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Fission Probability Calculation
by Solving Fokker-Plank Equation
with Variation Method

Zhong Yunxiao and Hu Jimin

(Department of Technical Physics, Peking University, Beijing, China)

A variation method is developed to solve the Fokker-Planck (F-P) equation. One-
dimensional fission probability is calculated and compared with other methods. The
relation of the F-P equation and the Smoluchowski equation is discussed in light of this
method, which paves the way to derive the muiti-dimensional Smoluchowski equation
with varying mass and viscosity and to solve more complicated equations.
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1. INTRODUCTION

The study of fission with Browning motion model can be reduced to solving the Fokker-Plank
(F-P) equation. Many works have been done [1-4] in this direction. For the difficulties of solving the
F-P equation, most of the published works are limited to the one-dimensional case and variations of
the inertia and dissipation with nuclear deformation are neglected. In a former work [5], we have
treated the two-dimensional fission problem by direct solving the Langevin equation with Monte Carlo
method and calculated the variation of inertia and dissipation with deformation. Such an approach
relies crucially on the dynamical behavior of the nuclear system. It is both difficuit and unreliable,
since the dynamical behaviors of the fissioning system are not clearly understood. For large
dissipations, velocity distributions of the system can be considered as nearly Maxwellian distribution

Received on November 30, 1992.

© 1994 by Allerton Press, Inc. Authorization to photocopy individual items for internal or personal use, or the internal or personai use of specific clients,
is granted by Allerton Press, Inc. for libraries and other users registered with the Copyright Clearance Center (CCC) Transactional Reporting Service, provided

that the base fee of $50.00 per copy is paid directly to CCC, 222 Rosewood Drive, Danvers, MA 01923. An annual license may be obtained only directly from
Allerton Press, Inc. 150 5th Avenue, New York, NY 10011.



80 High Energy Physics and Nuclear Physics

and the F-P equation can be reduced to the Smoluchowski (Smo.) equation. Some of the fission studies
are performed by solving the Smo. equation [6-8]. The derivation of the Smo. equation from the F-P
equation is usually done for the one-dimensional case with constant inertia and dissipation. How to
obtain the Smo. equation in the general multidimensional case with variable inertia and dissipation
tensors? Which terms are neglected in the Smo. equation in comparison with the F-P equation? These
problems await future study. In this work, a variational method is developed to solve the one
dimensional F-P equation, and fission probabilities are calculated using the same model potential as
in [1] and [4]. The results are in general agreement with the numerical solution in [1] and the Monte
Carlo method in [4]. The relation between the F-P equation and the Smo. equation is also studied.
Solving the multidimensional F-P equation with variable inertia a: -* dissipation tensors and deriving
the Smo. equation in the general case are in progress with the same variational procedure.

2. THEORETICAL FORMULATION

The F-P equation is a non self-adjoint linear differential equation. Ordinary variational method
cannot be applied. Extended variational method has been discussed in general principles [11]. In the
following, we give a brief description of the application of variation principle to the F-P equation.

For the sake of simplicity, the one-dimensional F-P equation is considered,

1 oW oW _ oU ow_ [
—_——= v + — +8|— Wv)+
T, Or x| 9z v # (Wo)
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where kT is the unit of potential U, kT/m is the unit of velocity v, m denotes inertia parameter, time

unit 7y = 107" s, and length unit / = 1.16 X 107* cm. Then the ;arameters 7, and § in Eq. (1) are
given by

l
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where « is the coefficient of viscosity. Let
W = Ae 7o F (3)

then Eqg. (1) can be reduced to the form of eigenequation,

LF = wF, 4)

d 5] a?
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g ox dx dv d 3 dv dv* 5

Assuming U-> o as x - + o and F is quadratically integrable in the whole x, v region, we can define
L* as the adjoint operator of L by the tfollowing relation

j &1L ,dr = J’ ¢,L+ ¢ dr, (6)

where Y, and , are any two quadratically integrable functions and dr = dvdx. Take the functional
I(F,G) as
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I(F,G) = ja:GﬁFdr, )

where @ is an arbitrary function. To find the extreme value of / by variation under the condition

IcDFGdr =1, 8

We shall introduce w as the Langrangian multiplier and write / as

I(F,G) = j:pr.Fdr —mjchGdr,‘ 9)
By variation with respect to G, we obtain

oI

3G = QLF — w®F =0 ﬁF=wF (10)

in agreement with Eq. (4). Using formula (6), (9) can be changed to

I(F,G) = j’ FL*®Gdr — w J’tDFGdr.
By variation with respect of F, we obtain

Sl _ pepe - +OC =
o f.cpg MG; 0 L*0G = woa, (11)

