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Equivalence of TWOX2
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AMt act u e equivalence of two x 2 fom s m proved by mawix calculation . 1Ee bias d minimiza" Ä " timate m also a seuØed .

Th simplified R-value meaSur- rBent- am q1¤oted to " -t ttze eoaelusion quanti tatively .

equival ence , x z fonn , bias , R- val ue m²aa u÷ ×entk ey worda

1 Introduction

'IE e eovah an ce ma tr i x i s usual l y u sed to eon stm et the

Ö 2 fu nct i on fo r eonü lat i ve data wh ic h i s to be mi ni m i m d to

acm i m best est i mates for param eter i n tem sted l t ; . I t i s

fm qu en tl y th e case that e×pe n menta i data az· ag eeted b y

overal l systema i c er ro r , oft en j ust one comm on nom zd i m -

t ion unceEt ai nt y . U nder suc h case , the n x n covazt ance

matri x V fo r n IYBeast»Em m ts cou l d be Þ n st m eted " fol -

l ows : the d iagonal e lemen ts are e ven by th e sum d the

sq ug es of the stat i st i cal Ò.... , systemat ic poAn t - to - poi n t

Ò" ' an d com mon nom al i m u on m Ê é i nty 6 ..m tor each

meastEm ment . Ò 1e cOETel at ion between data poi nu i an d j

i s contai n ed i n OH-d iagonal matr i x elemen t É , wh ic h i s

eeti mated by t he p m d uc t of Ò of meastl m nte nt i and

d mm d nBea m Em zen t j . m e exp resei¶ to k mi ni m i m d m

then l }

x z = , ' v - I " ( l )

wheEü
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Ö
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is the vm tor- of the IÊ iduals between experimental ob- er ¤
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vat ions x a and th eo re t i cal est i mat ions k . .

A pazt fm m matd x met hod , m al te rn at i ve way to ha11¤

d i e c£Ð el at i on p rob l em i s cal led f act or method [3¤¤1 . A nor -

mal iza ti on fac tor f i s i n tm d uced and i s to k a tt ed M a

æee param eter to ta k e th e COETe l at ion i n to accou nt ,

whem Ò" is the Ed aUve common normd ization ermr and
2 2 2

e t z e ... . + Ò Fep ¤

¡ Tze Eü lat ion between these two methoda was BM dis-

ctas-ed by n ' Ago- tiEzi [5] . However i n Rd . [ 5 ] , the

equivalence of two x z forms is pmved only for two mea-

surements case . In thi s paper , the equivalence proof has

been extended to mul ti - measuEmnent case . In addi ti on -

some exped ment mSUIts are quoted to test the equivalence

quantitati vely .

proof2 Equivdenee

2 . 1 Co var i ance maw tx cÙ ú ¥ -ucu on

h order to get analn i eal EØ tBItt- , fol lowi ng D ' AF eu -

® ' s appmach , we only, COEMMer the constant fl tt ing case ,

that is . the theoret r al expectation ka is a eonstant , denoted



" k . A s s u m e t h e m a m n m e a s u r e m e n t v a l u e s z . . a zz d

o a e s c a l e f a c t o r f . w M e tz a g e e t s a l l n m e a s u m m e n t s . A s

m e x a m p l e , z . e o u l d b e t h e c EW e s s e c t i o n a e n e r g y i ,

a n d f d e n o t e s t h e o v e r a l l n o m z a l u a u o n f a c t o r i n t h e d e t e r -

m i n a t i o n o f l u m i n o s i t i e s a t d i n e n e r g m . 1 1 1 e n , m a w i l l

b e r e l a t e d w i t h t h e l u m i n o s i t y L t o f e ¢ - £ £ à d e r a t m e r -

g i b y t h e e q u a t i o n

x t = 2 ( þ̈ :Ð e nmm LumÐ»mn

a n d td }h1môeM rÓed fº o EÓ· bî e r±ed 1a± t eÊ d wÅ i É t h e o v e r a l l EnmEmo nmm °n2ad 1Hi zó a t" i o¶ En 1 f a c -

