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Á� ïÄLoop�êþ��«TodaXÚ L̇ = [L,M ], ÙLax Pair¥�M ´�é¡Ý
, 
L = L++M ,

L+ ´Oþn�Ý
(�¹é�Ü©), y²ù«XÚ�Lax�§�¦)¯K��'��KRiemann-

Hilbert¯K�d. Ud�{, uy3,
A½�Ð�^�eXÚ´�È�. ¿�Ñ¢~¦)ù�¯K,

��
°().

'�c TodaõNåÆXÚ Lax Pair Riemann-Hilbert¯K

1 Úó

õNåÆXÚ�p�^´UüN¯K��n

ØåÆ+��q�9:¯K. Ï�§�ÃX�§�

'!��5Å�DÂ
[1]

!¿��A
[2]

!�fnØ
[3—5]

±9�Ñ��{
[6]

�õ�+��¯K�', ¤±�

Ï±5���nØÔnÆ[ÚêÆ[¤'5, ¿k

Xâ»5�?Ð: �þ��°(�)õNXÚ�u

y, Ù¥Í¶�kTodaó
[7]

, Calogero-Moser�.
[8]

ÚRuijsenaars-Schneider�.
[9].

Toda�.åÐ��ÄõNm�C��p�^, �

5ûË�Úë7�<ïÄ
gC��p�^, ��Ø

ä�í2. 4���q±²;o�ê��µ, é��

é¡Todaó?1ïÄ
[10]

. ¦�3o(�©Toda¬�

LaxÝ
�êÆ5��Ä:þ, 3é¡�LÝ
¥Ú

\�õ��é�Cþ, òToda¬�í2�O�§�p

�^��/, �Ñ°(¦)��{. 
�²;o�ê

�/�', ±Loop�ê�Ä:�õNåÆXÚ�äy

¢¿Â. ù´Ï�±Loop�ê�Ä:�TodanØ�

LaxÝ
Ì­�
[11]

�Seiberg-WittennØ¥o��é

¡5�nØ��ëê¤)¤�ý�­����, l


�·�l�ÈXÚ¥��o��é¡5�nØ��

ëêÚý³Jø
�«�{. Äuù�:, ·��E

Loop�êþ�TodaåÆXÚÒäk­��Ôn¿Â.

�ö3c¡�ó�¥QéLoop�êL (Dr)þä

k�§�p�^�TodaåÆXÚ?1í2, �EÑ

Loop�êL (Dr)�Lax Pair LÚM , �Ñ
ù�X

Ú�$Ä�§, M�î(�9Ñt)Ò
[12]

.

�©�ÑLoop�êþ�,�«TodaXÚ, �½

ÙLax Pair¥�M ´�é¡Ý
, 
L = L+ +M,L+

´Oþn�Ý
 (�)é�Ü©). lÊÏo�êÑ

u, y²
d��Lax�§ L̇ = [L,M ]U
°(¦

), ,�òÙ¦)g´ò��Loop�ê, y²3ù«

XÚ¥�±òLax�§�¦)¯K=z����K

Riemann-Hilbert¯K
[13]

, 3A½�Ð�^�eXÚ

´�È�. ¿é��¢~?1
°(¦).

2 Riemann-Hilbert¯K{0

Riemann-Hilbert¯K�´1900cD.Hilbert3n
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ϕ1(λ)ϕ2(λ) = G(λ), (1)

� detϕ1(λ) 6= 0, detϕ2(λ) 6= 0 �, ù Ò ´ � K

Riemann-Hilbert¯K, {¡�KR-H¯K.

3 ÊÏo�ê�/e��«�ÈToda

XÚ

Äk?ØÊÏo�ê�¹e�Lax�§:

L̇(t) = [L(t),M(t)], (2)

8��{zPÒ, �m t�¼êF (t)Ñ{P�F . Ù¥

L = M +L+, (3)

M ´�é¡Ý
, =MT =−M , L+ ´Oþn�Ý


(é���±�"). XJ (2)ª¥�LÚM ´d (3)ª

�'X�éX�, Ò�±y²ù�XÚ´���È�.

- (2)ª�Ð©^��

L(0) = L0.

c<�ó�¥Q�ÑXe�©):

N = etL0 = an, (4)

Ù¥aT = a−1, n´Oþn�Ý
.

