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Three dimensional parametrization of electromagnetic
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Abstract We develop an empirical formula to parameterize the 3-dimension (3D) distribution of electromag-

netic showers in the Alpha Magnetic Spectrometer / electromagnetic calorimeter(ECAL). The formula was

verified by ECAL test beam data in 2002 and found to perform well. The distribution of electron showers in

the ECAL are well described by the formula, which has parameters that allow one to determine the 3D shape

of electromagnetic showers in the ECAL. We use this formula to correct for lateral energy leakage and dead

channels in the ECAL; good results are obtained.
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1 Introduction

The Alpha Magnetic Spectrometer / is a large

acceptance particle physics detector designed to be

placed and operated on the International Space

Station (ISS)[1]. The Electromagnetic Calorimeter

(ECAL) of the Alpha Magnetic Spectrometer / ex-

periment is a fine grained lead-scintillating fiber sam-

pling calorimeter, which allows precise 3-D imaging

of the longitudinal and lateral shower development,

providing high e/h discrimination and good energy

resolution[2, 3].

The average longitudinal profile of electromag-

netic showers can be well described by the Γ -

function[4], and the average lateral shape has been

examined by many authors[5—9]. But these are all

2 dimensional descriptions. We developed a formula

which well describes the 3-dimensional distribution of

electromagnetic showers. This formula is verified by

the electron test beam data in 2002; the performance

of the formula is satisfactory.

In this paper, the ECAL and its 2002 beam

test are described in section 2. An empirical 3D-

parameterized formula for ECAL electromagnetic

showers and the verification of this formula are de-

scribed in section 3. In section 4, two applications

of the parameterized formula including corrections

of energy leakage and dead channels are given. The

work is summarized in section 5.

2 ECAL and test beam

The ECAL calorimeter is a sampling detector with

a lead-scintillating fibers sandwiched structure, it has

an active area of 648 mm×648 mm and a thickness

of 165 mm, corresponding to ∼16 radiation lengths

X0. The calorimeter consists of 9 superlayers with 4

superlayers in x the direction and 5 in the y direc-

tion, as shown in Fig. 1(a). Fibers are oriented in

the x and y direction, and the signal are read out by

photomultipliers (PMT). Each photomultiplier has a

cathodic effective area of 18 mm×18 mm subdivided

into four square regions of equal area (2×2 pixels), the

resulting granularity is, therefore, 9 mm×9 mm; each

superlayer is divided into 2 layers. There are a total

of 18 depth layers (10 in y and 8 in x direction). As

shown in Fig. 1(b), the region covered by one of the

four PMT windows is called a cell, the size of one cell

corresponds to ∼0.5 Rm (Molliere radius) both in the
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x and the y directions. A more detailed description

of the ECAL can be found in Refs. [2,3] etc.

Fig. 1. Structure of Alpha Magnetic Spectrom-
eter / ECAL. (a) The superlayer assembly;
(b) the structure of a portion of a superlayer
with one PMT.

In July 2002, an engineering model of the ECAL

was tested in the CERN SPS H6 beam line using

beams of µ, 120 GeV p/p, and 3 to 180 GeV e−. The

electron energy values were 3, 6, 10, 15, 20, 30, 35, 50,

80, 120, 150 and 180 GeV. The calorimeter was par-

tially equipped with 7 PMTs per layer, corresponding

to 14 cells, in a 126 mm×126 mm corner. As shown

in Fig. 2, the dark region in the left of Fig. 2 is the

region where the test beam impinged on the calorime-

ter, the z axis is taken as the beam direction. The

right part in Fig. 2 is an enlarged view of the test

region with cells numbered from 0 to 13 both in the

x and y directions; the 2 dark regions are used for

the verification of our empirical formula. A detailed

description and the results of this beam test can be

found in Refs. [10—14].

Fig. 2. Schematic view of the test beam setup.

