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By using sum rules in quantum mechanics, the upper and lower bounds on the electric
dipole transition widths of the ¢ (3770) are estimated. It indicates that the experimental
values given by the Mark III Collaboration are larger than the theoretical values evidently.

1. INTRODUCTION

Recently, in the framework of potential model, we have made some theoretical calculations [1]
on the electric dipole transitions (E1 transition) for the ¥ (3770) (1°D, state of cc family). We found
that whether we use the purely non-relativistic potential model or take into consideration the first
order relativistic correction, the resulting widths of the ¥ (3770) — vx,(J = 0, 1, 2) decay are much
smaller than the values [2] reported by the Mark III Collaboration. In Ref.[3], we studied the
possibility that the ¥ (3770) is a mixing state between the 3D -state and >S,-state. It turned out that
the inconsistency between the theory and the experiment cannot be resolved whatever mixing
prescription is used.

In this paper, we try to further study the problem from another point of view, i.e., from the sum
rule in quantum mechanics, and try to glvc some theoretical results which are model-independent
or at least less model-dependent.

The sum rule in quantum mechanics has many applications in atomic physics [4]. It was
employed to study the £1 transition of the heavy quarkonium and provided much valuable theoretical
reference [5]. For instance, it has been used to study the possible form of the confinement potential
[6].

This paper is organized as follows. In Section 2 we generalize the Thomas-Reiche-Khun (TRK)
sum rule used by Novikov et al. [5]. In Section 3 we discuss the general relation between these sum
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rules and the £1 transition widths. With the requirement to suppress the model-dependence being
taken into consideration, the upper bounds on the widths for the £1 transition ¥ (3770) — vx,{(J =
0, 1, 2) from both the first and second order sum rule are obtained in Section 4. In Section S the
Wigner sum rules [5] are used to obtain not only the upper bounds but also the lower bounds on the
same processes. We find that all these theoretical results are consistent with each other, that they
require rigid restrictions on the corresponding experiments, and that they are much smaller than the
data reported by the Mark III Collaboration but are basically in agreement with the theoretical
values calculated from our potential model. We discuss these results briefly in the last section.

2. THE GENERAL FORM OF THE DIPOLE SUM RULE
Assuming the Hamiltonian of a quantum system is
2
H=EZ 4+ y(r) 1)
2u
where p is the reduced mass and U(7) is the interaction potential. Let the eigenvalue of A be £,, and

the corresponding eigenvector be |7>, where # represents all quantum numbers. Assuming A is a
hermitian operator and defining

A00) = 4, @)
AR = [H, Ak — D] (k=1,2,--+), 3)

it can be easily proved
[ m A 153 1* = (al 47 4G [, @

From the above equations and considering both |#> and |m> are the eigenvectors of &, we
can derive a general form of even-order sum rule:

_ 20 (En— E)%[(m| d|n)|* = (n] 47 (R) ACK) | ), ©)

Similarly, using the formula

23 (Ep— E) [{m| AR [n)|* = (nI [[47(R),HT, 4R 117, 6)

we can obtain a general form of odd-order sum rule:

C 2 (Ea— E)* (m| |y | = %(nl (L47(R),H1, 4C(R) 1|,

Q)

If we take 4 = 7, then
AQ0) = r, @®
A1) = (H,r] = — 2, ©)

AQ2) = -i— VU, (10)
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Substituting these results into (5) and (7), the dipole sum rules can be found one by one.
Defining 7,,, = <m|7 |n>, the first five dipole sum rules are:

; '(E,.—E.)lr,.,i2=-2—3;, (11)

S (B — B ralt = Kol I, | 1)

3 (Bn— EPITal’ = 5:7<nlv‘Uln>, (13)

3 (Ba— B Irmalt = ;1,-<n|<vu>*1n>, (14)

> (Ba— B Il = —2—1;3<n!CVVU):<va>In>. (15)

Eq.(11) is the so-called TRK sum rule, which has many applications [4] in atomic physics
together with formula (12). Novikov et al. [5] used (11) to discuss the £1 transition of charmonium,
while Song [6] used (13) to discuss the possible form of the confinement potential.

