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In this paper the generalized Noether’s identities for nonlocal transformations are
derived from the properties of the action of a system under local and nonlocal
transformations. In the application of the theory to the Yang-Mills field with high-order
derivatives, a new conservative PBRS charge, which differs from the BRS conservative
charge, and a new conservative charge connecting with nonlocal transformations are
found.
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1. INTRODUCTION

The Noether identities [1] related to the invariance of the action of a system under an infinite
continuous group play an important role [2] in various physical fields (e.g., gauge field theories). The
traditional Noether identities and their generalization [3] were based on the local transformation.
However, in the Yang-Mills field theory and in the study of the conformal symmetry of the gauge field
theory [5,6] some nonlocal transformations were discussed. Therefore, it becomes necessary to study
the properties of a system in general nonlocal transformations. The field theories with high-order
derivatives have drawn more attention [7]. In this paper we will discuss the properties of a system with
high-order derivatives under a general nonlocal transformation, and generalize the Noether’s identity
to that system. Applying this theory to the Yang-Mills field theory with high-order derivatives, we
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obtain a new conservative PBRS charge, which differs from the BRS conservative charge, and a new
conservative charge connecting with nonlocal transformations that cannot be derived from the first
Noether’s theorem. In fact, we present a new method for finding the conservative laws of a system.

2. GENERALIZATION OF NOETHER’S IDENTITIES

Discuss a dynamical system, described by fields y* (¢ = 1, 2, ..., n), with the action:
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where the Lagrangian density &£ contains the high-order derivative:
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where d, = d/dx*, x* = (t,x). The flat metric of space-time is n,, = (+———). Denote by N the

highest derivative of * in £. Assume that all the functions and their high-order derivatives appearing
in this paper are smooth enough.

Consider the properties of the action under general local and nonlocal transformations with the
following general forms of infinitesimal transformations:
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where 740, g4, and b4™ are the functions of x, ¥*, and y°,,,. & (o = 1, 2, ..., 5) are the infinitesimal
functions of the space-time coordinates. On the boundary of the domain D their all-order derivatives
are vanishing. Assume that the variation of action (1) under transformation (3) is:

ar = 3,05 + wids, (5)
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where
W= U + [ dyv.(e,0ert), ®
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where No, 447, and #® are the functions of x, ¥°, and y*,,,. For a weak invariant system, W = 0,

where = denotes that the equality holds along the movement orbit of the system [8]. Under the
transformation (3), we have [9] from (1), (3), and (5):
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By making use of Gauss’s theorem, the fourth term d,(/4€°(x)) in (8) can be changed to the integral
along the boundary of the domain D. The integral is vanishing owing to the boundary condition of
&°(x). Through the integration by parts for the rest terms in (8), we know that the integrals of those
terms on the boundary are vanishing also owing to the boundary condition of &(x). Now, from the
functional derivative of the results with respect to &°(z) we obtain:
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where 43, B, RS, U,, and V, are the adjoint operators of 4%, B2, U,, and V,. Thus, we obtain the
generalized second Noether theorem: If the variation of action (1) of a system under transformation
(3) satisfies (5), for the system there exist s identities (13) with derivatives and integrals, including
functional derivative 61/6y°. The identities (13) are called the generalized Noether identities, or
generalized Bianch identities. The existence of the generalized Noether identities, which give some
relations among the functional derivatives 81/8y~, does not depend on whether or not the field
quantities y* satisfy the field equation. For the invariant systems under the transformations (3)
(W = 0), the generalized Noether identities become

ZHO) (;f!(—)—) — Ri() <¢f‘“(z)—6%> + jn d'=B2(s)(F(x,2) ___’a;’(xﬁ
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3. CONSERVATIVE LAWS

Consider the systems noninvariant under the local transformation, such as the massive Yang-Mills
field, whose Lagrangian is noninvariant under the gauge transformation; the system of the massive
Fermi fields, the gauge field whose Lagrangian is gauge-invariant but noninvariant under the chiral
transformation for the Fermi fields; the nonabelian gauge field, whose Lagrangian is invariant for BRS
transformation but noninvariant only for the transformation of the gauge field; and so on. Discuss a
special form of (3) that is related to the gauge transformation, where Ax* = 0 and

&% (2) = $*(2) + A% (%) = ¢*(x) + (82 + a23,)e’ (%), (15)

where both a% and a** are the functions of x, ¥*, and *,,,. Denote by &£ = U,e°(x) the variation of
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the Lagrangian &£ of the system under the transformation (15), where U, = u4”3,, and u*Y are the
functions of x, ¥*, and ¥°,,. There is a fundamental identity for the variation of action (1) under
transformation (15):
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In this case the generalized Noether identities (13) become o
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where U, is the adjoint operator U,, and U,(1) is that of 1 [9]. Multiplying (17) by &°(x) and subtracting
(16), we ascertain when #*’ and u*** are totally symmetric for the superscripts u, v, and A:
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If &°(x) = §{5(x) in the transformation (15), where & is a constant parameter, and {(x) is a given
function of x, y*, and y*,,), we have 61/6y> = 0 on the movement orbit of the system, and obtain the
(weak) conservative laws:
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The reason we call them the (weak) conservative laws is that we have used the equation of motion of
the system in obtaining (19). This method for obtaining the conservative laws is totally different from
the first Noether theorem. The latter is based on the invariance of the action of a system under a finite
continuous group. However, we study a system that is noninvariant under the local transformations.
In the condition, for example, 44 is symmetric for some superscripts as discussed previously, and the
conservative movement quantities of the system can be derived from the generalized Noether identities.
Thus, we present a new method for finding the conservative laws.

