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Quantization of Interacting Fields
in QED
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We propose a new quantization scheme with which and by the equation of motion the
quantization problem of both independent and dependent interacting fields in QED can
be solved simultaneously. When the external gauge field AZ(x) # 0 (i.e., the Fermion
field Y(x) and the electromagnetic field A, (x) are independent of each other) our scheme
gives the same result as the usual quantization approach. When the external gauge field
is absent the usual quantization conditions fail since it is not compatible with equation
of motion, meanwhile our scheme is still valid. These results are demonstrated with
solvable QED in 1+1 dimension.
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1. INTRODUCTION

The usual quantization condition in QED is applied under condition that the fermion field ¥(x)

and gauge field 4,(x) # O are independent, the nonvanishing anticommutative and commutative
relations are [4,5]

{¢'(3,3),4"(y,3)} - 83(x - .Y), [Ap(xa‘),nr(yst)] - ib),é"(x = .)'). 1)
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where IT,(x) = A,(x). Since A,(x) (p =0, 1, 2, 3) are not completely independent, the quantized
Lorentz gauge condition is

(19, 4%(=x)|) =0, @

Inversely, the usual quantization condition (1) can be taken as criteria by which one can judge
the correctness of the operator solution of quantized field equation. Does this still work when the
interacting fields are dependent? This is an open question [1,2,6]. To answer this question is one of
our purposes. This paper is organized as follows. In Section 2, we proposes a new quantization scheme
of interacting fields. We use the quantization condition of free fields and the field equation to solve the
quantization problem of interacting fields. This scheme does not concern whether y/(x) and A, (x) are
independent or not. We prove in Section 3 that our scheme and the usual scheme are equivalent when
the external gauge field exists, AZ(x) # 0. We discuss the quantization problem of dependent
interacting fields ¥(x) and A,(x) when AZ(x) = 0 in Section 4, and show that the usual quantization
condition (1) are not compatible with the solutions of field equation, so condition (1) cannot serve as
quantization condition for the dependent fields ¥(x) and A, (x). Therefore, it is meaningless that
condition (1) is a criteria whether an operator solution of a quantized field equation is correct or not.
Section 5 is a concrete example of QED, as demonstration of Section 4. Section 6 is a short
conclusion.

2. ANOTHER QUANTIZATION APPROACH OF QED
In QED, fields ¥ and A, satisfy the following equations:
{r“(0, —ied (%)) +m}p(x) =0,
ala‘Apr) - —ip(’)o : (3)
where j*(x) = ie¥(x)y*y(x). For gauge field A,(x), the Lorentz condition 3,4(x) = 0 (A, as classical
field) has been applied.

Egs. (2) and (3) also can be viewed as equation of motion for the quantized fields, only the
normal product notation (::) is neglected. The formal solution of Eq. 3) is

4 = 43 —ie [ d9GR G — PFGIT ),
@) = o) +ie [ a9GE — praztet)
+ o [ a6l = )G G = BTG,

where A2(x) and yF™*(x) satisfy the equations for free fields
B;B‘A,'.'(x) L 0,
(7“0, + m)pFree(x) = 0, &)

A;X(x) should satisfy the Lorentz condition. A%(x) represents the external potential, that is not
stivaulated by a charged particle. If AJ%(x) is absent, A:*(x) = 0, we can see from Eq.(4) that ¥(x) and
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A, are no longer independent of each other. G*(x — y) and Gi(x — y) are the retarded Green functions
satisfying the following equations

0:0'GR(x — y) = &'(x — y),
(73, + m)Gi(x — y) = &'(x — y), (6)

From the structure of Eq. (4), we know that y/(x) and A,(x) can be expanded in the form.