3. THE SUM RULE REPRESENTED BY THE E1 TRANSITION WIDTHS

The matrix element 7, and the width of the E1 transition are directly related. This relation can
be used to express the above sum rules in terms of the width of the £1 transition.

For charmonium, the eigenstate of A is usually denoted as |nlsjm>, where n is the main
quantum number, / is the orbit angular momentum number, s is the total spin, j and m are the total
angular momentum number and its projection, respectively. Since the energy levels are degenerated
for quantum number m and the left hand sides of the above sum rules are independent of quantum
number m, if defining

;(n’l’:,]",ﬂl:-iD = -2-7;_*_; ; ; |<ﬂ’l'5,]"m,[r|nlsjm> [2’ (16)

then Eq.(11) can be written as

— 7y 2o b 3
Z (En'l'x'i' - Enl:i)"(" I'sy 9”157> - _)_‘- (17)
P

n/lrsr§7 fs

and Eqgs.(12)-(15) also can be converted into the similar forms.
The measured width of the E1 transition from an initial state |n/s,j;> into a final state
|nd.s,j,> with a photon of energy w, being emitted is

T (nlisid; = nilisiy) = oo 1+ : > > -:—aeéw3f|<ﬂ;1;5;i;mi|f[ﬂﬂf‘fiffﬂf)lz, (18)
1i mi mf .

where a is the fine-structure constant, e, is the electric charge of the quark and

@if = Eitiiis = Enptysgige (19)
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After summing over the final state polarizations and averaging over the initial states, we can
have [7]

T (nilisif; = nylysiiy) = ';" ’éaCO?IC(iilijflf5>5:;t;<r>29 (20)

where the statistical factor C(j,/ JAgs) is

. ) STRRE

C(Gilijslys) = max(l;, 1) (24; + 1){’ 1 }’ (21)

and <7 > is the radical integral
(7> = [ 7Ry (1) R (e, )

According to Egs. (16), (18) and (20), if j = j, and j* = Jp then
R TST ulsiy = LCabsi = wT57) (23)
— aedwj;
and

FAUST nlsi) = CGLTT 24

While if j* = j,and j = Jp then

;(ﬂll’f'].’,ﬂlfi) — 2] -+ 1 R F(ﬂl:] ‘—’ﬂl."])

2+ 1 4 aelol, (25
3
and
- Pyt 2o . 2i’+1 *p el 2
r(al's’] ynlsj) = ————= « C(F'1'71s){r)?, 2
BV ynlsi) 21 (GUils)<{r) (26)
Using these relations, we can express the first five order sum rules mentioned above as
1 (2].,"_1) ryr 2 .
- r(a'l's'y — nls
n’l'lei’ (En'l':'i' - Eﬂlti)z 27 e l ( ]>
-3 L I atsj— 1) = 2228, @)
/173t 2 (Eul:i - Eull,x'i,) “
1 <2i'+1>1,(,,,-, .
A ' l's'i — nlsj)
n/lrstjr En’l':,i, - Eul:i 27 +1
+ > 1 T (nlsj = a'l's’{") (28)

5 v
ntlrstis Enlu En L5

dgel o
= 252 (nlsj| B*nlsi),

P

Ju’
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Z (Lﬁ) T(n'l':'j' iy nlfj) — Z F(ﬂl.f] — ﬂ’Z,S,].'>
T oarire 27 -+ 1

agay

Sael: s . .
2222 (nlsi | VU | nisi) (29)

> (E, ""—E.,,o(z’ B L)r (w1 = ni)
2+ 1

.Ill;/,‘l

+ Z (Eshi u’l':'l,)r(’d” —a'l's ’)

neirsris

baed . (30)
- —3"—“—;’-<nlv | (VU [ nlsiy,
“
2 % 8 oo s .
M%ﬂ CE 5 = Batii)' <—#+—1>T(n Us'i — nisi)
Z (E i — E0 i )T (ndsj = 2'U'57)
nlrstjr
2
— 2% (ol | (TU) : (VOO | ks, (31)
u©

