High Energy Physics and Nuclear Physics

Volume 15, Number 4

Chiral Symmetry, Ward-Takahashi
Identities and Mass spectra in
(2 + 1) Dimensional Chiral
Gross-Neveu Model
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Chiral Ward-Takahashi identities with composite fields are applied to investigate mass
spectra in (2 + 1) dimensional chiral gross-Neveu model. The fermion mass and bound
state spectra are obtained, which are in agreement with large-N expansion in the lowest
approximation. When the chiral symmetry is an approximate one, we obtain the PCAC.

1. INTRODUCTION

QCD is currently accepted as the most possible candidate of the fundamental theory of strong
interactions [1]. Since it has asymptotic freedom at high energies, we can apply the perturbative
theory to study hard processes. However, in the low-energy case the interaction becomes so strong
that the perturbative expansion fails and a non-perturbative scheme should be applied. Due to the
inherent difficulties in the study of nonperturbative phenomena, the bound states, chiral symmetry
and the mass spectra in QCD are still unsolved problems [2,3].

As Gross-Neveu model possesses some features of QCD, asymptotic freedom, chiral symmetry
dynamical breaking and fermion mass generation etc. [4], it is expected that the study of chiral Gross-
Neveu model will help us understand the low energy properties of QCD. Recently, in addition to
large NV expansion, such as the methods of variation, background field and the Gauss effective
potential [5-7], many methods have been proposed and used to investigate the properties of mass
spectra in Gross-Neveu model. In this paper, we develop Ward-Takahashi identities to include
composite fields and use them to study the mass spectra of fermion and the bound states in chiral
Gross-Neveu model.

Given the facts that the spontaneous breaking of a continuous symmetry does not occur in (1
+ 1) dimensions [8] and that (2 + 1) dimensional chiral Gross-Neveu model is renormalizable in the
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1/N expansion [9], we take (2 + 1) dimensional chiral Gross-Neveu model as an example to
investigate the properties of mass spectra.

In order to describe dynamical breakings, composite external sources are introduced in the
generating functional in Section 2. According to chiral symmetry, chiral Ward-Takahashi identities
with composite fields are obtained. In Section 3, with the aid of Ward-Takahashi identities we o btain
the mass spectra of fermion and bound states. In the lowest order of approximation, the fermion
mass spectrum is identical to that in the 1/N expansion. If <$ivs> = 0, composite field
P(x)ivsp(x) corresponds to a Goldstone boson after symmetry breaking. Since quarks are massive
in QCD and chiral symmetry is an approximative symmetry, we study this case in Section 4. As a
fermion mass term can be regarded as a composite external source, the generating functional with
massive fermion can be expressed by the chiral symmetric generating functional. So chiral ward-
Takahashi identities and the mass spectra are obtained, and the properties of partially conserved
axial current are discussed.

2. EFFECTIVE ACTION AND CHIRAL WARD-TAKAHASHI IDENTITIES
The Gross-Neveu model is a low-dimension field model with asymptotic freedom [4]- It is
renormalizable and possesses dynamical breaking.
The (2 + 1) dimensional chiral Gross-Neveu model is described by the following Lagrangian
[5]: '
-7 c 9p — 2 [(FP ) + (Tired )
& ¢7 - 0d — = [(Pd) + (Pivse )L, @1

where ¥ (a = 1,2, ..., N) is a massless fermion field.
When the field transforms is

5 (%) = 7 (e + 758)d (), (2.2a)

8P (x) = (=) -;— (—a + 7:8), (22b)
the Lagrangian remains invariant. Correspondingly, the Noether currents are

T (%) = () % 7 b (25 (23a)

4,(#) = 5() 775 (o), (2:35)

The chiral transformative generators are

0 = | =i, ' (242)
Q! = gdzon(x). (2.4b)

According to Eq.(2.1), if ¢ < 0, the attractive interaction between fermions makes the
perturbative vacuum unstable and there are fermion pair condensates. Then, chiral symmetry will
break down spontaneously, which is usually called dynamical spontaneous breaking [4].