ṄN−1 = L0 = ȧa−1 +aṅn−1a−1, (5)

-

L = a−1L0a, (6)

KLÒ´¯K�). y²Xe, d±þüªk

L = a−1ȧ+ ṅn−1, (7)

�I ´ü Ý
,

aa−1 = I⇒ ȧa−1 +a
d

dt
(a−1) = 0,

K
d

dt
(a−1) =

d

dt
(aT) =−a−1ȧa−1,

qd
d

dt
(aT)a = ȧT(a−1)T =−a−1ȧ,

k

(a−1ȧ)T =−a−1ȧ,

=a−1ȧ�¡. d (6)ª²O���

L̇ = [L,a−1ȧ]. (8)

,��¡, �±y² ṅn−1 ´Oþn��, Ïdd

(7)ªÚ (8)ª��, (7)ª�L�´XÚ�). 3±e

y² (4)ª�©)¯K�±z�k���ê�§�¦

)¯K, �Ò´y²ù�XÚ´���È�. �Ä�

§

NTN = nTaTan = nTn. (9)

þªü>Ñ´é¡Ý
, �´K×K Ý
, KOþn

�Ý
n��k
1

2
K(K +1)��"Ý
�, §�´�

¦)���ê. 
é®�Ý
N , ¦)�§ (9)���

k
1

2
K(K+1)�Õá��ê�§, Ïd�§ (9)k�Ó

���þê8ÚÕá�§�ê8, nØþ�±��©

á�), ��n, ,���a = Nn−1, ¤±ù´���

È¯K.

Ý
N ®�, ´Ï�Ý
L0 ®�, �±òÙé�

z (
é�z�Ú½´�±dk���ê�§�¤

�), L0 = S−1L0S, Ù¥L0 ´é�Ý
, Ò�±��

N :

N = etL0 = etS
−1

L0S = S−1etL0S.

4 Loop�ê�/e�¦)¯K

òc<�þãg�í2�Loop+, �Ä¥%�

"�Loop�ê. éuK×K �Ý
, �±-§��p

(grad)´ÊÏo�ê��p+k×(2K−1), k ´λ��

g, λ´Loop�ê�Ìëê. ~X: K = 3�,








1

0

0









�p�0,









0

0 0

λ 0 0









�p�−2+1×5 = 3.

3Loop�ê�/�±���Ý
� T̃=�, §´

�k�ÊÏ=�,�2é¤kÝ
��λk ←→ λ−k

�C�. X









0 0 λ

0 0

0









T̃

=









0

0 0

λ−1 0 0









.

�kÝ
A, B, gradA = a, gradB = b, Kk±e5�:

1) gradAT̃ =−a,

2) grad(A+B)

{

= a (a = b)

Ã(½�p (a 6= b)
.

3) grad(AB) = a+b.

é���Øäk(½pÝ�Ý
, �^Ó��ª

½Â§�� T̃=�. ù«�¹e��¡Ý
ÚOþn

�Ý
�½Â��Ï~�¹�kØÓ, {0Xe:
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1) � ¡ Ý 
. Loop � ê ¥ � � ¡ Ý 
 � ¦

AT̃ =−A.

2) Oþn�Ý
. �Avk(½�p�, ���

§´Ø´Oþn�Ý
, �±òÙ©)��
k(½

�p�Ý
�Ú:

A = A1 +A2 + · · · ,

¦Ñ§���p:

gradA1 = a1, gradA2 = a2, · · · ,

�¤kai > 0(i = 1,2, · · ·)�, AÒ´Oþn�Ý
. d

d·���Loop�ê¥�Oþn�Ý
´dλ��

g�"�Oþn�Ý
� (�ké��)±9λ��g

�u"�¤kÝ
�|¤�Ý
.

²(
±þ�5�9Vg, 5?ØLoop�ê¥

Lax�§�¦)¯K. �ÄLÚL0 ¥Ñkλ,=Ñ´λ

�¼ê. b�L0 ´dλ±k �õ�ª�Ý
��Ý
.

EÎ-

N = etL0 = an, (10)

Ù¥aT̃ = a−1, n´Loop+�Oþn�Ý
. Ò�±

�ìÊÏo�ê�¹e�íØ, �ÑLax�§

L̇= [L,M ], (11)

�). Ù¥

L = a−1ȧ+ ṅn−1 = M +L+, (12)

L+ ´Oþn��, M T̃ =−M .

u´, Lax�§ (11)ª�Ð�¯KL(0) = L0 �¦

)8(�¦ (10)ª�©).