With the properly simplified assumptions, in principle, each order sum rule can give a
theoretical restriction on the width of the £1 transition for a given |n/s;j> state. However, because
the right hand side of the fifth order sum rule Eq.(31) is quite complicated and the integration needs
be performed numerically an explicit result cannot be obtained from it. The third order and fourth
order sum rules will be discussed in another article. Here we are going to do some quantitative study
on the first order and second order sum rules.

4. THE RESTRICTIONS ON THE WIDTHS OF THE £1 TRANSITION FOR THE ¢ (3770) BY
SUM RULES

Let us take |nlsj> = |1°P,>,ie.,n =1 =15 = 1and j = J. Taking this state (i.e., x,(J
= 0, 1, 2)) as an initial state, the possible final state is only |13S,> (i.e., J/¥). Taking |1*°P,> as a
final state, the possible initial state can be |23S,>, |3*S,>,...; |1’D,>, |2*D/>,...;...Forthe cc
family, the observed E1 transitions in experiments are x,, — J/¥, ¥ (3686) — 7X., and the
processed of 9 (3770) — yx.,(J = 0, 1, 2) which are reported by the Mark III Collaboration recently.
Some theories [8] estimate that the widths of the £1 transition from higher quantum number levels
into the x,, are very narrow, and can be ignored in the sum rule. Now using the first order and the
second order sum rule separately, we will derive the restrictions on the decay width of ¢ (3770) —
X from the experimental results of x,, 7J /4 and % (3686) — Jx,, and then compare them with the
data reported by the Mark III Collaboration.

(1) The First Order Sum Rule

Considering the statistical factors listed in Table 1, we know that

r(lsDz = 13P0) —-— 0, (32)
T(lzDg - 13P0> = O. (33)
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Hence, when J = 0, Eq.(27) leads to

1 2ael 1 IT (23S, — 3P
— .+ 37 (13 1°Py) < =—2 — « 3T (235, 1°P.
(E;no - Ezw)z ( Dy~ O) o (Essas - EZC‘,)z ’
| 1

r(1’p,— 155,).
(Ex,— Eye) ST (39

Taking e, = 2/3, choosing m, = 1.84 GeV we used before [1] and inputting 1 = m_/2 and the
experimental values of I'(2’S, — 1°P,) and I'(1*°P, — 135,) [9],

r(2’s,— 1°P,) ~ 23keV, (35)
T(ISPQ e 1381> ~ 95keV, (36)

we can yield
r(1’D, — 1°P,) < 0.29MeV, (37)

For J = 1and J = 2, the contributions from the 1°D, and 1°D; states are no longer zero.
However, these two states have not been observed experimentally. We assume that under the
non-relativistic approximation, the three states of 1°D;’ (J* = 1, 2, 3) are degenerated, their masses
are
all taken to be 3770 MeV and the radial integral <1D|r|1P> is considered identical for all 1*D -
1°P, transitions. Therefore, the differences between the widths are completely determined by the
statistical factor. Thus from Table 1 we can obtain

r(*n,—1P) _ 9
r(1:p, — 1°P,) 5”7 (38)

F(ID, > VP _

’ 39
r(1’p,— 1°p,) 9)
3 3

Putting the above results into Eq.(27), similar to the case of J = 0, we can have

I (1°D, — 1’°P)) < 0.14MeV, (41)
and
I (1°D, — 1’P;) < 0.006MeV, (42)
(2) The Second Order Sum Rule

