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A detailed comparison between the Hartree-Fock (HF) and the mass operator
(M) potentiai is made by means of a solvable three-level model. It is found
that in a quite large region of force parameters (FPR) the M potential gives
a much better result than the HF potential and at certain points in FPR the
HF result undergoes a sudden jump while the M result varies smoothly. The

convergence behavior of the perturbation expansion of M has also been
studied.

1. INTRODUCTION

An adequate choice of a single particle (SP) potential is important for a many-body
calculation, as it affects the convergence behavior of the calculation significantly and is also needed
to distinguish more clearly the SP from the collective mode of the particle motion.
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One of us has shown that from many aspects the SP potential u,, = M,,(¢’f) defined in terms
of the mass operator (M) may be regarded as an optimal choice[1]. The Hartree-Fock (HF) potential
is just its lowest order approximation. Using different realistic nuclear two-body potentials, such as
the Paris, the Reid and the Hamada-Johnston potential, we have calculated the SP and the single
hole (SH) spectra in the region of O and “’Ca[2--4]. Our results indicate that the M potential is a
better choice than the Brueckner-Hartree-Fock (BHF) and the renormalized BHF potentials.

The solution of the solvable model provides a simple and reliable means to compare different
approximate methods[5]. Using a solvable three-level model, Anastasio et al.[6] studied the
convergence behavior of the linked-valence expansion of the effective interaction and its dependence
on the choice of the SP potential. From their results it seems that the HF potential is a very good
choice. However, this may be a special result related with the interaction Hamiltonian considered
by them and may not be generally true. It is thus worthwhile to study this problem further and in
more detail. _

To enlarge: the variety of states which the model may cover, we have considered various choices
of the'model Hamiltonian under the requirement that it preserve the SU(3) symmetry, contain the
choice of Anastasio et al. as a special caseand yet still remain as simple as possible for the calculation.
We have found that the Hamiltonian given in the next section suffices for our purpose. Just as
expected from the theory[1], the SP and SH energies obtained from the M potential are exactly equal
to the corresponding rigorous values, though the results of the HF calculation may deviate from them
widely. Furthermore, the absolute value of the overlapping integral with the relevant rigorous
eigenstate calculated with the M potential, is always larger than or equal to that calculated with the
HF potential. Our calculation shows that in a quite large region of force parameters (FPR) the M
potential gives a much better result than the HF potential and at certain points in FPR the HF result
undergoes a sudden jump though the M result varies smoothly. Since in general the mass operator
cannot be calculated rigorously, certain approximations are needed. In this paper results up to the
third order in' perturbation expansion are given. The convergence behavior of the perturbation
expansion of the mass operator is studied for different parameters.

2. METHOD OF THE CALCULATION

2.1 Generalized Solvable Three-Level Model

As mentioned in the previous section, we have extended the model Hamiltonian considered
by Anastasio et al. (MHA) so that the model can contain regions where the HF approximation shows
different characteristics, but remains as simple as possible and include MHA as a special case. The
three levels, each with a degeneracy g, will be labelled by z, y, x in the order of increasing energy.
We shall use a pair (pa) to denote a SP state, where the Greek letter a specifies the energy level and
the Latin letter p the state within each level,i.e.¢ = z, y, xand p = 1,2, -, 0.

Let us introduce
Hy = Z Ega:uapas H=V Z 8587284505,
ra Paap(a%p)

H,= X Z 83.6358458yr5 (ay B 3 7, &, when a=f, 728 and when y =g, 4 3 §)

Pqaprs
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Hy=W § : 83a83p80a8p5y Hy=U 2: 0728738470 pas
PgaB(ax:B) PqaBr(Beer) (1)

Hs=T Z a;,a;'ﬁgqaapf,
PqaBr(aspB,r,Br)

where ¢ is the energy of the single particle state a, while ¥, X, W, U and T are the force
parameters. The Hamiltonian of the system is given by :

H
H—HQ+H[, H[-ZH,', .
im1 )

The infinitesimal generators of the group U(3) can be written as

A,g - E a,;",,ap,g .
?