t¤o± r f . W e h EEt h e r m u m t h a t f h a s t h e e x p e c t a t i o n e q u a l

t o L a n d i t s r e l a t i v e e r m r i s k n o w n Ü í ; a n d 3Ca h a s u n -

c e n m n t y o f ¶ , w h i c h i s h m m f . I n t h i s c a s e , c o n s i d e r -

i n g t h e c o r E¢e l a t i o n s b e t w e e n n m e a s u m m e n u , t h e c o v a n -

a n c e m a t r i x i s t h e n

f 6 1 0  o l l

| o d ×, o i r Hh4 4»
V al     | @ ë

~

. . .

Ú Ee eoETected m Ã umm nt values are

f f XE

IYX2
. .
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and the covariance mat ri x for Y is obtai ned Ý£m the erm r

pmpagatEon
Vy = MVxMT, or ( ô " = 2: ² ( Vx) 4Â, ; ,

wheÓ Mæ= aYJ ax d|2. ¤ ¡ ,e elements d VF am e ven

½ |; Ç L |¢ |R
' ª t 4' ® '

VY s

and exp li cit ly¶ , we have

f e i + x i e j z oZ26?

v | h XI Òj Ò: + ´
- -

r - E

L ZJ Be; 2.z ze;

1Ô) eÐd m d d e@"m.

2Ê ) I¡Ä1¢'"e d ea' m lh . d £Å@öm eô ed m aðu iu Ö e0ü' Ø m edt iØ0×Ê cæ b» e f"0uó aM d m Rd . [ 5 ] . ¤¤² Ô" " ' o h m - d y h , p m ed e . É e oh a ¤¤ d tb e n em ¤l tzam n ca e- - h ave

be' " ' zudied .

Ú 27íEEP & NP)ß ² " í ë Ë ï í (

c ormspondind y , the x 2 reads :

x : = 2 : ý J M - k ) ¤ ( v - 1 ¤ ( Zj - k ) , ( 4 )

whem sub- ezi pt m indiea es the ma m method and for
si mpl iBeati£n , the V y ' s subscript Y has been sup -

pressed . N06 ee z p f = ÒL . . that is the nomMAim t ion un-

eeztainty for points i , tize V hem is j ust the covariance

matri x umd i n Eq . ( 1) .

2.2 Expectation and var iance from covariance ma-

tztx method

'IE e mi ni m i za i on d Â expm iÊ d b y Eq . ( 4 ) lead s

to t he best esti mates fo r exp ectat i on and var i an ce :

&.

( 5 )

whem v ; is the d actor Þ m m di Ö to vv ¤ FOE- clear -

ness , most of 8ymbol eonventiom and eomplex fommlae of

nØtd x am relegated to the appendix . Here , the key issue

l i es i n the calculation of the inverse matd x . ACCOEd ing to

Fommla ( A . 1) , tO¢ether m th Eqs . ( A .4 ) and ( A .5 ) ,

we fl nail y tmzmforty3 the cal culation invol ving i nverse- ma-

td x into the summaHon of cofact om of the adj oint matri x -

u d om in Eq . ( 5 ) . Not iee

. . .

Vu - Sip ?

Òè

, it em h worked

(84Je?+ ejasZj ) - sd
eè

z a = 2 = » - T »

Ò¬ j Ò¬ j

combining Formula (A .2) and ( A .9) , it m b

out :

A - z¤ - 2 2 ¤ ¤ ( zt - Zj )2 ¤+f i ¤Á2 6167
wizem E is the m idEted awmse deaned u

å = ç ¥/ ù ,

± Ò: is dd M î

¥ = ¥ ¥ £r 61=1/ (ù )

Notice Formulae ( A .6) and ( A . 7) , H cm h

Ò

(6)

ø ,

ZEZJ? 1
zzzd l

£ E ¤

. .

. .

. .

62 2 2j. + z.ef j

¤ . .

