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The perturbative theory in the pure coset gauge field theory is studied in this paper. By
using the Bjorken-Johnson-Low technique and calculating the Schwinger term in related
commutators, the anomalous Ward identity in the pure Abelian coset gauge field theory is
derived and found consistent with the non-perturbative calculation.

L. INTRODUCTION

In 1986, Faddeev et al. pointed out that during the quantization of the gauge theory with
anomaly, the first class of the original classical constraint changes into the second class and brings
difficulties to the normal quantization of path integration of the gauge field [1]. They suggested a
method of introducing a chiral auxiliary field and a counteractive term of action to solve these
difficulties. This reminds us of the pure coset gauge field theory [2]. The theory extended the original
symmetry by introducing the pure gauge filed in the coset space, and for the usual chiral group, the
commutative relations of the pure coset gauge field is very similar to the chiral auxiliary field
suggested by Faddeev. In addition, after introducing the pure coset gauge field into the path
integration form of generating functional, the chiral anomalous term, which is very similar to the
additional counteractive term suggested by Faddeev [3], can be obtained automatically for the
Abelian chiral group. So we shall study the chiral anomaly of the pure coset gauge field theory
carefully in order to search a specific method for solving the aforementioned difficulties.
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The non-perturbative calculation of the chiral anomaly of the pure coset gauge field theory was
discussed carefully in Ref. [4]. Since the Lagrangian of the usual pure coset gauge field theory does
not contain an explicit kinetic energy term, the perturbative calculation of this theory has not been
studied. Under the physical gauge, we introduce a kinetic energy term to the Lagrangian of the pure
coset gauge field by using frozen approximation, and make the perturbative calculation of this theory.

Let us consider the following Lagrangian

LA _.%_Ff_.—(Zr# (ap—ieA”.l.%>¢v g¢’<1 'f;?’s ¢++1—27’5.¢>¢’

: . 11
— (8, + ied,)p* (8, — ied)p — V(dtd), (11)
where F,,, = 3,4, — 9,4, and ¢ is the Higgs field. In the canonical transformation
Gt g, F = fe? T
¢/ - e 184), ¢+r —— e‘9¢, . (12)
we have
g = —Lp, g, (a“ —iealt T 50l =T ) @’
4 ' 2 2
— ¢(1+7’5 ¢+r —E—Tid)’)(l”_(a“'i'ieA“
— i8,0)p* (9, — ied, +i0,0)¢" — V(o™ ¢’), 13)

and obtain the pure coset gauge field (x). For the convenience in calculation, we ignore the prime
symbol in Eq.(1.3), and obtain

_ L+ Syl
g(B)__.i-Ff,,-—¢n’p<a“—zeA,. ) — 10,0 — 5 5)4’
Y

— i0,0)¢p*(8, — ied, +i0,0)p — v(dp* ),

(14)
It is easy to see that £® is invariant under the gauge transformation of U(1), x U(1)
al = -
& = e +zr e,al 2” B d) - :pe"’ ”’_Yze_'c le;,
P’ = efde™ 'ﬂtb, bt =g xae13¢+,
Av=d, +L 0,4, 0 =0+,
e (15)

Under the physical gauge, by using the frozen approximation, we first introduce a kinetic energy
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Processes of perturbative calculation.

term to the Lagrangion of the pure coset gauge field in this paper, and at the same time the gauge
field acquires a mass. Then we calculate all the related Green functions by using the BJL technique
[5] in order to obtain the Schwinger terms that we need [6], and get the anomalous Ward identity of
the divergence of the left-hand current. Finally, we obtain the Ward identity of the left-hand current,
which is consistent with the perturbative theory in terms of the non-perturbative method. For
simplicity, we make the calculation in two-dimensional space-time, but it is not difficult to extend it
to the four-dimensional space-time. In this paper, we define the  matrix as

, (0 1> - (0 —i) oy <I 0)
= Py = Y == = ] .
TN o/ PTG o BT T (16)

In Section 2, we will analyze the constraint problems in the pure coset gauge field theory
according to Dirac’s theory on the generalized Hamiltonian system [7], and obtain the useful
Feynman rules. In Section 3, we will perform the perturbative calculation of the chiral anomaly in
the theory by the BJL technique. In Section 4, we will make the corresponding non-perturbative
calculation of the chiral anomaly, and obtain the anomalous Ward identity which is consistent with
the perturbative calculation.