In order to describe dynamical breakings, composite external sources K(x), Ks(x),
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corresponding to the composite fields P(x)¥(x), P(x)ivs¥(x) are introduced in the generating
functional [4,10]. Thus, the generating functional is

~

Z[7,7;K,Ks] = ePInKE] = j D[, d Jexp

(i[ @21 + 1) + 3G +FEIEE +F@DiTp@E1). B
where W[n,n;K K] is called the generating functional of connected Green’s functions. Define

% = —d.(%), (2.6a)
5?(23 = 0., (2.6b)
= -1-3;%3 87’[?;\7) W = G(x), (2.6¢)
- —i- én‘z@ iY’@fzix) W = Gs(=). (2.6d)
According to Eq.(2.6),
6;2‘;) = G(x) + P (D), (2.7a)
s~ G + BT (o), (2.70)

Taking Legendre transformation, we obtain the effective action

T[Cz;c,ﬂbc;GaGs] = W[ﬁ’n; K9K5] . j dsx[(zc(“Oﬂ(x) +7—](x>(/)¢(":)]

- {d’x(KLr)[G(x) + P ()P (#)] + Ks(2)[Gs(x) + P ()ivsh(2)1), (2.82)

v

Correspondingly,
T _ - L
50,05 —.7,<x) + S (DK (@) +i7:K(x) ], (2.9a)
8T _ _ _ B . (2.9b)
5. (o) 7(x) — [K(x) + i7:Ks(2) 1. (2),
T _ _ 2.9
3G (x) K@, e
oL — —K.( (299)

6G5(x)
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CY4c 0-p:0) = /\ = Q o

Fig. 1
The exact proper vertex.

Under the chiral transformation, the external sources transform as

67(x) = 7(x) ‘7 (a +i7s8), (2.10a)
on(x) = —= (758 — adn(x), (2.10b)
0K (%) = 8K;s(x), (2.10c)
0K;s(x) = —pK (x), (2.10d)
Since W[n,n;K,K] remains invariant, we have
i W W] =
jd g [ﬂc") o7 (%) - on(x) 16 >] 0. (2.11a)

3 S W __ W i SW _ _w ] -
Joe 100 Lrs e DLy - B () — 7o Ko() | = 0,210
These are the chiral Ward-Takahashi identities for the generating functional of connected
Green’s functions. Taking several derivatives of Eq.(2.11) with respect to external sources, we can
obtain some Ward-Takahashi identities between Green’s functions in the absence of external sources.
In order to derive mass spectra, we express Eq.(2.11) in the form of the effective action. After
using Eq.(2.6-7) and (2.9), Eq.(211) is rewritten as

3 6T - oT — 2.12
5 i [&bc(x) el Sgeta) &/‘zc(x)] e e

EPRN T 8T i
Jes[o.o 2 ) ey T

or __or - 2.12b
+ el O — e G(x)] 0, (2-12b)

which are the chiral Ward-Takahashi identities for the effective action. Differentiating Eq.(2.12)
several times with respect to classical fields, we can obtain some Ward-Takahashi identities for the
proper vertexes. With the aid of these identities, we can determine the mass spectra when chiral
symmetry is spontaneously broken.
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3. MASS SPECTRA

After symmetry realization, the axial symmetry is spontaneously broken and the fermion mass
is dynamically generated. Therefore, the axial Ward-Takahashi identity plays an important role in
deriving the mass spectra.

At first, we determine the fermion mass. Taking derivatives of Eq.(2.12b) with respect to ¥.(y)
and §,(z), we have

&z |pe (= i 5 ol L e T
o= (a2 T4 55 PR e " 20005

8T 8T
T 55.(2)6d. ()60, (%) z TR 65 (2) 8. (=) z

5r 8T
5 == G =
F 32050, ) T 5580 (709G () @] °

758 (x—y)

(3.1)
In the absence of external sources,
(%) l Js = <I'c (x) Il-oo =0, (3.2)

where J denotes all external sources. Using Egs.(2.7a-b), we can express Eq.(3.1) as
L TR D+ ) L s

— [ 2T QuaCr, 232X Fi7 0> — TP (9,732)F)1. (33)

According to the properties of chiral symmetry, we can obtain the relation between the vertexes

I.daG(yaz x) = —irsT$ .wG(}'sz x) (34

Using Eq.(3.4) and performing the Fourier transformation, we can rewrite Eq.(3.3) as

,_2- 7sTPs() + F%(p) — rs=—irsTPuc(p, —p;0)(Pb) + irLpirsd)), (3.5)

where we have used the properties that the vacuum expectation values of P(x)¥(x), ¥(x)ivs(x) are
independent of x.
Since the general form of I'®;(p)can be expressed as

I'Ps(p) = A(p)7 « p + B(p). - (39

on the right side of Eq.(3.5), the kinetic energy terms are cancelled with each other and only the self-
energy term is left, ie.,

7Y,T(z)¢(p) + Ir'P:(») —7'5 = i7;B(p*). 3.7
From the above discussion, in the limit p — 0, we obtain the fermion mass

me = T £4,,600,0;0)(TdY + i7 < BiTsd)). (3:8)
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This shows that if there is no fermion pair condensate, the fermion remains massless; if there
are fermion pair condensates, the fermion will obtain a mass after the symmetry realization.

