2"'1’nl3(E _Z H#_E Hv)
#<ep<eep H=p, vy

vl<vz<...<v”

© ,“1”2' ST HmaViVye 'vn>. (2-2)
where summation indéxes p; and h; are replaced by 4; and v, and the summation is now over all
particle and hole states. H; and ¢, are the Hamiltonian and the corresponding eigenvalues of the
single-particle and single-hole states. By means of the Laplace transformation a convenient
expression of Eq.(2.2) can be obtained,
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Carns(E) = [ 4B (B) = 2y (umaalos )y (23)

| The result is factorized into two parts, a particle component and a hole component

|

2B m) = 3w cpal e ey,

By <pp<e<p (2'4a)
z,(B, n) = Z <”l”2"'an‘-ﬁ;}{”l”ﬂ’z"'v,).
P <Y<y (2.4b)
In order to transform Eq.(2.4) into a trace form, we define
1) = (il e, @5

| indicating that there are / particles in the u-th state.

In the following discussion, as an example we only consider the particle case, while the
treatment of holes can be carried out in a similar way. We consider the case with m = 2. From

. Eq.(2.4), we have

2 i) = D 3 Kdi ) = 3 )

1<k A1, A, (2.6a)

In Eq.(2.6a), the first term on the right-hand side is obtained without taking the Pauli exclusion

| principle into account. If the Pauli principle is considered, the correction term for a given state
| having two particles must be subtracted. Thus the case of Wy > i, is included and the equation must

be divided by the identity factor 2!.
Analogously, in the case of m = 3 and m = 4, we have

Z FCa)fCua)fCpus) = (3!)—1{ Z FCae)f Coa)fCaes)

#y<#g<ég #y, By 3 ) )
2.6
—3Zf2(.“l)f(l‘z)+22f’(p,)} (2.6b)
i !
ST ) ed = G 3 e )i
Hy<ig<kg<ay N NN
—6 3% PCedfCm)fCm) + 3 2] FCmdCm)
1,082,043 By, Hq (26c)
+8 3 PCadf(m) — 6 ')}

Noting that each summation on the right-hand side of Eq.(2.6) is independent and non-
restricted, Eq.(2.6) can be rewritten in the trace form. To get the independent reduced summation
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form for arbitrary m particles, we introduce the representation for (/ + 1) particles occupying the
same state: '

ADB) =ml 3T ) fHOC) - )

By <Hg<eee<st

-2>H,
= m! Z <lul.'. qule ; “* e gl"ﬂ’-l/‘l- . ',l‘n>’

27
By <pg<eee<p
The relationship between AL(g) and z,(B,m) is z,(B,m) = (m1)'4©, while
AVE) = (m)) 3 (e pal e T ey
=(m) 27 1)) 1), (2.8)
“l<'"<“~

rewriting Eq.(2.6) by means of Eq.(2.8), one finds,

AP(B) = APAP — AP

Ago)(ﬂ) - A§°)A§°’A§°’ —_ 3Ail)A$°) + ngﬂ)

AP(B) = AP AL 4O 4O 6 AL AL AP 4 3 4D 40 (2.9)
' + 8474 — 6.4,

In this way, we can get the expressions for m = 5,6, ... Finally, we find out their regularity and
come to the following recurrence formula

42() = 3 (-1 D a2, (o),
AP =1, | (2.10a)

In a similar way, for a system with n holes we get

@ - udeel _ (n — 1)) 0
BY(S) g) (—=1)! m B‘,”(ﬂ)B‘.’.I-x(ﬁ)’ (2.10b)
B(B) =1,

With the help of the inverse Laplace transformation, from Eqs.(2.10) we can get the expression of
the state density CannlE):

As a general formula of the state density for a multiparticle and multi-hole system,Egs.(2.10)
are model independent and valid for any single-particle Hamiltonian, hence possessing a universal
significance. Furthermore, from another point of view, utilizing the method for evaluating coefficients
[21] by means of the field diagrams, we can obtain the same result. All terms but the first one on the

right-hand side of Egs.(2.10) reflect the effect of the Pauli exclusion principle and are known as the
Pauli exclusion correction terms.
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