2. CONSTRAINT CONDITIONS AND FEYNMAN RULES

We parametrize the Higgs field as follows

¢ =p%, 9" = pe% (21)
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so that the Lagrangian density Eq.(1.4) can be written as

LB = — % Fi, — 37, (a,, — ied, 1'*‘7"’ — 0,61 = 7’) b — gode i

— (0, +ied, — i8,0 — i8,5)p(0, — ied, + i0,0 + i0,5)p — V(o). 2.2)

It is not difficult to show that Eq.(2.2) is invariant under the gauge transformation

1+7 1-7 147 1—-7
ja——2 g —3 - - _; ;
b’ == ei® 3 elﬂ 3 s P = le—lﬂ —-z—’-e-ul —2—2-’

A=A, +-:—a,‘a, o =6 +5,
F=Eita—§g, = p. (23)

It was shown that the Higgs field does not affect the chiral anomaly [8], and the last equation
in (2.3) shows that the radial part of the Higgs field is invariant under the transformation. So we can

_Fo__
choose the frozen approximation, i.e., p = «/ 2 - Introducing

=, B= 906’ C = pos s

-
V2 (2.4)

we can rewrite Eq.(2.2) as

1 - P 1 ; -— _ il
LB = — TF,’.,—' ¢-r,,(a,,— teA,‘—izﬁ - p—:—a,,B - 275><l’— mde e ¢
- % (poed, — B,(B + C)) — V(ad),
(2.5)

Then we have the following canonical momenta
gors RI74%)

24 "'"an"_—'—Em Ty = N =P,
"
0™ _ 1.
)] Po
dr®
ac

4»*1—:2-—"—54: + ped, + B + C,

¥ 2

- goer + B+ C, (2.6)

It is easy to see that there arr {wn original constraints in the theory:

7= 0, G =ung—n;— _l_tp'*l—“”s -
Po 2 # & 27
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and the Hamiltonian density can be written as

Gl = x‘bd‘:-i—:rt,,A.“'i-:rrBB + xC — LB
1 ] -
+75 _—X_alB 1 15
2 Po 2

. —;— E§ -+ ’$71 (al - ieA‘ )(I) + mcﬁe_:c” (b

+ —l—ﬂi =t % (epod, — 0,B — 9,C)’

o+ A.(—alE, e HT"S o

= Cﬂoﬂc). 28

where we ignore the constant V(p3). According to Dirac’s theory on a generalized Hamiltonian
system, the original constraints should satisfy the self-consistent condition as follows

iy = (7 H]p.p. = [nz, jdx-er] =~ 0, 2.9

P.B.
where "~" means a loose zero. The basic Poisson brackets can be defined as

[7',.(39‘)1Av(1'”‘)]?.5. = [4,(«, z)’Ep(x,’)]P.!. - —6,‘»5(1' — ),
[o(x52) 5% (2" 52)]pp. = —i6(x — %)y
[B(xﬂ),”a(x’a’)]?.n. = [C(x,2)ym(2"32)]p.5. = 6(x — x), (2.10)

A secondary constraint is obtained from Eq.(2.6):

G = —0\E, + e+ l—+2—75-¢— epomwe = 0,

(211)
Furthermore, we are unable to acquire new constraints from the self-consistent conditions
G = FGI’H]P.B. =0, G=[G,H]pp =0
but we have
[7:5Gle.s. = [7:5G11p.5. = [G, G ]p.5. = 0, (212)

Therefore, there are two original constraints an& one secondary constraint in this theory. They
are all first-class constraints.
Combining these constraints, we get the Hamiltonian as follows:

Hp= j dx(E€ + 1G + 1,G, + 1,m,), (213)

where A, A, and J, are arbitrary functions of the field quantities and conjugate momenta. Because
our discussion is under the temporal gauge and the physical gauge

A, =id,=0,C =0, (2.14)
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we can ignore A,%, in Eq.(2.13), and the secondary constraint Eq.(2.11) can be written as

G = —B\E, + ed* lizﬁ & — eooB = 0, (215)

This also can be seen from the equation of motion of the gauge field. In fact, the equation of
motion of the gauge field can be obtained from Eq.(2.5) as follows
8.F L= 147 —8,(B+C
wFan = —ict, ——& + epo(epod, — 8,( s (2.16)
and the gauge condition (214) with v = 2 leads to Eq.(2.15).
In order to obtain the Feynman rules in the perturbative calculation, the Hamiltonian Eq.(2.8)
is divided into two parts

H = de‘?,f - de(éi’o + €€, (217)

where

Sy = % El + %;M% — APE, + 5(1,0, + m)d + —;-ni + —‘z—(alw,

o

&= —iedgr, T 0 = L 0,857, ~5T 4 — cod0,8. (218)
where p = ep,, and the normal term is ignored [9].
1— 7s 2 1 ( 1 — s )2
—eA o i P > 3 SO, AR — — & -SRI 18 B
o 2 ¢ — e'pid} 203 ¢ > b

We obtain the Feynman rules as follows. For the vertex, we have

1—7s

—enl—"'z—"i (2=)8(p — p— k), —p—’;— Ru¥u Q=Ys(pr —p— k), (219)
epok,(2m)’8 (k' — k),

where the solid lines stand for the Fermi field, the waved lines the gauge field, and the broken lines
the pseudoscalar field (the pure coset gauge field).
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In addition, the propagator of the spinor field is