N T̃N = nT̃n, (13)

detn 6= 0. ò£´Γ ��ü �, dn�¹λ�"Ú�

�g�n3ü �S)Û
�k_. dLoop�êe=

�Ý
�½Â�nT̃ ¹λ�"ÚK�g, Ï
nT̃ 3�

	)Û
�k_. L0 �Ý
��±¹λ��!K!"

�g, §3�þ)Û. N = etL0 �dÝ
L0 �é�z

��, §�3ü �þ)Û
�k_. N T̃ = etL
T̃

0 Ó

n, KN T̃N 3ü �þ)Û
�k_. ù
¯¢J«

·��±^¦)�KR-H¯K��{)Ñn.

3�¯K¥L�Ä±eA::

(1) ¦� (13)ª�)nAT´3Loop�ê¿Âe

�Oþn�Ý
;

(2) ¦� (13)ª�)¥é�m´ëY�©|, â

�±�¤ (7)ª�L;

(3) ù�©|A÷vÐ�^�L(0) = L0.

±eÄk)û1��¯K, ¦)R-H¯K

N T̃N = mn, (14)

Ù¥n3ü �þëYÚ�S)Û¿�3�þÚ�S

k_, 3ù«�/e, nXJ´Loop�ê¿Âe�O

þn�Ý
, Kn−1 �´Oþn�Ý
. m3ü �

þëYÚ�	)Û¿�3�þÚ�	k_. duL0 ´

±λ±k �õ�ª�Ý
��Ý
, N = etL0 3�þ)

Û, ¤±þãR-H¯K´k�U¦)�.

U
©Û, XJkü�ù��), §�k�o'

X. -

N T̃N = m1n1 = m2n2,

B = n1n
−1
2 , B−1 =n2n

−1
1 Ñ�3u�þ9�S. 3�

þ,

m1n1 = m2B
−1n1⇒m1 = m2B

−1,m1B = m2,

�ÄB′ = m−1
1 m2, B′ 3�þ9�	)Û. 3�þ,

B′ = B, Ïd, B′ = B ´~êÝ
. �Ò´, (14)ª�

ü�)����~êÝ
Ïf. ��®²é���),

N T̃N = mn,

(N T̃N)T̃ = N T̃N = nT̃mT̃,
(15)


mT̃ ´dm²ÊÏ=�¿-λk ↔ λ−k 
���Ý


, ÏdmT̃ ´3�S)Û�þëY¿�3�þÚ�

Sk_�Ý
, aq/, nT̃ ´3�	)Û�þëY¿

�3�þÚ�	k_�Ý
, ¤±, nT̃mT̃ �ÑR-H¯

K���). dc¡�©Û, mT̃ = Bn, B �k_~ê

Ý
, �\ (15)ª

N T̃N =nT̃Bn⇒(N T̃N)T̃=N T̃N =nT̃BT̃n=nT̃BTn,

du3�þ, n,nT̃ Ñk_, �BT = B. �±¦�~ê

Ý
b, ¦bTb = B. ù�, k

N T̃N = nT̃bTbn = (bn)T̃(bn),

ù´��R-H©). y3, XJ bn¥λ�"�gÜ©

´Oþn��, Ò�¤
1��¯K, bnÒ´ (13)ª

�)n. �Ò´, I�¦ (13)ª¥n�~êÜ©�Oþ

n��, ùâÎÜLoop+�Oþn��¦. ò (13)ª

¥�nUλ�ØÓ�g©)��X�Ý
�Ú:

n = n0 +λn1 +λ2n2 + · · · .

¤kni ÑØ¹λ, §´λi �XêÝ
(ni ¥� i´þ

I). F"n0 ´Oþn��. XJn0 Ø´Oþn��,

�±^��~êÝ
C éÙ?1“��”. -C ÷v

CTC = 1, Kk

(nT̃CT)(Cn) = nTn,
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�Ò´, �n´ (13)ª�)�, Cn�´ (13)ª�).