4,5 = 3 D@, $(&) = 3 e (@), -

n=0 n=0

and the 4{M(x) and y™(x) obey the recursion relation

AD(2) = A3 (2), POC) = PFee(a),
M (z) = j d'yGEr# AD (y) $N0(y)

N<2 N-2-m

+ [T dndyGiG — Wt G — S 3 B

m=0 n=0

X (37 bV (y,) 4’(')(}’1)

AN () = —; r 4+ G"(x — y) Z J:("(y)‘f ¢(N—l—-)(y)

m=0

6 L @)

where the second term in y™(x) is zero when N = 1. Eq. (8) shows that y™(x) and AM(x) are
successively determined when the 4{%(x) and y©(x) are given.

Egs. (4), (7) and (8) are also valid for the quantized fields. The problem of quantization of high
order fields Y™ (x) and 4{™(x) is solved provided that the quantization conditions for the free fields
¥O(x) and A”(x) are specified. The quantization conditions for the free fields are

{69(x,2),001(y,0)} = &*(x — ¥),[4P(x,2) , TP (y,8)] = i5,,88(x — y). (9

, and other (anti) commutators which equal to zero. Besides, we need the quantized Lorentz condition
f (0]3,A™(x)|0) = 0. Since there is no any relation between y¥(x) and A, they are always
commutative to each other. When y™(x) and AM(x), (N =1, 2, ...) are quantlzed we finally obtain
the quantization of ¥(x) and 4,(x). The advantage of this quannzation approach is that it does not
concern whether y/(x) and 4,(x) are independent fields or not.

3. EQUIVALENCY OF TWO QUANTIZATION SCHEMES

The second quantization of fields describes the quantum behavior of fields, which is independent
of how to deal it mathematically, i.e., independent of the quantization scheme. So we have to prove
3 that the two quantization schemes are equivalent.

In the Heisenberg picture, field operator equations are

% d’(x”) - _‘[d’(x,’),ﬁ]9 %H“(xﬁ) - —i[H“(x,t),I-AI], (10)

R L.
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where A is the total Hamiltonian of QED and I1,(x) = A,(x). By making use of the quantization
condition (1), Eq. (10) leads to the equation of motion (3). The formal solution of Eq. (3) is the same
as formula (4), which can be expanded in power series according to Eq. (7); then, we obtain Eq. (8).
Substituting (7) into quantization condition (1) we obtain the commutative or anticommutativ e relation
between the different order expansions of ¥(x) and A,(x). The zeroth order relations are

{60(x,2),00"(y,0)} = 8% (x — ¥),[4D(x,8), IV (y,1)] = i5,,6%(x — ¥). (11

other zeroth order fields are commutative or anticommutative. The high order terms are

i {$®x,0), o™ (y,0)} =0,

K=0

N
> L4E G 0), IRy, )] = 0, 12

K=0

The zeroth order quantization conditions (11) are the same as the quantization condition (9) for
the free fields. In terms of Egs. (9) and (8), we obtain the commutative or anticommutative relation
between ™ (x) and A{M(x) (W = 0, 1, 2, ...). Then, we substitute them into Eq. (12) for check. If all
identities are satisfied, we are convinced that two quantization schemes are equivalent.

The problem is that Eq. (12) contains infinite number of equalities, one cannot complete the proof
by calculations order by order. Induction is also not suitable here. We have to use the method of
reduction to absurdity.

Assume that y™(x) and AM(x) (N = 0, 1, 2, ....) do not satisfy Eq. (12). Obviously, quantization
condition (1) is not compatible with the solution (4) of the field equation. If we can prove that they are
compatible, then we can surely tell that this assumption is wrong, and the two quantization schemes
are equivalent.