The right hand side of the second order sum rule (28) is proportional to the average kinematic
energy. According to the Virial theorem, when U(7) = U(r), one finds the following relation,

g‘> - L< v
<2Au. 2\ 3/ (43)
If a logarithm potential [10] is chosen,
07 = ¢l <L , "
() = cia( L) (+)
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Table 1
The statistical factor C(J2J11) for transition *D; — *P,.
J
0 1 2
7
2 1 1
: ) 5 3
3 1
2 0 10 10
3 0 0 2
5
where
¢ =0.733GeV, r,=0.89GeV™!, (45)
from Eq.(28) we have
1 < 2]/ + 1 ) ryr sy :
- T(A'U's{ — nis)
u;:’i Eu,l’:’i’ - Enlti 27 == 1
) ; . .
+ > 1 I(nlsj— w157y = Hecde. (46)
nolrstir E,;,,‘ - E,,f]','i' 3[" )

Taking m_ = 1.84 GeV as before and treating the equation the same way as the first order sum
rule (27), we can obtain

I (13D, — 13P,) < 0.34MeV, (47)
r(1°D, — 1°P,) < 0.16MeV, (48)
I'(1°D, — 13P,) < 0.006MeV, (49)

5. THE WIGNER SUM RULE AND ITS RESTRICTION ON THE WIDTH OF THE E£1
TRANSITION FOR THE ¢ (3770)

The TRK-type sum rule can only give the upper bounds on the widths of the £1 transitions for
the ¥ (3770). Wigner introduced another kind of sum rule which gives not only the upper bound on
the width of the £1 transition but also the lower one on it. In the following, using the commutation
relations for the operator of the angular momentum and the ones of coordinator and momentum,
we shall first derive the concrete form of this kind of sum rule according to the treatment in Ref.[5],
and then give some quantitative discussion.

Definingc = /(I + 1),c. = (I + 1)(I + 2), c. = (I - 1)/, and introducing two operators,

= 2—_05
Cy — C;. (50)
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we can easily prove

2+ 1,m) = [+ 1,m), (51)
|l —1,m) =0, (52)
2|l + 1,m) =0, (53)

2 |l—1,m)=|l1—1,m), (54)

ie., 7* are two projection operators. .
Using the basic commutation relations for 7, p and L and

it can be proved

(P, L1 =i(Lx p—px L), (55)
(r,L1=i(LxXr—rxL), (56)
pX L+ L x p=2ip, (57)
rX L+ L X p=2ir, (58)

that

£7L2+6—3c_

f-z+p—pvn+r=
2L + 1)

: (59)

1.7L2'+6—-3c+

r - i —_— o —r=-—-
SR S TV TR

(60)

Using Eqs.(59) and (60) and the properties of projection operator 7+ and the selective rule of
Al = +1 subject to the matrix elements of 7 and p between the eigenstates of the orbit angular
momentum, we can derive the following two Wigner sum rules

1 +1
SN S Ked+ L [ rlkim) Pm( By — Eg) = HEDU+D (o
A m/==(+1) Y
and
=1
> S K= Ll kim) (B — Ey) = — K= D)

~ - 2041 (62

where m, is the mass of the c-quark.

Since the right hand sides of Eqs.(61) and (62) are independent of quantum number m, they
can further evolve as ‘

Y m(Episr — Ex) » == > > [Knyl + 1, |7 |kim) |2

20 +15 %

_QU+3» U+
20+ 1 '

(63)
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and 3 meEais = End * 35 + 1 }j Z (2yl = 1om U kim) |2
_ 1(21— ) 64
20+1 °

In the light of the properties of the irreducible tensor and Wigner-Eckart Theorem, it can be
easily proved that

2 l+1
ZH_ . ZZ [{n, 0+ 1,m’ |7 |kim)|* = (ol eI ]2, ©5)

21 + 1 Z ZI(”’I— I,m Irlk1m>[2 - 21 + 1[<ﬂ’l— llf!kl>[z (66)

Putting (65) and (66) into (61) and (62) respectively, we obtain the resulting form of the Wigner
sum rules:

: 2 3 -
S Euiss — En) [l 1[R[ = 222, (67)
and
2 Zl T— 1

D U(Epumi — Ex)[{nyl — L r [RD|? = — . (68)

" m.

