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The phase structure of 3-dimensional SU(2) lattice gauge theory is studied by using
variational method with an independent plaquette trial action. The mean-plaquette
internal energy E, ~ 8 curve is smooth, which shows only one confining phase, and is
better than that given by independent link trial action.

So far, lattice gauge theories (LGT) [1] have been an essential unperturbed method for studying
strong interaction. The phase structure of SU(2) gauge field has also been one of the subjects studied
earliest and most extensively. Creutz first applied Monte Carlo method and studied the phase structures
of SU(2) gauge field successfully [2]. For analytic calculations of the phase structures, the mean field
theory [3,4], variational method [4,5] and variational cumulant expansion method [6-9] have been
developed and applied to study the phase structures of lattice gauge theories. In [8,9] the mean
plaquette energy for SU(2) gauge field has been calculated up to third and even fourth order corrections
by variational cumulant expansion method. The results are in good agreement in strong and weak
coupling regions, although in the crossover region, the agreement is still to be improved. The essential
point is that the trial action .used is the independent link action. In this paper, the mean plaquette
internal energy of 3-dimensional SU(2) lattice gauge field is studied by using the variational method
with an independent plaquette trial action. We find that the calculation is improved, the internal energy
curve is smooth, and there is no phase transition, and the results agree with the predictions of the
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current theories. It is shown that the approximate free energy obtained by the independent plaquette
trial action is always lower than that given by the independent link trial action. This shows that using
the independent plaquette trial action is a better approximation to the real free energy of the system
and to make the internal energy curve easy to approach the real internal energy of the system. In
addition, applying the approximate free energy to 3 + l-dimensional Hamiltonian of lattice gauge
theories to calculate variational state mode would be a better approximation, so this method can be
applied to calculate the glueball masses [10].

For concreteness we discuss the SU(2) lattice gauge field, in which the standard Wilson action
could be shown as follows
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and the system is described by the partition function
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where W is the free energy of the system, U, is called link variable is a group element for the link /,
U, is called plaquette variable is the product of four link variables around p plaquette. In the variational
formulations, let us introduce a trial action Sy(z) which can be calculated exactly, z is the variational

parameter. Let the trial partition function be the following form
Z,= jDU,esn, 3)

according to the convex inequality

W< Wty Wesg= —InZy— (S — S)s» 4)

where W,; is called approximate free energy and the variational parameter z is determined by the
condition of minimizing free energy:
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The order parameter used in studying the phase structures is the mean plaquette internal energy
£,
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where N, is the total number of plaquette, W,z = W,4/N, is the approximate free energy density. It is
possible to discuss the phase structures of the system in accordance with E, ~ 3 curves.
The simplest trial action S, used in lattice gauge theories is the independent link trial action

So=—:—2 (U, + U7, @)

If we change the link variables U, to plaquette variables U, it should be multiplied by Jacobian when
element of the integral DU, is changed to element of the integral DU, and this Jacobian has been
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Fig. 1
The mean plaquette internal energy E, for the 3-dimensional SU(2) LGT
as a function of 3. : the result from §); - - - : the result from strong
* coupling limit; -+ : the result from S,; ---- : the result from S, with

variational cumulant expansion approach up to second order.

proven equal to the product of lattice Bianchi identity. Because of a lattice Bianchi identity appears for
each lattice cube, in 4-dimensional space-time it is the product of the lattice Bianchi identities of the
four kind lattice cubes. Unfortunately, in this case, the Bianchi identity cannot be solved at present.
But in 3-dimensional space-time, it contains only one lattice cube, and the lattice Bianchi identity can
be solved to give the partition function in terms of the integral of plaquette variables. We can discuss
3-dimension SU(2) lattice gauge field as follows. Let 0, 1, 2 stand for time t, x and y directions
respectively, the independent plaquette variables on u (1, = 0, 1, 2) plan can be denoted by Uy, (£xy),
Un(txy) and U (txy), respectively. After integrating the Bianchi identity, we obtain [11]
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where

DU, = H dUy(22y), DU, = H dUy(2xy), DU(3) = HdUlz(’ox)’>9

ixy 1zy Y

and in obtaining the last expression of action, we have used the property of SU(2) group: tr(U + U")
= 2trU.

~ The "path gauge" is used as link variables U, U,, U, change to plaquette variables U, Uy, U,,.
Usually we choose the maximum point (£,xzy,) to be the origin of the fixed "path gauge", and define

Uy(izy) = U(toxy) = Ui(20xy,) =1, (10)
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Therefore the new independent variables turn into the plaquette variables Uy (txy), Upy(txy) and

Up(texy). However as ¢ # 1, space-like plaquette variable Uy,(txy) is not the independent variable and
U,5(txy) should be expressed by independent plaquette variables as indicated above, thus we have [11]

U, (ixy) = ViCxy)Vi(axy) V(i + Ly)VEC(hxy + 1)

- Vo(exy + 1)V ,(ixy), ‘ (1)
where
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Although the action S, which has been changed, is still a standard Wilson action, in the integra of
Eq. (8), the first two terms in S decouple (see Eq. (a)). The coupling between plaquettes are all
collected and are represented by the last term in Eq. (9) which is sum of the space-like plaquettes of
t # to. The form of the partition function in Eq. (8) has a complicated effective action and cannot be
calculated exactly at present. However, if we take only the sum of the independent plaquette variables
to be a new trial action S,, and