Using the definition (6) of the adjoint operator, after suitable partial integration, we obtain from Eq
(5) the adjoint operator of L

f‘+=_gi+ﬂ_§_+5< i_i> (12)
dx dx OJv Jv dv?
Taking
P = eU(:)eu‘/Z’ (13)
we obtain
o a oU o a o
L*'CDG=-<D[— _—t = — — (1+ — —>JG
? Ox dx Jv i Y dv + Jv?
= oL'G,

Formula (11) now becomes:

L'G = vG, (14)
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Comparing L’ and L, we find L'(-v,x) = L(v,x), and formula (14) becomes
L(v,2)G(—v,2) = wG(—v,x), (15)
Comparing with Eq. (10), we get
G(—v,x) = F(»,2), (16)
Let w;, w,, -*- be a series of eigenvalues of Eq. (4), then from Egs. (105 and (11), we have
LF; = w,F;, L*0G;= vw;®G;,
hence
)’ OG;LF;dr = w,-jcpc,-p_,.dr,
S F,LoG;dr = w;j F.0G;dr.,
From the relation of adjoint operators (6), the left side of the above equations are equal, hence (w; —

w) $ ®FG, = 0 when i # j. Combining with the normalization condition (8), we have the
orthogonality and normalization condition

(w; — w;) J' OF,G; =10

Hq><x,,,>p,.<x,v>a,<x,u>dxd,, = 5ii»
amn

which must be satisfied by the eigenfunctions. .
Corresponding to the eigenvalue w, = 0, the eigenfunction F, must be the equilibrium solution
of the F-P equation. It is easy to see from the eigenequation that

Fy(z,v) = Be V@™, (18)

where B is a constant. The general solution W can be written as

W (x,v,t) = A,F (x v) + Z Aje™™'Fi(x, v), (19)

ji=1

where constant 4, and 4, can be determined by the conditions imposed on W at - o and r — 0. For
t — oo, one obtains from the normalization condition,

A,

.

j NER u)dxdv (20)

8

| ——y

For the initial condition, let us assume that at z = O, the system stays at the deformation x = O with
a Maxwellian distribution for velocities, then from Eg. (19), we obtain
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AF(x,0) + Z A;Fi(v,x) = 71:: e 25 (x), @n

j=1 2z

Here, we have chosen the initial valley of potential to be at x = 0 and U(0) = 0, hence
O(x = 0,v) = 2, 22)

Multiplying ®F,(x, —v) to both side of Eq. (21) and integrating over dr, we get
A; = —ljF-(x=. 0, — »)dv
Vi)' ’ : (23)

Fixing 4, and 4;, we obtain the solution of the F-P equation

e—Ue—ﬂ‘/l _
W = " -+ E A,‘C mi'F,',
. i=1

j S e Ve " 2dxdy (24)

To calculate the eigenvalue w; and the corresponding eigenfunctions, we shall first expand F(x,v) as
a function of v in terms of weighted Hermit polynomials H,,:

F(x, ) = 3, e—""e-"*/zcznr*\/;H,.,@qs,(x).'

m=0 m)

(25)

We substitute Eq. (25) into Eq. (9) and perform the integration over v with the help of relations
between Hermite polynomials, then the functional can be expressed in terms of ¢,(x)

1= B 0 [0 AT () + (B — @)0u@ldes )

n=0
where
d 1 dU d 1 dU
S, J,=S 4 13 27
dx 2 dx’ = dx 2 dx @7)
From
ﬂ = 0
S
one get
JT¢1 — wep, =0, (28)
and from .
8Ly
o,
one obtains

Jido+ /20 ¢+ (8 — )b, = 0, (29)
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Neglecting ¢, and eliminating ¢, from Eq. (28) and Eq. (29), one obtains

J_Jsbo+ (8 — @)y =0, (30)

2 2
where]_J_=d +|:1dU l[ﬁj

2
PP - = ] J . If w in the factor (3 — w) of the above formula is

24 4

neglected, Eq. (30) reduced to the one dimensional Smo. equation. From Eq. (2) one knows that 3 is
proportional to the viscosity coefficient « and w is the eigenvalue of Eq. (4). From Eq. (18), itis clear
that for not very small ¢ values, contributions of the larger w; to W are negligible. Hence for
sufficiently large viscosity, it is reasonable to neglect w in the factor 3 — w. This derivation shows that
we can obtain the Smo. equation from the F-P equation by expanding F(x,v) in Hermit polynomials,
keeping only n = 0 and 1 terms and neglecting w compared with 3. The multi-dimension Smo.
equation with variable inertial and dissipation tensors can be derived in a similar manner.