éun′ = Cn5`, §�~êÜ©Ò´Cn0,k

((n0)T̃CT)(Cn0) = (n0)Tn0 = D,

� (13)ª)Ñ��, n0 Ò��
. D ®�, �DT = D,

=D ´é¡Ý
, òD ?1pd©),

D = XTX,

�¦X ´Oþn��, ù��§�¦)´���ê¯

K, ¦)¯K3ÊÏo�ê�/®k?Ø, )ÑX Ò

´·����Cn0.

X = Cn0⇒C = X(n0)−1.

n′ = Cn3�þëY�S)Û�3�þÚ�Sk_.

n′ �"�gÜ©=~êÜ©n′0 ´Oþn�Ý
. n′

ÎÜ¤k�¦, �´R-H¯K�), 1��¯K�±

)û. -

a = etL0n′−1, (16)

aT̃a = (n′−1)T̃(etL0)T̃etL0n′−1 =

(n′−1)T̃N T̃Nn′−1 =

(n′−1)T̃n′T̃n′n′−1 = 1 , (17)

��÷v·��¦�), ¤±q�±��÷v�A�

¦�aÝ
.

y3�Ä1��¯K, ÷v�¦�)´Ø´��

Q? �kn1 Ún2 Ñ÷v (13)ª, dþ¤ã, §��d

�~êÝ
B éX: n1 = Bn2, B = n1n
−1
2 . B, nT̃

1 , n1

3�þÑk_, B−1 = n2n
−1
1 . 3ü �þk

nT̃
1 n1 = nT̃

2 BTBn2 = nT̃
2 n2 = N T̃N =⇒BT = B−1,

-

n1 = n0
1 +λn1

1 +λ2n2
1 + · · · ,

n2 = n0
2 +λn1

2 +λ2n2
2 + · · · ,

=n0
1, n0

2 ´Oþn�Ý
. �λ → 0�, n1 → n0
1,

n2→n0
2, Ïd

n0
1 = Bn0

2⇒B = n0
1(n

0
2)

−1,

Oþn��~êÝ
n0
2 �_E´Oþn��, �ü�

Oþn�Ý
�È�´Oþn��. �B ´Oþn�

�~êÝ
. dBT = B−1 kB = BT = B−1 �U´é

���±1�é�Ý
. Ïd, �±¦Ñ (13)ª¥é�

mëY�A�©|, )û1��¯K. d (10)ª:

a = etL0n−1,

d�§:

L̇= [L,M ],

�âc¡��E, k

L(t) = a−1L0a = ne−tL0L0e
tL0n−1 = nL0n

−1. (18)

� t→ 0�, éu���L(0) = L0, ÷v (18)ª�n�

U´n∝ I , qduB ���, n(0)�U´±I . �,n

���kü«�¹, �ù¿ØK�

L = a−1ȧ+ ṅn−1 (19)

���5. Ï�dª�z��Ñ´�� (−1)2 = 1ù�

Ïf, ÏdØC, =L�©)/ª��. ¤±, ��¤

n = n(t), a = a(t)�O���, ���n(0) = a(0) = I

�©| (nÚaÑ´ t�)Û¼ê), Ò�±���¦�

)
. ùÒ)û
1n�¯K.

�d, y²
Loop�êe�Lax�§�¦)¯K

�±^¦)�KR-H¯K��{5)û.

5 ¦)Lax�§���~f

±e, �½Lax�§�Ð�¯K5äN¦). �L

´é¡Ý
�, Uì±þJø�g´, ò��°().

�Ä lax�§

L̇= [L,M ],

�Ð�¯K

L0 = LT̃
0 =

(

0 λ

λ−1 0

)

,

N = etL0 = an,

aT̃ = a−1, n´Oþn�Ý
.

N T̃N = etL
T̃

0 etL0 = e2tL0 = nT̃n, (20)

5)ù��R-H¯K.

ÄkòL0 é�z,

L0 = S−1L0S,

Ù¥é�Ý


L0 =

(

1

−1

)

,

�Ä�8�z, Ý


S−1 =
1√
2

(

1 −λ

λ−1 1

)

,

S =
1√
2

(

1 λ

−λ−1 1

)

,
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G = N T̃N = S−1e2tL0S =

(

ch(2t) λsh(2t)

λ−1sh(2t) ch(2t)

)

.

