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4wt
The Hamiltonian canonical formula of two-dimensional WZNW field theory based on
arbitrary semi-simple Lie algebras is given under Chevalley bases. The Poisson brackets
of conserved chiral currents are calculated, which are the classical Kac-Moody current
algebras.

Two-dimensional Wess-Zamino-Novikov-Witten (WZNW) model is one of the most
fundamental conformably invariant soluble field theories and can be regarded as a prominent

- Lagrangian realization of the Kac-Moody current algebra and the chiral Virasoro algebra. The study

on the WZNW theory has drawn increasing attention. and various progresses have been made in this
field.

One of the most important progresses is that E. Witten established the Hamiltonian formula
of the WZNW theory in his famous paper [2], which laid a foundation for the canonical quantizations
of the so-called the ganged WZNW theories [3.8]. However. Witten’s formula was given under the
natural bases of some Lie algebra. [t was inconvenient to appiv this formula directly to the canonical
quantization of the constrained WZNW theories proposed by J. Balog et al. [4,5,9,10]. In order to
overcome this difficulty, we now rearranged the Hamiltonian formula of the WZNW theory under
Chevalley bases.

At first, we introduce some signs and formulas used in this paper. Let & denote the Lie
algebra of a semi-simple Lie group G, and ® and A the set of roots and simple roots, respectively,
with respect to a given Cartan subalgebra. Chevalley bases of < are defined as

[Hia Hi]=09 (i,j=l,2,--',rankg}, (13-)

[His Ea] = Km'Ea9 (lb)
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(B Egl = Z Kii'KjaHi8asp0 + NupEasas (1c)

where @, 360, @, 324, K, =2a-6/6%, D> KGK, =5, . V, 5 Is a constant (its

b

calculation rules are listed in Appendix A. It is noticed that the Serre’s relations have been involved
in Eq.(1). The Killing bilincar form of ¢ in terms of the Chevalley bases is

2 2
ToCHH; ) = = Kiiy Tr(E, Ey) = = Outsios

@ x

T r ( H i E u) = .
The two-dimensional WZNW model is a field system with the following action:

K

S0z = -f— K d*xTr( 3,287 0¥gg™) — ( Qe Tr( digg™ digg™ 8,827, (3)
Z: 483 ’ /B - .

Cu

where £ is the coupling constant, & € G a group-valued field and B, a three-dimensional manifold
whose boundary is Minkowski space-time S,. Now we choose a set of parameters §° = #(x)(1l<a
< dim G) on the group manifold G:

g =g(x) =g(6(x)) €G,

and introduce an anti-symmetric tensor A,,(6) and a non-singular matrix (8) on G as follows:

rank9

- ag - i -a
D0z~ = L H:.Qi(0) + E,07%(6),
BT e ¢ Z.:‘ % (42)
TI'( algg‘L[ abgg-la acgg'l]) = aclab<6) -+ au'z-b:(9> -+ abl“"(e)’ ’ (4b)

In this way, the action S(g) can be expressed as a surface integral

S() = |, d (),

L@ =L@, 8, 00 = 2[5 Li,0.0

v T !

+ 33 L0105 (946 — °9) — s2.,69",
ug€p @

where 8 = 96°(x)/9x°, 6 = 36°(x)/8x" are convention. £(x) is the Lagrangian density of the

WZNW field, and the term with ), (8) represents the contribution of the topological term in action

(3). Thus, Euler-Lagrangian equation of the system is expressed as

0= 2L o,(2L) - 4(22)
96° 96° 09’

- [Z L K (0.0, — 3,00)00 + 3 2 (8,05 — a,,.Q.‘“)Q‘:] . G2g"

i G ago
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— & Z % Kii( a/,.Qé )Q‘: (6“95 — g’as/b)
o O

(6)
— 5 3 (3,070 (849 — ¥°9)
2ED s
— % {Z -{—K,yQ.’:.Q', -+ E 'ETQ[:-Q:“JQ(;“—@”“),
i (X’T agd oA

(1 < ¢<dimG),

We use formula (B.4) (see Appendix B) in the derivation for Eq.(6). Due to (B.5), Eq.(6) can
also be expressed equivalently as (8_ = 9, — 3,),

a—f(Hi’ %) == 0 a—/(Eaa x) =0, 7

{/(Hn x) ’=’5<6¢ ~+ 91‘) ? 2 II'Q!;’ (’ = 1’2"'°arank Cj)
i O

1
| (Bur ) = (6 +0) = 01, (a€0)