To solve the F-P equation. ¢,(x) in Eq. (26) can be expanded also in terms of Hermit
polynomials,

¢Il (x) _'Z an:d)x (x) ’ (313)

s=0

1
(o —x%/2 2
d":(x) \/ 7—7:‘ 2‘.‘! H: (x)e . (3 1b)

Thus, after performing the integration in Eq. (26) with respect to x, we can express / in a quadratic
form of the expansion coefficients «,,. Takingn =0, 1, -- (#r — 1),and s =0, 1, -*- (g — 1), we
obtain r X q linear equations from d//dc,,. The solution of these equations yields both the eigenvalues
w; and the corresponding eigenfuctions F;. An approximate solution of the F-P equation is thus
obtained.

3. RESULTS OF CALCULATION

Since the object of this work is to study the method of solving the F-P equation for fission
problems, we shall use the simple potential energy form as given in [1] and [4].

U= G[z'+ a5 + a,2* + asx + a,] + H, (32)

with constants G = 0.0089366, H = 3.816, a, = 28.328, a, = 121.587, a, = 0.3729, a, =
—d427.05. The initial valley lies at x = 0 with U = 0, the barrier peak U = 3.816 lies at x = x, =
3.41 and a very deep valley U = —193.92 lies at x = 17.84, with 47 being the unit of U. Fission takes
place whenever the model particle crosses over the barrier. Let J(z) be the probability for the particle
to remain inside the barrier at time ¢, then

o0

J(t) = j:‘;dx —\, ”dVW(*U”’z)’ (33)

A
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Fig. 1 Fig. 2
Change of fission probability with time ¢ Change of stationary fission probability P
(unit 10~ ). with the viscosity coefficient «.
and the fission probability P is given by
1 dJ
P - ey 4
J ds (34)

We take the mass number A = 248 and a/m = 1, 2, -, 6 etc., where m denotes the mass of the
fissioning nucleus. It is found that 7 to 9 terms are sufficient for velocity expansion and 25 terms are
enough for each ¢,(x). The calculated results are show in Figs. 1 and 2. In Fig. 1, the fission
probability is exhibited as a function of ¢ for a/m = 1. In this figure, curve 1 is the solution of the
Smo. equation, curve 2 is the solution of the F-P equation. It is shown that the difference between the
two solutions is rather large. For large matrices (e.g., dimensions 225 x 225), many of the
eigenvalues are complex, which leads to oscillaring fission probabilities for small t. In curve 2, the
oscillating part is simply omitted. The resulting curve approaches to the numerical solution of [1]. We
have also taken average value for the oscillating part, and curve 3 is obtained in this way. Results
obtained with Monte Carlo method in [4], coincide essentially with curve 3. In Fig. 2, the stationary
values of fission probabilities are plotted against o/m. Curve 1 is the value obtained from the Smo.
equation and curve 2 is obtained from the F-P equation. The values obtained from the Smo. equation
approach those of the F-P equation only for a/m = 6. In the figure, points marked with "+" are
corresponding to values obtained from Kramers’ formula

P’ = A /14 400l — 1]e HAT, (39

drw.T

where w, and w, are oscillating frequencies at the equilibrium point and at the saddle point (inverse
frequency). This indicates that for stationary fission probabilities, Kramers’ formula is a simple and
rather accurate formula.



86

High Energy Physics and Nuclear Physics

ACKNOWLEDGMENT

We thank Shu Nengchuan and Zhao Qiang for their help in some of the calculation works. The

work was done under the support of Doctorate Foundation of the National Committee of Education.

REFERENCES

(1]
(2]
(3]

(4]
(31

(6]
(71

(8]
(9]
(10]

[11]

P. Grange, Lie Junqing and H. A. Weidenmuller, Phys. Rev., C27 (1983), p. 2063.

Feng Renfa er al., High Energy Physics and Nuclear Physics (in Chinese), 8 (1984), p. 453.
Feng Renfa, Wu Xizhen and Zhou Yizhong, Chinese Journal of Nuclear Physics, 10 (1988),
p. 16.

Zhong Yunxiao, High Energy Phys. and Nucl. Phys. (in Chinese), 13 (1989), p. 451.

Zhong Yunxiao and Hu Jimin, 50 Years with Nuclear Fission, Vol. II (1989), p. 668, American
Nuclear Society, Inc.

Zhong Yunxiao, High Energy Phys. and Nucl. Phys. (in Chinese), 9 (1985), p. 108.

Zhong Yunxiao and Chen Junzhen, High Energy Phys. and Nucl. Phys. (in Chinese), 9 (1985),
p. 356.

Zhong Yunxiao and Zhang Minzhao, Chinese Journal of Nuclear Physics, 7 (1985), p. 258.
S. Chandraseckhar, Rev. Mod. Phys., 15 (1943), p. 1.

Zhong Yunxiao, Thermodynamic and Statistical Physics, Science Press, China (in Chinese),
(1988), p. 296.

A. M. Arthurs, Complementary Variational Principles, 2nd ed. (1980), Clarendon Press:
Oxford.