Letting / = 1 and ignoring all the contributions from # > 1 states in Eq.(67), we can obtain
5
1D|r|1PY < (69)
< mc<ElD - ElP)

Takmg still 7, = 1840 MeV and considering
Ep— Ep=3770 — M..o.((P;) = 245MeV, (70)
we have

{(1D|r|1PY¥ <111 X 1075(MeV) ™2, (71)

Putting it into Eq.(20), we can calculate the upper bounds on the decay widths for the 1 (3770)
— YXw (J =0, 1 2) decay,

F(1°D,-> 1*P,) < 0.48MeV, )
I (13D, — 1’°P,) < 0.14MeV, - (73
T (1°D, — 1°P,) < 0.0052MeV, (74)

From Eq.(68), letting / = 2 and ignoring all the contributions from n > 1 states, we can obtain

3
m:(Ew - Em) ’

(1D|r|1P Y > (75)
With the same input, we can have

{(ID!r/ 1P > 6.7 X 1075(MeV) ™2, (76)
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4 Table 2
Electric dipole transition widths of the ¥ (3770).

TRK sum ru]I;s upper values | Wigner su;:ac rules results Calsathion Mark III
Process (k=V) el of potential | experimental
First Second Upper Towes model (keV) | values (keV)

13D, — 1°P, 290 340 480 290 312 (183) 500 + 200

1°D, — 1°P, 140 160 140 85 95 (70) 430 £ 180

13D, - 1°p, 6 6 52 31 3.6 (3.0) < 500

Note: The physical states are the following: 1°D;: % (3770); 13Py:x(3415); 1°P;: X, (3510);
13P21X¢2(3555)~ In the column of "potential model”, the values outside the parenthesis are
non-relativistic values and those in the parenthesis are the results with the first order
relativistic corrections. In addition, the "upper bound" is abbreviated to "U. B."” and the
"lower bound" to "L. B.".

Putting it into Eq.(20), we can calculate the lower bounds on the decay width for ¥ (3770) —
% =0,12),

r'(1°D, — 13P,) > 0.29MeV,

)
r(1’D, — 1’P,) > 0.085MeV, -
I (1°D, — 1°P,) > 0.0031MeV, (79).

6. DISCUSSIONS AND CONCLUSIONS

(1) In order to compare the upper and lower bounds on the widths of the transition ¥ (3770)
— X, obtained above with the theoretical values calculated from our potential model and the
experimental values reported by the Mark III Collaboration, we list them in Table 2 altogether. From
this table, it is clear that the widths predicted by our potential model are in agreement with the upper
and lower bounds from the sum rules, but they have obvious discrepancies with the experimental
results reported by the Mark ITI Collaboration, which further confirms our previous conclusion [12].
In addition, the events collected by Mark III are not yet sufficient and the experimental error is
rather large, therefore it is premature to make a judgment. If BEPC (Beijing Electron Position
Collider) can accumulate more ¥ (3770) events and give. more precise experimental results, it will
undoubtedly be significant to test the potential model.

(2) The sum rules are derived from the non-relativistic Hamiltonian. In the c¢ system, because
of the relativistic effects, there should be significant corrections to the upper and lower bounds given
by the sum rules. But the experiences demonstrate that the corrections may further suppress the
decay width. So it would not mount any influence on our general conclusion that the experime ntal
results turn out to be larger.

(3) Not only are the second order sum rules of stronger model dependence because of our
assumption about the logarithm potential, the first order sum rule and the Wigner sum rule rely u pon
the model only through the c-quark mass and have no elicit relationship with the concrete form of
the potential. With the decrease of the c-quark mass, both the upper bound and lower bound will
rise. For example, if we select 71, = 1.6 GeV instead of 1.84 GeV, then the bounds will increase by
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about 10%, which causes no substantial change to our conclusion.
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