Introduce a unitary transformation U(r) which depends on time only. Under transformation U(z),
a field quantity O becomes O':

O’ = U()OU(s), (13)

O represent Y(x), ' *(x), A,(), IL(x), H, ... Under transformation (13), the quantization condition
(1) is unchanged formally, the nonvanishing terms are

{¢"(Xs‘),¢"'(.}',‘)} _— 83(-: - y)a [A:.(x,t) ,H;(J’ ”)] - iap’as(x = y). (14)
If U(r) takes the following form
() = e Bt (15)

where A = URU", B, = —ie[dyA,(y,)) ¥(y,0y*¥(y,?) is the interacting part of the Hamiltonian, the

transformation (13) changes the Heisenberg picture into interaction picture. In the interaction picture
the quantized field Eq. (10) becomes
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‘aaT ¢’(x, :) - _i[¢"(x, ’)91'1;(‘)]9_8?‘-11::(;‘") - —i[H:.(X,I),H;(t)], (16)

where IL;(x,7) = 9/9tA,(x) = —i[A,(x), H(1)]. Following the quantization condition (14), Eq. (16) are
the free field equations satisfied by ¥'(x) and A, (x):

8;6"142.(:) — 0,
("3, + m)§’(z) = 0, 17)
Obviously, the quantization condition (14) is compatible with the field Eq. (17). Using inverse

transformation U~'(7), the quantization condition transforms into Eq. (1), and the motion equation
becomes Eq. (3), they are still compatible. The equivalency of two quantization schemes is proved.

4. QUANTIZATION OF DEPENDENT INTERACTING FIELDS

Eq.(4) shows that A,(x) and ¥(x) are not independent of each other when AZ(x) = 0. To
distinguish y(x) from that in case A" # 0, we denote y(x) here by y(x), then Eq. (4) becomes

A,(x) = —ieK: d'yG¥(x — y)T ()70 (),

T(x) = TO(x) + ¢? _E: d*y,d*y,G§(x — y1)G*(y — J'z)T‘w()'z)qur()’z)m(yx). (18)

For the quantization of the dependent field quantities, the quantization condition of free (9) is still
valid, but now 4{M(x) = 0. The nonvanishing term is

{T9(x,2) , T (y,)} = 8*(x — y). 19)

In terms of Eq. (19) we can quantize ¥™(x) and A (N = 1, 2, ...) order by order,

o (o) e j: d*y1d'y,Gi(x — ) G*(y, — yz)?"‘NZ-: N_Z)z:" VA
X (y2)7, IV ()TN (),
AP () = —i K: d'yGR(x — y) E T ()7, TN (y)
(N = 1,2,”-“-“1 )s (20)

where ¥(x) = 0. Since we have Eq. (7), the quantization problem of A4,(x) and ¥(x) are hence
solved. The left problem is whether the quantization condition (1) can be generalized to the case of
dependent interacting fields. The answer is negative. We shall show that the quantization condition (1)
is not compatible with the solution (18) specified by field Eq. (3). In other words, {¥™, N = 1, 2,
...yand {4°(x) =0, AM(x), N =1, 2, ...} cannot satisfy all the equations in formulas (11) and (12).
Obviously, the quantization condition (1) requires 4®(x) > 0, and [AP,0, AQ(y,n] = i6,,0°(x — ),
but for dependent interacting fields, 4® = 0, so relations (11) are not satisfied for gauge fields. How
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about the matter fields? Is the quantization condition (1) suitable for field ¥(x)? The answer is no, that
is,

{W(x,‘),q"(.}'ﬂ)} * & (x — J')o 210

This inequality can be proved with method of reduction to absurdity. If relation (21) is not true,
then we have

{‘F(x,'),q"(y,’)} = §(x — y). (22)

Substituting the expansion ¥(x) = ¥~ ¢"¥*(x) into Eq. (22), we obtain

{(p‘(ﬁ)(x,t),ww)f(y,t)} — 83(x _y),

N
Z {w(x)(x.s‘)’wlN—K)'(y9 ’)} =0 (N=1,2,.. .
K=0 (23)

Let Y(x) be the field when 4{” = 0. y(x) satisfies the quantization condition (1),