3 3D-parametrization of electromag-

netic shower

3.1 Longitudinal shape of electromagnetic

shower

The mean longitudinal profile of the energy depo-

sition in an electromagnetic cascade is well described

by a Γ -function[15]:

dE

dt
= E0b

(bt)a−1e−bt

Γ (a)
, (1)

where the shower depth t is measured in units of ra-

diation lengths X0. E0, a and b are parameters to be

fitted. E0 equals the incident energy. Parameters a

and b are dependent on the atomic number Z of the

absorber and the incident beam energy.

3.2 Lateral shape of electromagnetic shower

The lateral profile of an electromagnetic shower

can be described by the function[8]:

f(r) =
2rR2

(r2 +R2)2
, (2)

where R is a phenomenological function of x/X0 and

lnE. Other formulae including the sum of two Gaus-

sians etc.[5—7] have also been studied. But none of

them is three dimensional.

3.3 Empirical formula of lateral shower shape

in a layer

We propose empirical formula to describe the lat-

eral shower shape in the ECAL :

d2E

dxdy

∣

∣

∣

∣

layer

=
3

π
•

Elayer
•R2

layer

(r+Rlayer)4
,

r =
√

(x−xc)2 +(y−yc)2 , (3)

where Elayer, Rlayer, xc and yc are parameters to be

fitted layer-by-layer. Elayer represents the fitted result

for the energy deposit in that layer. xc and yc repre-

sent the shower’s center of gravity in the layer, and

are in unit of cell (1 cell = 9.25 mm, corresponding

to about 0.5 Rm).

3.4 Verification and parameters determina-

tion

Electron runs with incident energies ranging from

3 to 180 GeV were used to verify the formula. To

avoid lateral leakage, only runs with the beam inci-

dent in the center of the test region (the black cells

of the right part in Fig. 2) are used.

A χ2 minimization fit is done using the

MINUIT[16] minimization package. The fit minimizes

χ2 given by

χ2 =
13

∑

cell=0

(Efitted
cell −Edeposited

cell )2 , (4)

where Efitted
cell is the expected energy of the ith cell as

predicted by formula 3 and Edeposited
cell is the energy

deposited in that cell. Simpson’s integration formula

is used to calculate the deposited energy in each cell.

Some typical results from the fit are shown in

Fig. 3. Here Eaverage designates the average energy

deposit in each cell over the entire sample of selected

events at a given beam energy. The fitted results

agree well with the test beam data for the center cells,

but small excesses are seen for cells that far from the

shower’s center of gravity.
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Fig. 3. Fit results for the energy in the (a) the 9th layer of 50 GeV; (b) the 15th layer of 50 GeV; (c) the 9th
layer 120 GeV; (d) the 15th layer of 120 GeV.

Figure 4(a) shows the comparison of the fitted and

original deposited energy in the 9th layer of 120 GeV

electron beams. When the energy deposited in the

cells far away the center of gravity is small, the ex-

cesses in Fig. 3 have little effect. The fitted energies

for all layers are consistent with the deposited energy

as shown in Fig. 4(b); the solid line in Fig. 4(b) is the

result of a Γ -function fit.

Fig. 4. (a) comparison of the fitted and original
deposited energy in the 9th layer; (b) fitting
energy and deposited energy in all 18 layers.

The distribution of the fitted results for of Rlayer

for the 8th layer in the case of 120 GeV electrons is

shown in Fig. 5(a); it is well described by a Gaussian

function.

Fig. 5. (a) Distribution of Rlayer on the 8th
layer for 120 GeV electrons; (b) Rlayer vari-
ation with the layer number for 120 GeV elec-
trons.

The mean value of Rlayer can be written as a func-
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tion of layer number as following:

Rlayer = A× l2 +B , (5)

for all beam energies,where l represents the layer

number, and A & B are the parameters determined

from the fit. Fig. 5(b) shows the variation with layer

number of the mean value of Rlayer for 120 GeV elec-

trons. The error bar represents the sigma from Gaus-

sian fitting of Rlayer on each layer. The sigmas of the

fitted Gaussians for the first two layers are a little

larger because of fluctuations in the shower’s starting

point.