In the theory with dynamical breaking, there exist bound states which consist of composite
fields. The bound states can be written as

a(x) = ap(x)d(x), ' (3.9a)

x (%) = bp(2)irshp (), (3.9b)

Due to the properties of the bound states, in the chiral transformation, it is easytoobtaina =
b. Taking the vacuum expectation value of Eq.(3.9a), we find

R
2
Differentiating Eq.(2.12b) with respect to G5(»), we have

(3.10)

5T 5T i
= - —7 ‘J’c(x)
P0G (1006, (x)  8Gs(»)6w.(x) 2

T 8T 8*r
3 o —_— e GS —

j dix [Je (%) ? 7

-

G@} =0 G11)

Taking a derivative of Eq.(3.11) with respect to G(z), we can obtain

a7 i , T - 8T Ea e
Jes [0 2 3G(2)3G:(63.() 565G (oa.tay 7 P

5T o 5T
t e T T 5G(2)6Gs(»)0G ()

- 5T - 5T WAL (o
0G(2)8G;5()8Gs(x) S 0G5(x)8Gs(y) X z>] 0. (312)

Gs(x)

Using Eq.(3.2), we can reduce Egs.(3.11) and (312) as

PE(asy) = T (o) G0 (313)

-

rP(y,z) — ITP(y,z) = } &=l TCl6,6,(2,9352)8d) — T 86,6(z, 752X Firsp)], (314)

Taking the Fourier transformation and using Eq.(3.9), in the limit p — 0, from Egs.(313-14)
we obtain the mass spectra of bound states o and

m2 = — D6 (0N b XFiTsbd /(oY (315)

m; = m% + T'G,6,(0,050)Pd ) /(a)?
— T'&%6,:6(0,050)Fivsh )T ) /{2, (3.16)

In the followine we dicenics the farminn mace aanaratinm and tha mears conntan A8 ela L o1



Volume 15, Number 4 407

states as well as Goldstone boson after the chiral symmetry realization.

From Eq.(3.8), we find that I'®,.c(p, —30) is an exact vertex factor, which contains the
summation of all order in 1/, as shown in Fig. 1. In Fig. 1, X denotes the vertex connected with
fermion pair condensate <% >, and the fermion lines are truncated. In the lowest approximation,

I$46(0,050) = g/N, (317)
the fermion mass is

g = —"A; KFe) + ir Firsd)]. (318)

which is the same as the result of large-N expansion [4]. It should be noted that in the theory with
dynamical breaking, the Lagrangian is divided into a free lagrangian and an interaction Lagrangian
which are quite different from those in the perturbative theory [11,12]. For example, in the chiral
Gross-Neveu model,

S =L+ L =L+ L, (319)
where
Ly = —F7 + 00, (3.20a)
& -— Eé’ﬁ [(Fo) + (Firs)]. (3.200)
L= L — mT, (3.20¢)
L= + mdd, © (3.20d)

Usually, in the perturbative expansion ¥, is expanded based on £,; however, the lowest
approximation in Eq.(3.17) corresponds to that where & is expanded based on Z;.
If the broken direction is chosen such that

(FiTsd) = 0 (3.21)
the mass spectra are
| e = TP0,0(0,030)(a), (3.22a)
mi =0, (3.22b)
mi = T¢l,6,(0,030){ge )’ (o), (5425

In Eq.(3.22a), we used Eq.(3.9a) to rewrite T'$yc as 'S, . Eq.(3.22a) is the

Goldberger-Treiman relation [13]. From Eq.(3.22b), we see that ™ meson is massless. From the
commutators of composite fields

0[[Qs,d(x)d(x)110) =0, (3:23a)
(0] [Qss P (R)irsh () 110) =0, _ (3.23b)

and according to Goldstone’s theorem [14], we see that the bound state 7 or the composite field
Yivsp corresponds to the Goldstone boson after symmetry breaking.
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According to the properties of 72,>0 and <P (x)¥(x)> = —trS(0), both <Piv)> and < Ph>
are negative. Thus, Eq.(3.8) requires

I'$66(0,050) <0, (24

which indicates that there is dynamical breaking only if the four-fermi interaction is attractive. Thus,
the fermion acquires a mass.