¤ ¤ .

($µ
.

.

.

it cm be obtained. . .
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Call r the Mio bem a A. md E, ² m

A. 1
r - E = - z J ¢zd a4¤ õ ) ¤

' + ef - L d

Here the deEMUon d Ô has been adopted to k BEEsfornE the

denomi nator d Eq . ( 7 ) into that d Eq . ( 8 ) . Usi ng

Å ¢ Ô4( as - õ )
4 J ei

r could h h nher wrtttm= 0,idemty

as

1 1 . f Biø Ô)z¤
+ e , ¤ µ : -

e. E W S

r -
-

(zd- EY
61Notice Z XZ( n - 1µ, "

. .

´ rµ = , Ò (9) wbae1+ Ò1¤( n - 1) .

nisi-just¨ ØmtüÒdl
R d . [ 5 ] . I t c m b e m n t h a t i f t h e m m f e w ² u p o i n t s F m m V t b e v a m m d A t m a d -

f '

´ r µ -

-

and nomml im uon error Òf is so smal l that r EE1 . the mo- t

pmbable value of the physical qumzuw equals to the

weid ued average õ : othem se the Eq . ( 9 ) show- a bias

2 0 ,

0,

i t cm be obtained

l ) TK R value mmsure-m nt a BB II h¤¤ been dem bed m R6 . [ 6 .7] . ,ú " ú ú Ø led cd CUI- Zion -bout a ped- -ra R miue eould k found -

ì þ ¢ È :½ Ö ó Î ½ Ä È Û Ô(gsÔ ,
f z z z 1 , z¤ , (11:

1+Ø÷-2 2 Éæ
Ä e t a V - E- e d £ " a d m e e m a d x u

v a 1(· ¯
' ¸ · · )

Ó ø25
- 2 2 ÷ + ´ ½

t h e r e h , ,

t i ¥ + ¥ þ ý ý l
V z - L - ¤ l ' l

D , F B l l® ( ö Ê j

B ei + ej F
61,1 ¤ ¤ (ss¤¤ady

+ a ' - 2 2 2 aZS
- u t J- E W F j

, 1,

Compar i ng Eqs . ( 6 ) and ( 7 ) ÷ × ( 11) and ( 12 ) , the

exactl y same analyti cal results d two methods show thei r

equi valence di rect l y .

3 Exper iment testing

R , the mt io of the hadron pmdtACtion cro- - secUon

via single photon anni hi lation to the loweet OEd er poi nt -
l i ke QED Ì ¤ Ì - croes -ec6 0n e " = 47Ta zf 3 s , is a h zzda-

mental qum Hty in e + i intemCHon . It is calculated in

the qÐ -M ¶ model u R = 3 2 q Ð , where Qq is th

quu t electr ic chazÅh and the summation m ns over all

the pmduced tIavom . Ned ect ing the lowest OMer QCD

correcti on and the electm · ± ak efreet , in the energy m -

P Ø wi thout m y msonances , R is a c£m U ± , whi ch

equal s to 11/ 3 wi thin the mSi on fm m 22 GeV to 37 GeV .

h exped nBent , the EÄ o d R is calcul ated - eeOd i ng
toE)
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( N - N h )
R - " , ( 1 3 )- b ( 1 + 8 ) - 6 ,

where N is the nun² er of mul ti -h- dron- e events detected ,

N H is the esti mated number d backp u md events , L is

the i nteF ated lumi nosi ty , 4( 1 + S ) is the am eptm ce for

the mul ti - hadmnic events ÷ × r- d at ive eEect incl uded

and ( 1 + Ä ) is the radi at ive com eHon factor due Ø hiO -

er order QED proeeè es up to a der t . AH the quanti ti es

on tbe do t side d Eq . ( 13 ) , ü " pt Ò" ' contai n poesi -

ble systemaUc erm m . Accordi ng Ø the erEWE- anal ysis of

the n mt m per d Rd . [ 4 ] , the total systemat ic ermr is

ó 3 % , whem the overal l m rmal im i ton ermM ontd butes

ó 2 .4 % and ó 1. 8 % is due Ø the point-to- poin t er -

m . Ç Ee Eü levm t R values and correspondi ng ermrs am

li sted in Table 1 .
T- bh 1 . v d ue- ror R[¤1. m e er mm qm ted M EM e the

× " ± é » and w ant-ttçpoM syaemauc em m .