{¢’(x,‘),¢"(ya‘)} = 5(x — y)o

Substituting the expansion (7) into the above relation we obtain the relations which is the same
form as relation (23)

{99(x,2),O(y,2)} = &(x — y),

N
2 {o®(x,0),6M O (y,0)} = 0 (N =1,2,-++),
K=0 (24)

We shall show in the following that Eqs. (23) and (24) are not compatible. Comparing Egs. (4)
and (8) with Egs. (18) and (20), we have

P (%) = TO(x),
+00
GO (z) = TD(z) + ;j d'yGE(x — y) AP () THTO(y),
oV (x) = TA(2) + ir., d*yGE(x — PAL () 7T (y)
00 -
= J’ d‘y;d’y,Gﬁ(x = 71)149)(?1)7”65(}'1

— 320 AN3)7°TO(y,), (25)

which shows that y™(x) can be expressed in terms of ¥™(x) (N = 1, 2, ...) and y™(x). With the help
of Eq. (23), we calculate

N
E(N)(za )') - Z {¢’(x)(x9‘)9¢‘(n—m*(Ya z)}. (26)

K=0
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IfEMx,y) =0 =1, 2, ...), it means that Eq. (23) is compatible with Eq. (24).
Inversely, if we find any EV(x, y) which is not zero, then Egs. (23) and (24) are not compatible.

Since Eq. (24) is proven to be correct, so relation (23) must be wrong, i.e., the original assumption

that Eq. (21) is not true is not correct. We conclude that one can use quantization condition (1) for
field ¥(x). After tedious calculation we have

EN(z,y) =0,
E@(z,y) = iji:d‘zld‘zze(t — )6t — 2,)S(x — z,)D(z; — z,)7*
* [18(z1 — 2z) — (20 POV (2)7*17:8(z, — y)7* = 0, 27
So we know that Eq. (21) is correct.

5. EXAMPLE OF QED,

Massless Quantum Electrodynamic in 1+1 dimension (QED,) [7] is the example that provides
an exact operator solution. The Lagrangian with minimal electromagnetic coupling is

& = i:(x,4)7"(0u + iedu) Pp(x,4): — i— 2 F oy (2) F¥7(2) : (28)

where v matrices are chosen as: v° = o, ¥' = i0,, ¥’ = y%y! = —o,. Since y*y’+y"y* = 2g**, the
metric tensor is

Zuy = (284,40y,0 — 1)8uy, (29)

The equations of motion satisfied by fields are [5]

ir":(ap -+ ieA,.(x))(,b(x,A): - 0,
0:0* 4 (%) = e: (2, A)T*P(x,4):, (30)

The Lorentz gauge condition is {|9,4(x)|) = 0, the formal solution of Eq. (30) is
400
Au(z) = 43 (2) + e I @yGi(z — y):8(y, A)7ud(y,4):, 31)
where G*(x — ) is the retarded Green function which satisfies the equation
3,0'GR(x — y) = 5'(x — y)

and takes the form

Gz = y) = 260 — »)*161(x — )71, 32

where © is the step function, and x* = x° + x!, x™ = x® — x' are the light cone coordinates.
Substituting expression (31) into the Dirac equation in Eq. (30), we obtain the equation satisfied by
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v(x,A):

- dyGR(x — y)d_’(y,A)?’ucb(y,A)} $(x,4):=0

T {a“ +iedy(x) + iezj (33)

Eq. (33)isaclosed (nonlinear) differential-integral equation for y(x,4). Generally it is impossible
to solve it exactly. But for the massless 1+1 dimensional QED, it can be solved exactly. For
dependent interacting fields, A2(x) = 0, we have to use the quantization approach of free fields to
quantize field y(x,4). The quantization condition for 1+ 1 dimensional free Fermion field is [1]

{02,075 ,0)} = 8@ — yh), G4
where (x) satisfies the 1+1 dimensional massless Dirac equation
i‘)”‘a“qb(x) - 0. (35)