These equations describe the laws of conservation of left chiral currents.
Introducing a matrix L ,, = Tr(4gBg~ ") (where both A and B are the Chevalley bases for &
, respectively), we can rewrite the Lagrangian (5) as follows:

X 2 2
&L (x) = -izc— {Z Qi 0} [Z QZL Ky Ly Ljy + Z g‘ LiﬁLi.—ﬁ]
i

xl BED
+2 > > Qior [Z L KwLixLa + > ox LaBLi.—ﬁ]
i a€d BED 2 (5),
+ > > 0950;7 [Z o KgLsy Lo + Z aaLr.-s]}
aEP YED &l BE®

< (6°9% — 9796"%) — k2,69,

From this expression. we obtain the Euler-Lagrange equation. and the conservation law of right
chiral currents, (8. = d, + 4,)

8. F(Hiy ) =0, 3.F(E., x) =0, (9)
| Z(H,, x) = —c(6° — ") [Z QiLi+ > o Lg,J,
BE®
F(E, 0 = =56 =) |3 01 Lis+ 33 0Ll (10)
BED

(i=1,2,---,rank¥, c€ Q).

It is noteworthy that Eqs.(9) and (7) are in fact equivalent to each other, which is a well-known
fact. ’ '

Our next task is to translate the above Lagrangian formula of WZNW theory into the
Hamiltonian canonical formula. The concrete method is as follows. We denote by §° (1 < a < dim G)
the canonical coordinates on the group manifold G and define their conjugate canonical momenta
7, and the fundamental Poisson brackets as follows:
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- [Z L k000 + 3 1,9‘:9:"} 0t — £1,6", (11)

o06° T aee

{8°(x), ()} = 656(x, — 1),
4

[y

(1< a, 6 <dimG).

[n addition, we define the canonical Hamiltonian density of the system in terms of Legendrean
transformation:

@Enaé'—g

-2 S Lre0iol + 3 L orope] (66" + 69
2 L5 ot ice o

= L S RGUIHy 0 F (i, #) + FCH0) P (i) ] (13)

o 2
i ~

S By ), F By 2) + F(Eay ) F(E-, )],

o0
tr aEP 2

This expression is obviously the Sugawara construction of the encrgy density and can also be
written as an expression independent of the bases of the Lie algebra &7°:

& = LT @ + )], (14)

F () = 3 KHF (i, ) + 3 £ L F(E., 2, (152)

@ = DLk Py o) + S L ELF(E., 0. (15b)
ii agcd

According to Eq. (13), we need calculate the Poisson brackets between chiral currents first
when we want to derive Hamilton’s canonical equations. The expressions of the components of the
conservatwve chiral currents in canonical variables are (see Appendix B):

f(H,», x) = w0z, 4+ £w 1,0 + & Z l K;;Qi6°, (16a)
; (q

F(Eay 2) = 0%m, + k01,0 + £ L 056, (16b)
a

P : 2
F(Hi,x) = — > L [Z "-ZL Ki'(w"z, + £w®2,0%) — /c.Qi@"]
i !

1

2
- L_ .[ﬁ- g “61,0") — x0Q? ,a]
% si | (0x, + £01,,0'%) — £Q86"¢], (16¢)

~ 2 .
F B0 = = 3 L [ S8 Kiwtn, + m01,8%) — caio]
i '
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[ 32 _
— 2 Lo Li (07, + £w*1,8"%) — 59?”5'“]
3€s 2 | {16d)

t=1,2,---,rank®, a €,

where the matrix w is the inverse of Q (w2 = 1). Combining (16) with (12), we can easily calculate
all the Poisson brackets between the conservative chiral currents. For example.