—1

Sp(p) = ———, (2.20)
—im — 18
The propagator of the pseudoscalar field (the pure coset gauge field) is
—i
Ap(k) = oy (221)

It is not difficult to obtain the propagator of the gauge field A, under the temporal gauge:

_ (ke m)(Chuny + komy) + plmuny k.k, }
(k- n) + 4 (ken)+4d (2.22)

Db = Fr =Tz

where n, = (n,,n,) = (0,1),k -n = k,n,.
3. PERTURBATIVE CALCULATION OF THE CHIRAL ANOMALY

Under the temporal gauge 4, = 0,

El = Al’ (3'1)
the Hamiltonian can be written as
H.=H +H,+H,+H, 32
where i i { .
Ho= ar (=L B+ Lttt —ieadn L2054 — 59,850, 12T mi),
2 2 2 Po 2
Hy= j dx (-l—n,’, +L(a,By— epoA,alB>,
2 2 (33)
Hi= | dsprog, H,o= [ ac,
After quantization, the following terms become operators:
it iy LR T g 8 Gy, LT g, (R BB (3.4)

In order to obtain the Ward identity of the divergence of the left-hand current in the theory, we
consider

—'1G - [HTaG]9 (35)
where Hris given by Eq.(3.2). In the following, we are going to calculate the equal-time commutators

of the operators in Eq.(3.5) by the BJL technique. In'general, we define the matrix elements of two
operators A and B in the time-ordered product as

T(p) = | dser(al T4 BO) 1), (36)
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where p = (p,, ipy), X = (x, it) are the momentum and coordinate in two dimensions, res pectively,
and d’x = dxdt. |a> and |B> are the orthonormal bases. Consider the following limit

Lim poT () = _i5 dxe’?*(e|[A4(x,0)B(0,0)]1{8),

According to the BJL method, we have

SR itfa(x) if }Ein.PoT(?) =il 5
. OB if Lim poT (2 = pu.
8(2) if frgﬁpéT(p) -1
L0 5O01= 12, 856y it tim (o) = 1 -

Now we calculate some commutators in [H7, G]. We first consider [ jf‘(x), jz(y)]. In the
Heisenberg picture we take

. ) . 3.9
Tu(e) = [ eerColTit)it(0)10), i
and in the interaction picture, we have
Tu(p) = | dixeit=(0I TiE()7E(0)5S 0, (310)
For the processes shown in Figs. 1-6, we only need to regard matrix S as 1, and obtain
T .(p) = Sd’xe""TrSp(—-x)n = ";"’ Sp(#)7+ 1—-*—;&, (311)
where
et = oL [ pote =L
€255 R—im—is (312)
It is easy to obtain
T, (p) = 4L Sl — 2Pupy — iBup’ — 2i€100.02 S‘ dx— (1 — x) !
0
" 7 :—: + z(1 — x) (313)
In the limit p, — oo, we have
J‘l dx (1l —x) -1
0 m? Po—e ’

+ x(l —x
gi= P ¢ ?
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By using Eq.(3.7), we obtain

[E() it (T = [it(#),5i5 (01 = [i§ (=), 5 (9)] = —25'Cx — )k, (314)
where k = —i/4m, §(x — y) = 8/8y 6(x — y). The right-hand side of (3.14) is the so-called

Schwinger term.
Similarly, we have the following equal-time commutation relations:

(i) ,15 (1 =10, (315)

[P (), ()] =0, (316)
[11(%),0,E\(9)] = [15(2),0,E,(y)] = —e&'(x — y)&, (317)
[75(2),0,E, (301 = 0, (318)

[75(#), E,(9)] = [i5(%), E: ()] = —ed(x — y)&. (3.19)

and
[D:E (%), (9 (9)] = 0, [i5(x),0,B(y)]1 = 0, [ji(x),75(y)] = 0, (3.20)

Since [jﬁ(x), l'?(y)] # 0, the commutators of this form contribute to [H;, G]. By using Eq.(2.15), the
left-hand side of (3.5) can be rewritten as follows

—iaoc b '—iao(—alEl + elé‘ - CPQB)
= "ieaoiol' - al[HT9E1] - epo[Hr,B], (3-21)

Itis easy to see that there is also a contribution of [j ﬁ(x), B(y)] in the right-hand side of (3.21). Since
the term —id,G calculated from Eq.(3.5) and from Eq.(3.21) are equal to each other, when we
collect these two results, the contributions from [iﬁ(x), B(y)] offset each other. From Egs.(3.14-3.20)
and Eq.(3.5) we have