Since the number of particles is fixed in the model, the total particle number operator 8 = 4, + A4,
+ A_ can be excluded and we only need to consider the eight generators of SU(3). In terms of A4
the model Hamiltonian may be rewritten in the form

Hy= Z,elA,, H = V(A4 + 43, + Ay + A, 4+ AL, + A5

Hy = 2X(Aeydes + Ayedy, + A,ed,y + Ay A, + Azydey + Aeidy.),

Hy = 2W (Adeydye + Ay A,y + A, d,, — R,

Hy= U = 1)(dey + A + Ay + Ay, + 4,0 + 4,,),

Hs = T(Asydes + Aesdye + Ayed,y + Ayody + dud,, + 4,,4.,.),
where g = Aqq is the particle number operator of the level a. Eq.(3) shows that the eigensolutions
of A can be classified according to the irreducible representations (IRs) of SU(3) and A will not
connect states belonging to different IRs. We shall use the same IRs (Au) and basis states |

(Au)eAv> for SU(3) as described in Ref.[6]. The matrix elements of A can be obtained easily by
means of the relations given for A4g in Ref.[7]. From the eigenvalue equation

2 Q)8 A | H| ()8 AvY — Edurirrreas]Cosy = 0, @)

©))

the exact eigenvalues and eigenfunctions of the system can be computed directly.

2.2 HF Basis

The three HF levels will be labelled by 1, 2 and 3. From Eq.(1) it can be easily seen that A,
will not mix different degenerate states. This means that the degeneracy of each HF level is also a
and each HF eigenstate |pa> can be expanded in the unperturbed SP basis |pa > as |pa > =
Za|pa>Cq, (a = 1,2, 3). The HF eigenvalue equation has the form

21 [(88 — 688, + (pB| U] pa)]C,y = 0, ®)

where the matrix element of the HF potential is given by .
(PBIU|pa) = 33 C1ipBar|Hi| pagd)Can,

a>5,7,8

(6)
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here / means summing over hole states only. Let N denote the number of particles of a closed-shell
configuration. If N = g, we note that / can only be 3. For the matrix elements of A, one can easily
find

(P547|H11P046'> -2V (1 — 8,0)(1 — 8ra) (1 — 84a) 875828
+ 2X(1 = 8,q) (1 = 85a) (1 = 8pe) (1 — 87a) (1 — 8s) [ (1 — 8.8)8r5 + (1 — 6,5)]
+ Ul8,(1 — 8r5) + 8rs(1 — 8p.) + 8,q0p5(1 — 87,) — 8pabra(l — 8g5)]
+ 2W (8ps0ra — OpqBrsdpa) (1 — 8us) @)
+ T (1= 8rp) (1 — 8.){(1 — 83) (1 — 82) [ (1 — 8r5) — 8,q(1 — 855) ]
+Ck— 575)(1 — 8ps) [ (L — 8pa) — 8,q(1 — 87a) 1},

Since the right hand s1de of Eq.(6) contains the unknowns C,: as 1s well-known, Eq.(5) has to be
solved self-consistently.

2.3 M Basis .

Since no confusion will arise, we shall also use | pa> to denote the SP cigenstate.determined
by the M potential, where again a labels the energy level and p the state within each level. Let us
expand |pa> in terms of the unperturbed states | p3>: )

| pa) = > 188

By definition <pe|u|pa> = <pa| --- |pa >, one finds easily that the SP Schrodinger equation can
be written as

S [(e% — 8 8us + Mus(e¥) 1dse =0, ©
p P

In the solvable model considered here, the SP Green function and its inverse can be obtained
rigorously. Hence by means of the relation

Maﬂ(w) T G:ﬁ’(“’) -+ (w'— s:)aaﬁa

the mass operator M,g(w) can be calculated rigorously. Substituting the above relation into Eq.(8),
we get

Z Gap(ed)ds, = 0, ©

Let E,(A) and |¥,(4)> denote the exact eigenvalue and eigenfunction of a system of A particles,
ie. H |1|;,,(A) > = E,(A)|¥,(4)>, where the ground state is specified by # = 0. From Eq.(9) we find
that € = +[E (N+1)—E,(N)] holds rigorously, as it has been pointed out in Ref.[1]. We note that
the solutlons of Eq.(9) or (8) are overcomplete. Following the suggestion of Ref.[8], we have selected
a complete set of eigensolutions according to the principle of maximum overlap. Our calculation
indicates that this is a good choice.
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2.4 Perturbation Expansion of M
For a real many-body system it is in general impossible to calculate M rigorously. For this

reason, we have also studied the convergence behavior of the perturbation expansion of M by means
of this solvable model. The perturbation series is calculated up to the third order in H; and the
importance of different vertices is investigated. For convenience of description, the relevant