5 = % DUy + U+ —“2— >0 tuUn(nry), (12)

txy E24
where 7 is the variational parameter, which is determined by the condition of minimizing free energy.
S, is called independent plaquette trial action. Then the trial partition function Z | can be calculated
exactly. In fact, the trial action S, is the truncate proximation for action S of the system, this means
that the first two terms are taken only and the last term of coupling between plaquettes is neglected
completely in Eq. (9). This method is analogous to an approximation in independent link trial action
S, in which the sum of every independent link is taken only and the coupling between every link are
neglected completely. The calculated results point that as a trial action S, is better than S, here the S,
is based on the independent plaquette variables and. the S, is based on the independent link variables.
So the value of Z |

Z, = | DULDULDU (e = 2,7, (13)

-

2= | dvei” = 208 (14)

where N = 2N,N,N, is the total number of independent plaquette variables, N,, N, and ¥, are the total
sites of lattices in #, x and y directions respectively. Let /,(z) is Bessel function of imaginary argument.
Approximate free energy (the calculating process is demonstrated in appendix)

W I _ __ y3
W Nplnz, — Np(B — z)y, — N\N,8 a=n" (15)
where y, = L,(2)/I(z). The last term of Eq. (15) can be neglected as the number of lattices in every
directions all approach infinity. By using the condition of minimizing free energy Eq. (5), we have
variational parameter z = 3. Then the approximate free energy density W}, and order parameter Ej"
can be represented respectively :

Wi = —lInz(3), (16)
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Fig. 2
The approximate free energy density W, for the 3-dimensional S U2)LGT

as a function (. : the result from the independent plaquette trial
action Sy, - - - : the result from the independent link trial action So.

By’ == L=y (amn

For lack of the results of 3-dimensional SU(2) group calculated by Monte Carlo, it is possible to
compare the calculated results by using independent plaquette trial action S, with the calculated results
by using independent link trial action S,. The comparison is shown in Figs. 1 and 2 respectively.

In Fig. 1, the function relation of E{" ~ 8 and EP, E) ~ B is presented, where E{” and E°)
represent the internal energy obtained using the independent link trial action Sy by variational method
and by variational cumulant expansion approach up to the second order respectively. From Fig. 1 we
can see that E{°) ~ @ curve in much improved E{® ~ B curve, where the leap is shrunk obviously
around 8, = 3.35, although the leap still be here. If it had been calculated to higher order
approximation, the curve of internal energy would have approached smoother, and [8] points out that
the behavior in crossover region can go from bad to worse while calculated to fourth order
approximation, so independent link trial action makes it difficult to obtain satisfying results as in lower
dimensional space-time . However, by using independent plaquette trial action S, we not only obtained
smooth internal energy curve but also demonstrated the non-phase transition characteristics . It also has
given correct strong coupling limit in strong coupling region. Because it only calculated to the lowest
order approximation in this paper, the contribution of higher order terms should be considered further
as the more the 3 changes, the more correlation effect between plaquettes increases.

In Fig. 2, the approximate free energy density W and W ~ g have been drawn, where W
and W} are obtained by using actions S, and S, respectively. Wit} is always lower than W% in Fig. 2.
This phenomenon shows that W) approach to real free energy density of system more than W%. This
is the better reason to use the independent plaquette trial action S;. It also shows that this method can
be used to calculated the glueball masses [10].

APPENDIX
The Calculation of Approximate Free Energy Wil = (15)

The approximate free energy Wi} which is given by using independent plaquette trial action S,
can be expressed as follows:
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WG = ~1nE; — 8 — 53, (A1)

where
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the above integral can be divided into two terms:
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where for convenience let the lattice spacing @ = 1, and ¢, = Ny, t =, = T, x =N, — n,y =N,
— n,, please notice that in integrand, U,(t, — T, N; — n,, N, — n,) is not the independent variables
and it should substitute Eq.(11) into Eq. (A.4) while integrating. One of terms in integrand posses the
form
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where there is a total of (2¥, + 4T — 1) independent plaquette variables to multiply one by one. For
easy integrating we have arranged space-like plaquette variable U,, and U7, with same argument in
the same row. Because of the arguments of 47 time-like plaquette variables U,,, U3, Uy, U}, and the
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arguments of one space-like plaquette variables U,,(ty, N, — n,, N, — n,) are different from each other,
the following formula of integration of SU(2) group can be applied

2y Ziu 20,(=
JdUez U;i=JdUez Ut =Vs, V= E ) 5 (A.6)

using the above formula the above part contributes a factor of
V”'+'5m‘il6inzk7'. (‘Ax./)

From the other formula of integration of SU(2) group

2 U
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we can obtain (n, — 1) factors U}, U%, which has same arguments respectively. This part can contribute
another factor as follows

(A48 i,81n,-1my + BSj m Gizte, 1 (A8} i 6ty sla,_y 4 B8 L, 1 8isty _y)eeeees
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Please note that
5’"17',(‘467'17':51.2—1ul xa Bailnx‘sizuz—x)
= Aaiz:luz—l + 2351'2,['2_: =~ :°6i27lnz—17
Jizlnz—l<A6i2i361l._,—llul—l + Bﬁiz‘nz—laillnz—z)
= /15,'3,1,1_2 + ZB(’)',',,I,,Z_z . 296;3,1.:_1.
After multiplying Eq. (A.7) by Eq. (A.9) we can obtain the results as follows
‘ BaNrysT+i, (A.10)

where equality V/z, = y, has been applied. To repeat the same procedure for the other terms in Eq.
(A.4) and to sum up all terms in Eq. (A.4), at last we have v

¥
(1 —yi) (A.11)

The second term: =gN N,z

To sum up Eqgs. (A.3) and (A.11), obviously Wi = (15).

e
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