—iG = [Hr,G(x)] = —{-(Elm +0,4,(%)),
(3.22)

where 3, = 3/3x, and we have ignored the contribution of [H, —epoé (x)]. On the other hand, from
Eq.(3.21) we also have

R
iG ied, Jp + = 0,(4,—2), 3.23)

where we have also ignored the contribution of [H, —epoé(y)]. Therefore we have

Ouli(#) = == (Boddi(=) + COM()), (324)
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where C is an arbitrary function. Suppose C = 0, we obtain the usual Ward identity of the divergence
of the left-hand current

8,/5(x) = L;f Body (), (3.25)

4. NON-PERTURBATIVE CALCULATION OF THE CHIRAL ANOMALY

In the previous section, we chose the frozen approximation under the physical gauge, and
obtained the anomalous Ward identity of the left-hand current divergence through the perturbative
calculation. The same result can be obtained by non-perturbative calculation. To do so, we write the
generating functional of the theory as follows:

Z{J] = S [d$dFd 4,407 exp {; Sd’x(g + i, +i6 + 74 + Jn,)}, @)

where J w J, 1 and n are the external sources, which correspond to the fields 4 » 9, % and P,
respectively. Because the Higgs field is no longer a varying quantity when we choose the frozen
approximation under the physical gauge, it can be ignored in the integral measure. In addition, since
the Higgs field does not enter the chiral anomaly, for simplicity, in Eq.(4.1) we take

L - -i—-F,’., — 7, (a,, = ieA,,l—"-;—"—’ - ia,‘el—"zl'2> &

4.2)
Now we perform the left-hand chiral transformation in Eq.(4.1).
L 14y =
$ =T, F = Gt T, (43)

where a is a parameter of the local transformation, and the corresponding change in the path integral
measure of the Fermi field is [4]

[dpdP] = [dd’dP 1eiTeTs, (4.4)

where Trary, is the so-called chiral phase factor. To calculate Tra+ys, we write the covariant derivative
in the theory as

_ A1+75__.;‘1—75_ 14+ 75 1— s
D é le 2 1067 é{_ 2 + DR 2 2 (4.5)

where
Dy =8 — ied = 7,(0,— ied,), Dr= 8 — i66 = 7,(8,— i9,0). (4.6)

and the chiral phase factor Tras has the following form
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ip i
Tra?s = lim -i— Sd’xa(x)tr?’s [(e;fT 1O + eFDRDL) §(x — x’)}
Moo

and we obtain

°
’
=z

Travs = = S dzxas,‘u F“v-
8x

4.7

Under the transformation (4.3), Eq.(4.1) becomes

Z[J] = S [dpdPd A,d0] exp {i(_f/ + jd, + 10 + 7 + fn—id 0

1+ 7 R 1= e 48
. (I)T“—-z-—l(/) +xija ——-2—"'i(IJ'— la(l)—z-—iﬂ‘—g;as,u}:pr)}o ( )
Because
1 +7s

Sazxia,,a c DTy

= ——Sd’xa@,,(id_n’,,l '*;” ),

Eq.(4.8) becomes

Z[J] == S [d@dpd A,d0] exp {x(ft’ + A, + 10 4 14 + I + «d, (igfﬂ’“l -+ 75 ‘1’>
2

+ ifa

1 47 .= 1—=7 ie
¢ — Pt }
2 T 1T g ey (4.9)
We take the functional derivative with respect to a in both sides of Eq.(4.9), and then by letting &
— 0, we obtain

S [d¢pdPd A,d0] exp {:S &Px(L 1,4, +i0 + 74 + (57,)}

. [a“ (,‘4‘,7“1 + 7 4,) - iingF“' +ig L X 4 i3 1_—_7'5_,,] -0,
é e 2 2 (410)
By taking the functional derivatives 6 /ién(x), §/ién(x) with respect to the external sources 7 and 7

in Eq.(4.10), and setting all the external sources to zero, we obtain the Ward identity of the left-hand
current.

LTS (DEE)G(2) D = —:fwd;(z)amcxw(z'»o

. —_ I T
+ 6z — z’)<T(p(z)¢;(x) =T >., — 5(z— 2) <T LED )= )>°.
2 2 (411)
It is easy to see that this result coincides with Eq.(3.25), which is obtained in the coordinate
representation when C = 0.

In sum, in this paper we choose the frozen approximation under the physical gauge, and study
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the perturbative approach of the pure coset gauge field theory. We work out the explicit expressions
for the propagator of the pure coset gauge field and the propagator of the massive gauge field in the
temporal axial gauge. By using the BJL technique, we obtain the anomalous Ward identity of the left-
hand current, which is consistent with that obtained in the non-perturbative calculation. The chiral
group under investigation in this paper is abelian. The generalization of the results obtained to the
non-abelian case is very interesting. Meanwhile, it is necessary to solve the quantization problem of
the gauge theory with anomaly. Such work is in progress.
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