Since (2 + 1) dimensional Gross-Neveu model is non-perturbative renormalizable, we can
calculate the fermion mass in any order of 1/N from Eq.(3.8). Incidentally, it should be noted that
the mass spectra are valid even if NV is not very large, which is different from the large-V expansion.

4. MASS SPECTRA OF MASSIVE FERMION AND PCAC

In the previous sections, we have investigated the case of explicit chiral symmetry. However,
quarks in QCD are massive and chiral symmetry is not explicit, but an approximative one. Therefore,
we discuss the case where fermion is massive before the symmetry is broken.

Correspondingly, the Lagrangian with massive fermion is

&L = —F(v 8+ m)d — Z-fv [(F)t + (Tivsd) ], 41)

where 7, is a fermion mass before symmetry breaking. Because the fermion mass can be taken as
a composite external source, we rewrite the Lagrangian as

Y =L, — md, 4.2)
where the subscript s denotes the case of explicit

symmetry.
The generating functional is Z[7,7;K,K,] = e¥7..1,K.K,]

j D[J,d]exp (zg $2[&L +7d + Iy + (K — mo)$¢+K,J,-i7,¢]n>

SD[{E,¢]exp (;S il — m°$¢]> ' (43)

In terms of symmetric generating functional, the generating functional of the connected Green’s
function in the case of massive fermion can be re-expressed as

W[ﬁ,?];K,K;] - W;[ﬁ,n;K - mo’KS] - W;[OsOZ—mo:OL (4'4)

After Legendre transformation, we have

T[d;ea‘be;GaG!] = F:[‘Ec?d’:;c,GS] — my jd’x(@(x)cbc(x) -+ G(f))
- W,[O,O;—MO,OL (4'5)

With the aid of chiral Ward-Takahashi identities for the symmetric effective action L[®.(x),
¥.(x); G, Gs], we can obtain those identities of the effective action I'[{,(x), ¥.(x); G, G4

P 5T }=
5 g [wc () TS =0

(4.6a)
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— oI 6T ¢ = .
3¢ Ly — — s (P (%) 175 (x (%)
jd [Mx) 2 M@chxwmw ()itsh. (x) + Gs(x))
sT
e O ~=Z e )G<x>] (4.6b)

Similar to section 3, differentiating Eq.(4.6b) with respect to ¥.(y) and ¥.(z), we have
-;— 7T 3z, 9) + TRa(z,y) ’?7’3 - S Ex{ T Ru.6(y, 232X FiTsd)

— TQuic, (7,232 XF)] — itsma, @7

Since the explicit breaking results from the fermion mass term, the interaction Lagrangian
remains invariant under the chiral transformation. Therefore,

TDuic,(y,252) = i7sT Duie(y,235%), (4.8)

Applying Eq.(4.8) and performing Fourier transformation, in the limit p — 0, we can reduce

Eq.(4.7) as

me = my + T 34:6(0,0;0)((Fd) + ivbitsd)), (49)
Correspondingly, the bound state spectra are

2

.”’* = —(my + T $ic(0XGiTsd ) ) [{o), (4.10)

me = m%: + I'$5.:6,(0,030) )’ /{o)?
— T96,6(0,030 )X Bivsh ) T Y/ (). (4.11)

According to Eq. (410) if the breaking direction is chosen such that <1Zn'751b> = (, the mass
spectrum of bound state 7 is not zero, but

mz = —mdd)[{o), (4.12)

which is in agreement with the result of Current Algebra [15]. Eq.(4.12) indicates that if fermion is
massive, the bound state 7 obtains a mass; correspondingly, the axial current 4, is not a conserved
current.

From the definition of the axial current 4, and the equation of motion, we have

0,4u(#) = f.miz (), (4.13)

where we used the definition and the mass spectrum of bound state 7, and f, = —<o>. This shows
that if the chiral symmetry is explicitly broken the axial current is partially conserved, which is very
similar to PCAC.

It should be pointed out that usually the mass spectrum of bound state 7 and partially conserved
axial current are derived under the asymptotic condition. However, those obtained here are valid and
independent of the approximative method. Even if 71, is not small and the chiral perturbative
expansion cannot be applied, the mass spectra and the partially conserved axial current are still valid.
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