£,d. E.. IGeV R value Ene dhR

1 22.Þ 4.11 0. 13

2 25.01 48.Z4 0.29

3 n ." 3.83 0.48

4 29 ." 3.S 0.¤0

5 30.38 3." £. 19

6 3129 3.m 02 8

7 33.89 46.16 0. 10

8 34.m 3." £-m

9 35.01 3., 3 0.10

10 35.45 3." £. 18

11 36.38 1 71 0.21

Fit±'ª ,.he R Aa
XZÔ,² od 3." ² , £-1" '

Mautzmeú,d 3." 464 0.10,,
R¡ £ RZZf R. ¤ - 1.a xm

We a t the avemge R value fmm above exped ment

val ues by two methods , the coneE· te expm¤- ions mad :
Ö2 - 2 (Â 4" - R Y + (f - 1)2
5- 4J (ARa--y e;

x L = 2 ( ¸ - R ) ( VJ M ¸ - R ) ,

À Eem ef is the over-dl efror d nommlimuon factor f ,

which equals t0 2 4 % . h tbe læ equaHon d ove- ma-

tztx V. has the simi lar fom u v m Eq . ( 3 ) , but ÷ ×

the following subetitute

Ú 27íß Ü ï í ë Ë ï í (EEP& NP)

Òa = A RLP' and z a = R;µ ¤

Fig . 1 shows the fl t t ing resul t . m e laa m , d Tab le 1

89ves the rm o d two Etted R values - I Ee d m - t -one m -

tio val ue indi cates the equi valence cleazf y .

~

Fig . 1 . 1Ee R value , errof bars include the 84atis-

ti ed mzd point - to- point sy--ematt errom . 1Ee ,olid

lm repse, ents tbe best 6ned R value , data poinu

taken h m Ref . [ 4 ] .

4 Summary

TWO X2 form have been constm eted to handle com -

lated data Ett ing . Th e equivalence of these two form has

been pmved std ctl y by matrix ealeulaHon , and tested

quanti taHvely by a typteal si mpl ia ed R value measurement

expen ment .

However Eq . ( 9 ) d ows the exi stence d a bias for
two x z fortym , aZEd the devi at ion fmm the weid Eted average

õ may be considerably obviou8 , if the Ôtted points are too

many- or the erm r norm lm u on factor is mther large .

Óh is ki nd d bias d en produces unexpected mSUIts and
must be avoided in actual exped n1eEUL¤-9] . TEemfom it is

essential to develop a x z form which could deal m th cor -

related data Rtti ng wi thout bias . We ì l l d iscuss the issue
in another paper i tO] .

m aFIJu should h g imn Ø PF4 . C . Z . YUGFh who

,, commend th zu Õ I FÛ m ce paper m corn taSion treat -

mens , which becomes she Ø n point qr she ¢ dy qf this pa -

per .
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Appendix: Mat tx Fonmhe

Some nm am mam fennui-e m edk ted M thu appendix, " é ª , know1edee d mam - m Rd . [ 11] .
For a,quze matrix A , iu ô m t m dmzotedu h M detm iamt Ä DAZ | A | - h inVer-e ma ix d A , " -1

d by
- E A

= » - . ( A . l )DA ,

wben A ¤ Ô É e d ç int mam d A , ,§ - e ² meM U deaa ed - 4 . ë Ð m ah o ² £Ä eÕ £± û ondine Ø A.1 . One u, ehal fom ula m -

volviù Aaj azzd A ; is

þJ AqA;

Aeeod i EZg to mau ix properties , i t can k sbmm ² atu s
aBz + S an + 8

¤ .