{/(H‘a x)’ ,f(Hia }’)} = {U)“.:r,, wci-'fa} =+ {w“rt,, chizdgw}
+ {w"}z,, K Z -ZZ—K,,'.Qﬁe"%
1 ay
+ {rw®1,,0"%, wix,}

* {Ic Z l-:_ KkiQ§6’a9 w:iﬁ‘}a
t 0k

By using (B.2), (B.3) and (B.6) in Appendix B, we obtain

{wr, 0z} = [(3,0) 0z, — (3,07) 0"z, ]16(x, — y,)

= 0w, [Z w'( 9,25 — 38,2!)

i

+ > (3,05 — a,,a.—n} 5Cx, —y,) =0,
BED

Owing to {6(x), m,(¥)} = 636°(x; — ¥,), we have
{w*nyy £02,40¢} + {kw*1,,0", wix.}

= ko [—( 8,0 )0t — i (9,1,)0¢ + %(w%)] 5Cx — 1)
o

+ rw (8,0 )28 + 0 (8,2,,)0016(x; — ¥,) + £w i, —
ax
= —k0% w6 3,45 + Opd, + 8,,516(x, — y1)

+ k2,0l 0( 3,0%) — 0*( 5,0®)]6(x, — y,)

= k1,0 w0 w0 [Z} @H( 8,94 — 8,0L) + > (3,07 — a,g;d)] -0,
! BED

as ’ ai 2 ’e¢
{orn s D L gatee} = ot 3 % Kl 0167)

1

ai 2 ‘e < #
= ko Z ;?_ K;i[— 08,9:9°8(x,—y )+ 3,9l 6(x,—y,)+ 0} 6 (xi—y0)]

{

ai 2 ’
= ko* > S K4l( 8,00 — 8,00)876(x, — y,) + 246"(x, — )]

[T

Kii5,<xl = ¥i)»

=2/€
2
i
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f 2 o 2
(‘C Z == K'(,-,QSB"’, “’”‘7’} = i: K;io'(xy — yy),

t Uk a;

[n the calculation of the above Poisson brackets, we have used the formulas listed in Appendices
without explanation. From those results we obtain

(7 CHis ), F (i, 90} = 2 Kd' (o= 9, (170)
In the same way, we have
(A (Hiy 2), F(Egy 90} = K P (Epy 2)6(z — 3,), (70
L Eay 2, S (Bgy O} = g | 5 KitKinF (Hiy 230Cs = 1)

-+ %5’(& - Yl)} + ng,/< E:H.-sa x>5<x1 =), (17¢)
{F(His 20, F(Hiy O} = = K0 (r = y), (13a)
{F(Hi, 2), F(Eg, 1)} = Ky (Egy 2)8Cx — 1), (18b)

{ZBar 20, F(Egy 1O} = burpo | 50 Ki'Kiu F (Hiy 230C— 30)

4k ~ =
- 0 (2, — ﬂ)} == er.sf(Ew—aa x)ﬁ(xl — ¥,
«

(18c)
{A(Hiy 2, F(H;, 9} =0, (194
{F(Hi, 2, F(Es 9} =0, (19b)
{7 (Eas ), F(H;, y)} =0, (19¢)
{F(E., 2), F (B, 1)} =0, (19d)

(i,j=1,2,-++, rank®, @, BED),

Eqgs.(17) and (18) are the classical Kac-Moody current algebras relations, and (19) shows the
chirality of the WZNW theory. As the corollaries of (17—19), we have

(SF (), F(Hiy )} = F(Hiy 8 (r = 3.) (20a)
{€€(x)y F(Eu, 1)} = F(Eq, 2)8 (2, — y)), (20b)
{87 (), F(Hiy )} = = F(H,, )6 (x, — y), (20¢)
{86 (), F(Eur O} = = F(Eey 2)8(xr — 1), (20d)

(t=1,2,-++, rank¥; x€@),
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The Hamiltonian of the WZNW field is

H = | 4022 (), (21)

and the canonical Hamilton equations of motion for the components of the conservative currents are

8., 7 (Hi, x) = {F(H, ), H} = 8, F (H;, 2, (224)
0107 (Euy 2) = {F(Eup 2), H} = 3, F(E,, 2, (22b)
0.0 7 (Hiy 2) = { F(Hiy 2), H} = — 8, F (H;, ), (22¢)
80 F (Euy 2) = {F(E.y 2), H} = — 8, F (E., 1), (22d)

These are consistent with the Lagrange’s Egs.(7) and (9).