expressions are given below[9]:
M%(“’) = Z Var,prhiry
Y-

1 ANy
MP0) = — D7 voruuVis, < Ll + b >
f ) o) Trap T ar & R P L B )

- myr

, i
NPT Sﬂ a7y
i\/[u;i (LO) = qu.uuuyT.ST &'—‘—uv—"‘ + bp >7
e WEE T
3 - PRty — 7 unyny
MPBP(w) = S ; Yavigplur,vr - B,
2 mor Sy — &

an !
M ap (“7) = _;‘ Z;wplf"av.pu.”pu.l.?’”'fl.vﬁ

5 ( o770 12 10, | Remnanun,
(U) -+ Ey,up- T tn)(w + €y, + 17]) (w “+ Eyar+ i?])EMP'T),
72,7 u Byt
id ke, —-bp.), (10)
) ((O -+ sv,p“ -+ 17’)8“'",1‘
(32) ‘ -
M s (’-0) = Zu»o”au.pv”p'r.ln”lv,ﬂr

< TSP o1ty ey 771178 w1,
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((O -+ Eu.pv + “7)81&1,97’ ;

. (33 1
M5 (‘U) it ? Zy.vlp?’”al,sp”rv,ly.upu.'rv

% (npn;.n,,n,,ny T BB B M BAB RNty == 7,77, Ayl

eup.u'rs;u.wr '(8;: el Sz)spz.n

+ ;p’—’#”l”vﬂr — ;A;vﬁrﬂpﬂ,‘ >.
(ep Y SL)S'H:M
where 7z, = 1 — n, and n, = 0 or 1 refer to a particle or a hole state, @V, Seg—e, —¢,
€uw 20 = €u + €, — €, — ¢p and bp (backward-propagating) designate the terms obtained from
the previous one by changing Ry, Ay, +in to Ay, ny, —in, respectively.

3. RESULTS AND DISCUSSIONS

For simplicity we consider the case of 2 = 4 in our calculation. Five sets of force and level
distance parameters (FLPs) considered in the calculation are listed in Table 1, where set I and II are

the same as those chosen in Ref.[6].
34 eigensolutions can be obtained from Eq.(9). In order to select an adequate complete set,

we have calculated the square of the overlapping integrals (SOJ), i.e.|<¥,(N + 1)] a |
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TABLE 1.

No. Parameter U v x w T 8 8 P
I 0.4 0.4 0.4 —0.5 0 12.5 10.0 0
11 —0.5 =0.5 —-0.5 —-1.0 0 2.5 2.0 0
it —0.55 | —1.80 | —o0.4 —0.45 2.10 2.5 2.0 0
v —0.1 —-1.0 0.5 —0.2 0.5 2.5 2.0 0
v 0.4 5.0 6.0 —5.0 0.2 2.3 2.0 0

TABLE 2.
1 2 3 4
sor 0.9799 0.9880 0.9339 0.0284 0.0229-
SO'1 S0 1
: 1
. 0:8F 0.8
0.6+ \ 0.6‘———\_—_—_
0.4+~ 0.4+
0.2} 0.2~
’ 1 1
0.8} 0.8k
0.6F 0.6}
0.4 0.4
0.2 0.2f
1 1
0.8 0.8
0.6 l—// 0.6
0.4 0.4 — |
‘ 0.2 0.2t
0 —;.5 -zlo v 315 —;o l
. . . =05 W
FIG. 1 FIG. 2
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TABLE 3.
8, SOI value
Parameter
, a er Y gHF son¥ | (sonur
—0.857 —0.857 —0.588 0.9799 0.9799
1 2 10.046 10.046 10.068 0.9880 0.9871
3 13.657 13.657 13.689 0.9339 0.9326
1 —14.465 —14.465 —14.498 0.9953 0.9953
11 2 5.918 5.918 5.966 0.9961 0.9961
3 . 6.991 6.991° | 7.092 0.9924 0.9924
1 —11.430 —11.430 —9.304 0.7553 0.4982
111 2. 1.823 1.823 0.369 0.7229 0.3149
3 2.342 2.342 11.735 0.7508 0.5461
1
| 1 —5.607 —5.607 —5.816 . 0.5489 0.3683
v 2 2.589 2.589 3.573 0.7343 0.5915
3 7.910 7.910 7.679 0.5129 0.4911
1 —49.124 —49.124 —21.304 0.4565 0.1436
v 2 19.396 19.396 16.653 0.5679 0.1228
3 19.953 - 19.953 28.228 0.5321 0.4128