. .

. .

U t s = 1, then

| ¤" + 1 au + 1
÷ ÷ 4 ¤ |ä +l an- l

| au + 1 ¤.2+ 1
¸ ó a E¤¤HEE- -EEE ó UUEUUÔ, ®, .. . " ' ¤. ¤F ¤'" ' a - FÄ " usb 8b S|

azb t d ä + 8  aA d | I Ñ aJ a d ² Ñ Å - - AJ I l Å l
| E i 1 + µ : » » ? r + 8 ¤ µ : Í } ¤ l H U - a b a ) l . ( A . 5 )
| t ª f z a - a e s ª f ª f { z a - - A J t s 2 ¤ Å } j l f L;4 4 º l

a. b t + S aab2 + 8  ú + 8 |

m erefere - Õ ,£" ' peeml m tztees , " et' " th m u ix e m m Eq . ( A .5 ) . h dO t side d Eq . ( A .4 ) ü n be calcul ated expl ic itl y . No-

6ee the Eq . ( A . 1) , th invee-e d maMx could h h- mud on -ome eÊ @Í . And th i- m the rnathematicaI basis of equivalence proof - For the

¥ ÷ vh {Ü +67 8 Ú÷:¾Ï ¨ ± ,

1) m e emazaon h¤¤ been pm d eeé Ae--ë b, x .H.Mo.

ì µ ¢ È :½Ö ó Î ½ Ä È Û Ô

× ,g u M L Ph" - Re, . . 1996 , BS325© 8- 5´ 3

T,»Eeuehi T ÓÛ . Ä em . Phy- - Sumd . , 1996 . I B z247- 264

MO X H . ZEfIJ Y S. Dtgem¤t XZ Fem ¤ foe Cam Aa ed h u md Ä É

Å £peø e¤. ' ²&m · ed Ø EE P & FW

( ì µ Ý . ì À ú . Ø ª µ ö ² ¦ Ä Ä Ö 12 Î ½ ° ä Ô ô . ß ±

± í ë á " í , ý ¢ Ò )

GRub w -nee- LAr--e AIF bz¤ . Founh Edit»of- - spd Û , v edª New

y od Ine . . 1981E Pekizzg um" Ä " - Adv-need Aë Ebe- - Seeend Ed -

oon . Be4j tª : Adv- eed Eh cauon h batshiÔ ¿£" -e, 1õ 8 . ( m o  -

ne,e)

( ± © ó æ . ß È ú Ï . Ú þ æ . ± © : ß ð ´ ý ö æ ç 1998 . )

s

,

10

12

, can h calcula

2JAJ ; , Ò,DA ¤= 8,.DA, £,

¤,. l

h H S ¤
. .

. .
. .

ñ . 1

¤,. + 8 |

-h + 8 |
, . .

. .

. .

. .

» +Ú

Ú
ê ,

.

.

.

. $2

ê s

ê a

. . .

2 2 4 ¤
. . .

.
.

.

.
.

.

. . .

- 2. + E l

¤.. + 1|
. .

. .
. .

. .

¤. + 1 |

- 2. 1

. 2. l
E ¤

. .

. .

. .

®Ø l

. "

.

.

.

- ES . . .¤ ¤ .

. . . a zz . . .

(AA)
:.

.

.

.
.

.

¤ . . ¤ .. . . .

equaEioa is provedl }
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£,

h fact - the detm mant | V | is jms ¤ ¤pedal fom d that eve@m Eq. ( A5 ) .
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ö Ö!Æ (A.8)

º - à · s z ! (A.9)¦ ,

½ Ö Ö2 Î ½ Ä È Û Ô ¤

ª þ ¢ 1¤2 ì À ú l

1{ Ð ú Æ§ º ß ª ù í Ð ¿ ù ± ÷ 1©" 29)

2( Ð ú ß È Æ§ ¼ õ Ð Ä ± © m mØ )