We have now completed the discussions on the Hamiltonian formula of the WZNW field theory
under the chevalley bases.
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APPENDICES
A.
We list the calculation rules of N, 4 in this appendix. N, g is defined in (1c):
[Eas Es] = 2 K KiaH 0w, + NaaEars (L)
In general. we assume A = H. E, = E__ (i = 1.2  ..rank w o= @) [tis not difficult
to prove
Ny = =Ny o(Noro = 0), (AD)
Nyo= —N_q_z5 (A.2)
Ngy = Q%zﬁ)_’ N g arss (A3)
B.

We now give some equations satisfied by tensor \,,(8) elements of matrices Q(f) and L ,5(6).
1. A,,(8) is a anti-symmetrical tensor,

Ao = —Apes (B.1)

't denotes transpose.
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2. The definition (4) implies that

3,0 — a0 =SS K Kiye7408,
7 Je@

& . z
8,05 — 6,07° = > K,i(Qi 05 — 07°0}) + >

@
T N,,3Q7""7 0},
i ico (e + ) :

Odes + 0udse + Ohes = > > ﬁi Kpi(ala;7ef + alajocs + ar70foi)
i Beod

! —g—
Z mNﬂ,raa’ ’DZ D‘:,
r,R€ED

or

4 " 2 i i 2 - - ;
8. has + Oshpe + Gph,y = Z oy Kii(9.0) — o,y Qf + Z ;Caz-@b‘d — 3,077)a1,

ij i deo
3. Q2()is a non-singular matrix with its inverse,

Qi&)‘i = 5”,

QP =0, iy, j=1,2,..., rankd,
Qw =0, a,8¢€a,

Qiw*® = Garp,o,

Z w* Qi + Z Qe = 83,

i a€d

then,

B = —wei [Z w19, + > wmm:’}
i

)

1

9yt = —qpie [Z wc}abgi + Z wcﬁabﬂ:,i_l 5
i

pEP
4. Constructing a matrix L ,; = Tr(4gBg ™). Its typical elements are

Lij=Tr(HgHjg™), L;p = Tr(HigEzg™t),
Lij = Tr(EagHig™"), Loy = Tr(E.gEsg™t),

we have

2 2
g7'Hig = Z a,%KthlLilHi + Z :2- Li,E_,,

i TED

(B2a)

(B2b)

(B.4)

(B.3a)

(B.5b)

(B.6a)

{ B.ob)

(B.7)

(B.8a)
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-2
¢ E,z = Z al K7 'LG‘H; + Z %LarE-ra
r€P =

Because Tr(A4AB) = Tr(g '4g¢ 'Bg), Tr([A. Blgcg™") = Tr(g~ 'Ag[g™ 'By.

the following equations from the formulas (B.3):

it = TED

Z a’ K” Lrtl‘al + Z _Lxrl‘ =79

TEDP

and

0= Z 2 KaLioLj,eas

a€P 2

af 32
0= — Kg'Kal(LyaLix — LisLia) + >, —{Z—'Na,dLi,—ﬁLim+ﬁa
&l & ged®

8?
Z 7 Kygj ‘:—ﬁLaﬁs

geo

al ri
KaiLap = >, 5 Ki'Kau(LigLej — LiiLag) + )3 5 NrsplarLi,ree)
i

red

i
Batiyo Z: Ku'RiaLlij + NoysLogs,i = Z = KyiLgy_vLy,rs
l

TED =

(38}
th
-

(B.8b)

¢]) we obtain

(B.9a)

(B.9b)

(B.9¢)

(B.10a)

(B.10b)

(B.10c)

(B.10d)

(B.10e)

Cadiyo Z K;[lKluLkr + Na,JLcd-.‘i,r = Z 0‘21 K/[lKYl(LarLﬂl - La/Lﬂr>+ Z = N”"L””""'LJ"" (B 10f)

ki it T €p

5. On account of 8,L ,, = Tr([4, 8,g¢ ']gBg ™ "), we find

d.Lix = >, K307 Lys,
BED

= > K4i@:"Ly.,

se0

alLui = == Z K,,,'.Q"; Lui + Z K;ll Klu‘o: Lhi o Z Nu,r'Qc_rLu-i-T,f,
i kl TEP

9,L,; = — Z KaiQiL,; + Z‘ Ki'KiaQ3 Lig + D) Noyy Q7 Laiy, 2,

red

(B.1la)

(B.11b)

(Blc)

(B.11d)
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