The exact solution of field Eq. (33) can be expressed as [2]

ivErsitisn) ivETsE=(a) ivErsie) (36)

b(x,d4) =¢ $(x)e = e b))z,

where £(x) = £*(x) + £-(x). £*(x) and £~ (x) represent the creation and annihilation operators in the
configuration space of a certain quantum field. Z(x) and 4,(x) are related by equation

» -
€,,0°2 (%) 7= 4,(2), a7

where ,, = —¢,,, and &, = 1. The structure of £ is [3]

$(x) = ;7—1 {#*8(z") + r 5D},

S(xt) = : Sn 1N=323 HIT 2%( — s\ aiplst __ a7 __  1\a—ipizt+
(=%) ; IM(?) dp'[é*(—p'e é(—pheTirlsT],

T

:'(x ) -t -r (pl)-mdpl[c"*(p‘)e"’“- _ c"(p‘)e'f"‘-]

«/ K3 S 38)

where ¢(p') and &(p) represent the creation and annihilation operators of a certain boson in momentum
space, the non-vanishing commutator is

[2(ph), ¢*(gD1 = 8(p' — ¢Y). (39)

The relation of ¢(p) with the creation and annihilation operators a (p), a(p ), b(Y, b(p") of free
massless fermion and antifermion is

2(p) = —t— r- dRH{O(R P [6*(RDE(R + p') — 2*(kM)a(k' + p))]
Vg = '
+ 0[R'(p' — kD 13(p* — kDE(RN}, (40)
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-nl
The solution of Dirac Eq. (35) satisfied by free-fermion is where #(p)' [ 60(( Pl)) ] ,px =p%° - plx!,
p

p° = |p'|. The quantization condition which is equivalent to Eq. (34) is

{‘2(?‘)3 3*@1)} - 6(Pl - ql)a
{6(p1) 8% (g} = 6(p' — ¢¥), 41)

Other anticommutators are all zero. In terms of Eqs. (38-41), we can find the commutative relation

among Z(x), L(y), ¥(x), and ¥'(y) [3]:

SIORIOIEPS (:T,) [(z — y)1D(z — y),

[3(), 0] = — (z = HD(x — y) + "Dz — »}o (),

W
[5(x) ;07 ()] = : :/_ (x = 9 (N{D(z = y) + "Dz — y)}.

-

42)

where D(E) 172 e(£°)0(87), D(§) = —1/2e(£H0(—£?), and e(§%) = 6(F7) — 0(—£9). Ifx" = y° =1,

x' # y', the interchange relations of wave function components are

(pl(xls‘,A)‘b?(yl" A4) = _e-i ‘L‘-‘“l-’l)(,l-,l)z *(y 3%, A)‘l’l(x 1,4),
Gr(2 1, A)DE(yL 2, A) = —e' T (31, D) da(2'1,4),
{0i(='s2,4), 05 (y'52,4)} =0 j =k, 43)

Obviously, there is no such simple relation like {y(x', 7, 4), ¥'0/", 1, A)} = 8(' = ¥, p, = O.
6. CONCLUSIONS

The usual quantization condition (1) obtained by the canonical quantization of fields in QED
works only if the y(x) and A,(x) are independent of each other. This has escaped notice for a long
time. Is the usual canonical quantization approach still applicable when fields y(x) and 4,(x) are not
independent, i.e. , A(x) in Eq. (4), and 4,(x) is determined completely by y(x)? This is open question.
From the structure of motion Eq. (3) satisfied by fields, we have the expansion (7), so there is an
alternative quantization approach which does not concern the independence of free fields and leads to
the quantization of interacting fields ¥(x) and 4,(x) [1-3]. But the reasonableness of this approach
needs to be proved. Our work answers these questions clearly and provides a theoretical basis for the
free field quantization scheme. :

We thank Profs. C. Y. Wong and C. C. Shih for their helpful discussions.
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