$O(N)? and |, (N—1)| a, | $O(N)* and selected a set of three linearly independent SP eigenstates by
means of the three largest SO/s. As an example, we have listed the SO/ calculated with the first
| set of parameters in Table 2. Only 5 values are copied down explicitly, since the rest are all very small
and some are almost zero. The value in the first column of Table 2 is that of SOI,, while the other
four are those of SOJ,.. One can see that the three SP states can be selected satisfactorily by means
of SOI, which also tells to what extent the eigenstate [¥n(N+1) > (| yn(N—1) >) maybe described
as a particle (hole) outside (inside) the core. The latter will be referred to as the SP (SH) mode of
a system of N +1 (N—1) particles. We note that E,(N+1) and E,(N—1) can be calculated exactly
| from Eq.(4). Thus, ¢, can also be determined rigorously through ¢, = +[E (N+1)—Ey(N)]. Our
3 calculated results with the A and the HF potential are given in Table 3. It can be seen that we always
‘ have

(SODY¥ = (SONHF; g =m gl

| but &F may deviate from ¢ significantly. For parameter sets I and II the results obtained from
| the HF and the M potential are almost the same. They are in good agreement with the exact values.
This is in conformity with what has been found in Ref.[6]. However, for the other parameter sets the
HF results are poor. From the values calculated with parameter set III we note that even for those
states of (N+1) particles, which contain the SP (SH) mode as a principal component, the HF
approximation may still be inadequate. It is worth-while to ask how good in this case the M and the
HF basis will be for the calculation of a system of (N*x) particles with x 2 2, We have calculated the
effective interaction between two valence particles as well as between two valence holes. The results

sttt ettt e —————
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will be reported elsewhere. Even though % = ¢ always holds, the SOJ values listed in the fourth and
fifth row of Table 3 show that for these sets of FLP the core polarization effect cannot be neglected
if one wants to obtain a better approximation for the wavefunction.

In order to understand the difference of the HF and M basis we change the force parameters
V, W and T, respectively to see the dependence of the M and HF results on the force parameters
and list the (SOI)Y and (SON™, (a = 1, 2, 3) result in Figs.1--3. From the figures one finds that
(SOI) varies smoothly within 0.7 to 0.8 for a given parameter region. This means that the M basis
is a good choice. In contrast, each of the curves (SOJ)'F undergoes a sudden jump. It occurs, for
instance, at ¥ = —2.4 in Figl, W = —11 in Fig2 and T = 2.0 in Fig.3. This is certainly very
interesting since no such jump occurs for (SOI)™. Its physical implication is being studied and will
be discussed elsewhere.

However, it is still desirable to ask whether the M basis may make a perturbation expansion
converge faster. Using the M basis, we have calculated the perturbation series of M through the third
order and solved Eq.(8) without taking the wave-function (WF) self-consistency into account. The
results are presented in Table 4. Consider, for instance, the column block under the heading III.
Since we have not considered the WF self-consistency, the SP energies obtained from M are, as
expected, worse than the HF results, but the SOI values are even much better. If the higher order
terms of M are taken into account, one can see that the results converge quite quickly. We have
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TABLE 4.
Parameter 1 11 11

Energy 1 2 3 1 2 3 1 2 3
M 13.792 | 10.091 [—0.5858| 7.0874 | 5.9694 |—14.494| 1.7118 |—0.1847| — 8.9855
M(i’+ M@ 13.632 | 10.027 |—0.7673| 7.0120 | 5.9320 (—14.490{ 2.4971 0.4864| —12.0170

8

M 4 MED o M| 13,718 | 10.044 —0.8173| 6.9928 | 5.9237 |—14.480| 2.5454 1.4069| —10.4270
M 13.657 | 10.046 |—0.8570| 6.9908 | 5.9177 |—14.465| 2.3419 1.8226/ —11.4300
MM 0.9326/ 0.9875| 0.9798] 0.9924 | 0.9961 | 0.9953| 0.7332 | 0.7114 0.7498
SO1 M = M 0.9336{ 0.9879] 0.9799] 0.9924 | 0.9961 0.9953| 0.7492 0.7227 0.7535
MM 4 MO - M| 0,9338] 0.9880| 0.9799] 0.9924 0.9961 0.9953| 0.7496 0.7224 0.7550
M 0.9339] 0.9880 - 0.9799) 0.9924 | 0.9961 0.9953| 0.7508 0.7229 0.7553

further studied the contribution of various low order irreducible vertices separately. Because of
limitation, of space, we would only like to mention that in general the contribution of the forward-
propagating terms is attractive whereas that of the Ap terms is repulsive.
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