4. PBRS CONSERVATIVE CHARGES IN THE YANG-MILLS THEORY WITH il
HIGH-ORDER DERIVATIVES

The classical Lagrangian for the Yang-Mills field with second-order derivatives is:
L= — -;_ Fi,Fews — gD, Fo D Fenr, 20)

where
Fo, = 3,45 — 8,A% + fi. 445, @1)

D, = 539, + fi. 45, 22)
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where f; denote the construction constants of the nonabelian gauge group. £y, is invariant under the
~ following gauge transformation:

8A4; = Dj,e%(x)
where £%(x) is an arbitrary function of space-time. The invariance of the Lagrangian £,,, under the
‘ocal gauge transformation shows that there exist the proper constraints of the system in the phase
ice. All constraints are first-class. We have to choose gauge condition for quantizing the fields. In
:¢ Coulomb gauge, in terms of the Dirac theory for a constraint system and the quantized method of

ie path integral, we obtain the effective Lagrangian of the system from the generating functional of
1e Green function [10]:

L= Lyu+ L —EL' (or4s)?,
27
Loy = —dC* €%, (23)

where C* and C° are the ghost fields, and o is a parameter. The effective Lagrangian &, is invariant
under the following BRS transformation:

542 = D3, C’r,

oC = —f1.C*CT,
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where 7 is the Grassmann parameter. From the first Noether theorem, we have the conservative
| current in the Coulomb gauge condition along the movement orbit of the system:

» = 9L 1 &, . 0L, ‘
J? = aA. £f Db;‘cb -+ aA‘ f ap(Dby,Cb) —_— ap <aA. ff) b,‘cb

P KsVp MoV P

o 0L =
-+ eff 8Cse _eﬁ sCe
ace, R

-Ji—- —:—- 9*Cefs,CtCe + D;’C’G’A;,. (25)
€1
Tt = 2 {[£240%0, Fm o f2f7, AV F 4 — 3,(3°F* + f1,4"*F#>) D1, C*
+ (3°F* + f1,d7F4)3,(D5,C*)} — F*D3,C*, 26)

Therefore, the BRS conservative charge is

o= Jyd’xl° - Ld’x [J? - %f;,a’E'C”C' + Dj*C%% ;]. 27

‘e that in the BRS transformation, the ghost fields are invariant. Only the Yang-Mills field
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transforms as follows:
{SA,‘; = DiCéT,
8C*=g5C*=(, (28)

so that the effective Lagrangian (23) is noninvariant:

8L ¢ = F(0) + u40,0° + u,0%3,6°

= F() — ai (3'A2)o#d,0° — ;1_ 13.(9° %) A45016° — f3,64C°C%3,6° , 25
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where ¢ = C°r, and F(6) does not contain the derivative of °. From (19) and (20), we obtain the . .

conservative current in the gauge constraint (the Coulomb gauge) along the movement orbit of the
system:

J3 = Ji + f1.0°CeC*Ce, (30)

J; is called PBRS conservative current. The PBRS conservative charge is

0= [ @erp=| @stnt+padecic 31

Obviously, the PBRS conservative charge is different from the BRS charge Q.

In the quantum theory, the BRS charge is used to choose the physical states. We found another
new PBRS charge that gives an additional condition of the physical states. The role played by the
PBRS charge in the quantization should be studied further.

5. NONLOCAL TRANSFORMATIONS AND CONSERVATIVE CHARGES

Lyw and £, in the effective Lagrangian (23) of the Yang-Mills field with second-order
derivatives are invariant under the following transformation:

A5 (2) = A5(x) + D2,e7(a), (322)
C¥ (%) = C*(x) + ig(T,)iC*(2)e" (%), (32)
T (2) = BT+ — 1g9T(#)(T,)36° () (320)

where T, (¢ = 1, 2, ..., N) are the representation matrices of the generators of the gauge group, and
£°(x) are the infinitesimal arbitrary functions. (32c) can be rewritten as follows:

C¥(x) = C*(x) — igC?(%)(T,)ie’(x) + iﬁ" 3, [CP ()T o e ()], (3p¢1

where [ = 7**3,0,. (32c’) may be rewritten as follows [4]:

Ge(ay = Bo () — CH (T e () + g [ Ay, BT TN D 3cr)



Volume 19, Number 2 163

where
OA(x,y) = 18¥9(x — y). (33)

(32c") is anonlocal transformation. Under the transformations (32a), (32b), and (32¢”) we obtain from
the generalized identities (13) and the effective Lagrangian (23):

=~ 51 . sl . Sl
D: (__Lff_> —+ T e £f Cb 2) — 1 Cb 2‘) T )e eff
\Ta) T T g € — BT L
+ | auBia) [a(%) Ao(x,z)] — L Begicatas),
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where '
Bs, = —8%0, + fo.45, (35)
Bi(y) = igd,[CP(y)(T,)3d+1. (36)

In the gauge constraint (the Coulomb gauge) and along the movement orbit of the system we have from
(34):

- 0, -
a"z ED d‘be(z)(Tp):ah lavs ( aEﬂ “> Ao(xsz)] 09 (37)
and the conservative charge:

Q"= Syd’z SD d*xC*(2)(T, )}, [8.,, <—%’%{:‘£> Ay(x, z)] = const, (38)

(247

Substituting (23) into (38) we obtain the conservative charge:

R b ) a ey e —
0 L j,, $2d*2C(2)(T, )3(3,DC*)3p,A0(7,2) = const. .
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