Parameter A can be described as a function of the

beam energy Fig. 6(a):

A = p0× log(Ebeam)+p1 , (6)

where Ebeam represents the energy of the incident

electron beams, and p0 & p1 are the parameters that

are determined from the fit. The fitting value of p0

and p1 is (−6.90±1.66)×10−4 and (6.60±0.74)×10−3,

respectively. Parameter B is a constant Fig. 6(b):

B = 0.176±0.012 . (7)

Fig. 6. Variation of parameters A (a) and B (b)
with different beam energies.

4 Application

The energy deposited by electrons and photons

in each layer can be predicted by Formula 1 and the

energy deposited in all cells of a layer by Formula

3. With these Formulae, corrections for leakage and

dead channels correction can be accomplished as de-

scribed below.

4.1 Leakage correction

Longitudinal leakage can be corrected using For-

mula 1 and the lateral leakage using Formula 3. It

is too complex to correct when there is lateral leak-

age in both the x and the y directions, so only data

samples with lateral leakage in one direction are con-

sidered in this analysis. In order to show the sig-

nificance of the lateral leakage correction, we choose

events with the center of gravity of the deposited en-

ergy close to the edge, but not right at edge to ensure

the main part of the electromagnetic shower is still

contained in ECAL. Fig. 7 shows the fitted results for

energy deposited in the 8th layer and the 16th layer

for 120 GeV electrons, when there is lateral leakage

only in x direction .

Fig. 7. Fitted results for energy in (a) the 8th
layer and (b) the 16th layer for 120 GeV elec-
trons.

Fig. 8. Reconstructed electron energies from
the Γ -function fit after the correction for lat-
eral leakage using the empirical formula.
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After the correction for lateral leakage, Formula

1 is used to correct for the longitudinal leakage. The

fitted result is shown in Fig. 8, where the dot-dash

line represents the deposited energy, the dashed line

represents the total energy after the correction for the

lateral leakage, and the solid line represents the recon-

structed energy after the longitudinal energy leakage

correction.

4.2 Dead channel correction

There were no dead channels during the beam

test, so the outputs of some channels are artificially

set to 0 in order to check whether it’s possible to cor-

rect for dead channels using the empirical formula.

Fig. 9. Dead channel comppensation. (a) The
output of cell 8 is set to zero and the lost en-
ergy is regained after the fit; (b) The perfor-
mance of the energy correction based on the
empirical formula.

The cells number with the largest energy deposit in

the sample of 120 GeV electron events used in the

analysis is 8 in the y direction and 6 in the x direc-

tion. The readout at the cell of the center of gravity

is set to zero and the empirical formula is used to

fit the distribution of energy layer by layer. The lost

energy caused by the mimicked dead channels is cor-

rected as shown in Fig. 9(a), which shows the case

for layer 14 after fitting; the lost energy is regained

(dark region). The ratio of the difference between the

fitted energy and the deposited energy to the original

deposited energy ((Efitted − Edeposited)/Edeposited) is

shown in Fig. 9(b); the fitted energy agrees well with

the measured deposited energy in this cell, but a long

tail appears on the left side where the MINUIT fit

gives a poor result.

5 Summary

An empirical formula is developed using Alpha

Magnetic Spectrometer / ECAL test beam data.

This formula can be described as follows:

d2E

dxdy

∣

∣

∣

∣

layer

=
3

π
•

Elayer
•R2

layer

(r+Rlayer)4
,

r =
√

(x−xc)2 +(y−yc)2 .

Here Elayer is the energy deposit in a layer, which

is described by the Γ -function. The parameter Rlayer

can be written as the function of layer number

Rlayer = A× l2 +B. Parameter A is a function of the

incident beam energy: A = p0×log(Ebeam)+p1, where

p0 = (−6.90±1.66)×10−4, p1 = (6.60±0.74)×10−3.

Parameter B is a constant B = 0.176±0.012.

Using these formulae, the longitudinal and lateral

energy leakage as well as energy leakage from dead

channels can be corrected for quite well.

The 3D-parameterized formula for the electro-

magnetic shower is the combination of formula 1 and

3. The 3D parametrization presented here might

be used in fast Monte Carlo simulations in order to

save the CPU time spent in the full simulation with

GEANT4. Further studies are still needed to com-

plete the implementation of this type of fast simula-

tion.
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