G = GT̃ ´é�Ý
. �Oþn�Ý


n =

(

n0
11 +λn1

11 n0
12 +λn1

12

λn1
21 n0

22 +λn1
22

)

,

K

F = nT̃n =

(

F11 F12

F21 F22

)

,

Ù¥

F11 = (n0
11)

2 +(n1
11)

2 +(n1
21)

2 +λ−1n1
11n

0
11 +λn1

11n
0
11,

F12 = n0
11n

0
12 +n1

11n
1
12 +n1

21n
1
22 +

λ−1(n1
11n

0
12 +n1

21n
0
22)+λn0

11n
1
12,

F21 = n0
11n

0
12 +n1

11n
1
12 +n1

21n
1
22 +

λ−1n0
11n

1
12 +λ(n1

11n
0
12 +n1

21n
0
22),

F22 = (n0
12)

2 +(n1
12)

2 +(n0
22)

2 +(n1
22)

2 +

λ−1(n1
12n

0
12 +n1

22n
0
22)+λ(n1

12n
0
12 +n1

22n
0
22).

d (20)ªk, G = F , K§��éAÝ
�A�

�, du (20)ª�Òü>Ñ´é¡Ý
, ¤±·��

�ÄOþn��Ý
�, ��±e�Ô��§|:

(n0
11)

2 +(n1
11)

2 +(n1
21)

2 = ch(2t), (21)

n1
11n

0
11 = 0, (22)

n0
11n

0
12 +n1

11n
1
12 +n1

21n
1
22 = 0, (23)

n1
11n

0
12 +n1

21n
0
22 = 0, (24)

n0
11n

1
12 = sh(2t), (25)

(n0
12)

2 +(n1
12)

2 +(n0
22)

2 +(n1
22)

2 = ch(2t), (26)

n1
12n

0
12 +n1

22n
0
22 = 0. (27)

¦)TÔ��§|�

n0
11 = [ch(2t)]

1

2 , n1
12 =

sh(2t)

[ch(2t)]
1

2

, n0
22 = [ch(2t)]−

1

2 ,

n1
11 = n1

21 = n1
22 = n0

12 = 0.

dd��ÑÝ
n:

n =







[ch(2t)]
1

2 λ
sh(2t)

[ch(2t)]
1

2

0 [ch(2t)]−
1

2






, detn = 1.

dN = an⇒ a = Nn−1 �

a =
1

[ch(2t)]
1

2





ch(t) −λsh(t)

λ−1sh(t) ch(t)



 , deta = 1.

L = a−1L0a =
1

ch(2t)





sh(2t) λ

λ−1 −sh(2t)



= LT̃.

�d, ¦�
Loop�êeLax�§�°(). �

âc¡�g´, Ý


M = a−1ȧ =
1

ch(2t)

(

0 −λ

λ−1 0

)

,

²O��, ¤¦��L, M ÷vLax�§ L̇ = [L,M ].

Uìù�~f�g´, �±�E�
U°(¦)�

Loop�êþ�TodaXÚ�Ð�¯K.

6 (Ø

�©éLoop�êþToda�.�Lax pair¥�M

�Ñ��(=÷v (3)ª), y²ù��Lax�§¦)¯

K�=z��'��KR-H¯K. �±^¦)�K

R-H¯K��{¦)�½�Ð�¯Ke�Lax�§.

�©�g´�±^5)L0 ¥¹λ±k ù�a�'�,


Ð�¯K. 8���±?�Ú�Ä, �3Loop�ê

)¤��é´'X¥V\¥%��, ´ÄUí2.
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Study of Solving a Toda Dynamic System with Loop Algebra
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1 (Institute of Science, Shaanxi University of Science & Technology, Xianyang 712081, China)

2 (Department of Physics, Northwest University, Xi’an 710069, China)

3 (Institute of Modern Physics, Northwest University, Xi’an 710069, China)
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Abstract In this paper, we construct a Toda system with Loop algebra, and prove that the Lax equation L̇ =[L,M ] can

be solved by means of solving a regular Riemann-Hilbert problem. In our system, M in Lax pair is an antisymmetrical

matrix, while L = L+ +M , and L+ is a quasi-upper triangular matrix of loop algebra. In order to check our result, we

exactly solve a R-H problem under a given initial condition as an example.

Key words Toda many body mechanics system, Lax Pair, regular Riemann-Hilbert problem
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