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Dimensional regularization at finite temperature is applied to calculate accurately the
thermodynamic potential of two-loop QED and the overlapping divergences in arbitrary
gauge. The calculation indicates that the overlapping divergences cancel each other and
the result is gauge-independent.
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1. INTRODUCTION

Quantum field theory at finite temperature is the theoretical basis for describing the early universe
and hot nuclear matter [1,2]. We know that one can learn many fundamental properties of a hot system
from its thermodynamic potential. It is therefore of both theoretical and practical importance to study
how to accurately calculate the two-loop thermodynamic potential in QED. However, there are still
many problems in field theories at finite temperature compared to the zero-temperature case, for
instance, overlapping divergence, infrared divergence, gauge dependencies, and so on [3-7]. There

has been wide interest in this problem.
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For one-loop Feynman diagrams one can easily separate the divergent part from the finite-
temperature part. Since the divergent part is independent of temperature one can directly use the
methods in zero-temperature field theory to do the
renormalization [5]. However, in higher-order integrals, the overlapping divergence of zero-
temperature parts and finite-temperature parts may appear in addition to the zero-temperature divergent
part. Besides, the infrared divergences may appear due to Bose distribution factors [3,4].

It is well known that dimensional regularization has been a powerful tool for dealing with the
divergences and accurate evaluation of high-order Feynman diagrams in zero-temperature field
theories. However, it has hardly been applied to finite-temperature field theories [4]. In Ref. [4], by
making use of this method we calculated the temperature-dependent ultraviolet and infrared
divergences from three-loop vacuum graphs in massless QED at the Feynman gauge. We found that
the divergences canceled one another. We intend to calculate accurately the thermodynamic potential
of two-loop QED with a fermion mass in arbitrary gauges and analyze their gauge dependence and how
the divergences are canceled.

2. TWO-LOOP THERMODYNAMIC POTENTIAL AND THE OVERL APPING
DIVERGENCES

As we know, renormalization in a 1-loop QED at finite temperature is similar to that at zero
temperature [5]. Two-loop thermodynamic potential in QED corresponds to the vacuum graph in Fig.
1(a); the relevant counterterms are depicted in Figs. 1(b) and (c). The symmetry factors for Figs. 1(a),
(b) and (c) are 1/2, 1, and 1/2, respectively. And
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Using the usual Feynman rules and working in D = 4 — ¢, one obtains for Fig. 1(a) in arbitrary
covariant gauge:
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Fig. 1

The two-loop vacuum graphs and their counterterms in QED. The wavy
line represents the photon, and the solid line represents the fermion.
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After simple combination and simplification, one obtains
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where £ is the gauge parameter, and
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It is easy to prove that the £ dependent part is canceled, by making use of variable replacement
p + k—p’ for Eq. (1), thus
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Applying the real-time finite-temperature field theory formalism, the thermal propagators of
gauge fields and fermion fields are [2,6]
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where ng, n; are the distribution functions of boson and fermion fields, respectively:
1 1

Since the temperature-independent part was clearly discussed in zero-temperature field theory,
we are only interested in the temperature-dependent parts. ‘We can make use of the following
substitution in enumerators of Eq. (3):
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The result includes the terms with one, two, or three 6 functions. The term with three § functions
vanishes because of
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The contribution from terms with one § function includes the following three terms:
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where R; =m? - k*(1 - x) and after integrating over p and x, one obtains
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In the limit € = 0, C— —2, A = 4¢?
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Similarly one can write
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where R22

=m® - p*x(1 - x) and after integrating over k and x, one obtains
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13 includes a finite part and a divergent part
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The contribution from terms with two 6 functions includes

I(u)__ dDﬂDk 172+p k+ sz .
i @2rn)*  [(p+k)—m]
e>0__ 2 d"e
Tf @)

=- £

276 (P —m*)n.(p) -

- 2nn(p)d (PP—m?)

After some variable replacements, one obtains
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It is easy to see that the results of Egs. (16), (17), and (18) are finite.
For Fig. 1(b) one obtains
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The temperature-dependent part reads
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For Fig. 1(c) one can show that the temperature-dependent part turns out to be zero, because
K8(k*) = 0, namely,
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Now we can give the temperature-dependent contributions of two-loop vacuum graphs in QED.
The divergent part is
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and the finite part is
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One thing we should point out is that in Ref. [1] the two-loop thermodynamic potential was
discussed by the imaginary time finite-temperature field theory in Feynman gauge, but the divergent
part was not separated explicitly and their cancellations were not proved. In addition, the finite part
from the terms with one 6 function was not included, for instance, the first two terms in Eqg. (23).

For the massless QED, m = 0, one obtains from Egs. (14) and (20)
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This indicates that the temperature-dependent divergences vanish in the effective potential of two-loop
massless QED. '
On the other hand, although there appears ng(k), the preceding result is still convergent at k& —

0. This is because in the two-loop case, there is no such type of integration as J dk—llénﬂ(k); therefore,

the infrared divergence does not appear. However, for higher-order diagrams the infrared divergence
may appear [4].

3. CONCLUSION

We employ the dimensional regularization at finite temperature to caloulate accurately the
thermodynamic potential of two-loop massive QED and the overlapping divergences in arbitrary gauge
inthe D = 4 — ¢ dimension. We compared our results with previous ones and pointed out the missing
part in previous results. Our results indicate explicitly that the overlapping divergences cancel each
other. In addition, our analysis shows that the inferred divergence does not appear at two loops but can
only appear in diagrams with more loops.
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