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Model-independent constraints on spin observables
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Abstract We discuss model-independent constraints on spin observables in exclusive and inclusive reactions,

with special attention to the case of photoproduction.
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1 Introduction

The role of spin observables[1—3] hardly needs to

be motivated, especially in front of this audience of

the NSTAR conference. The problem is to find a good

compromise between spin experts, who would like to

measure everything, and spin skeptics, who are reluc-

tant to support the developments of polarized beams

and targets.

The question has been often raised in the litera-

ture of the minimal set of observables that is required

to reconstruct all the amplitudes of a reaction, up to

an overall phase. Our approach is more empirical:

given the data obtained from a first run of measure-

ments, how much uncertainty is left for the remain-

ing observables, and which new observable will better

discriminate among different options?

In more technical words, any spin observable such

as polarisation or spin transfer is typically normalised

to vary in [−1,+1]. However a set of n observables

{Oi} is often limited to a small fraction of the hyper-

cube [−1,+1]n. This means that if a few observables

are already known, any further observable is proba-

bly constrained into an interval much smaller than

[−1,+1]. It is not necessary to measure an observ-

able that is already much limited, except for cross

checking. It is preferable to focus on observables that

provide really new information.

These constraints are expressed by identities or

inequalities relating various observables, which are

consequence of positivity. An interesting aspect, that

will not be covered her due to the lack of time, is

whether the constraint is classical, or requires a quan-

tum treatment of the spin configurations.

This contribution will be organized as follows. In

Sec. 2, we treat as a preamble the case of pion–nucleon

elastic scattering, and of the strangeness-exchange re-

action p̄p→ΛΛ, and then discuss the case of the pho-

toproduction of pseudoscalar mesons, in the light of

recent measurements. We briefly present in Sec. 3,

some results dealing with inclusive reactions. A sur-

vey of the methods is given in Sec. 4. Section 5 is

devoted to some conclusions.

2 Exclusive reactions

2.1 Spin-0–spin-1/2 elastic scattering

In the case of πN elastic scattering, there are three

independent observables, which can be chosen as the

polarisation Pn (which coincides with the analysing

power) and the spin-rotation parameters A and R.

They are submitted to the well-known identity

P 2
n +A2 +R2 = 1 . (1)

This means for instance that if |Pn| is large, both A

and R should be small. Independent measurements

of these three observables indicate that the identity

is well satisfied, within error bars, as seen in Fig. 1.

Clearly from the above identity one can derive disk
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constraints such a A2+P 2
n 6 1 for each pair of observ-

ables.

R

A

P
n

Fig. 1. Spin observables for π
−p elastic scat-

tering at 0.573 and 0.685 GeV/c, compared to

the unit sphere. For the data, see Ref. [4] and

Refs. there.

In other exclusive reactions, such disk constraints

O2
1 +O2

2 + · · · 6 1 are often encountered. An expla-

nation is that the operators (of which the spin ob-

servables are the expectation values) anticommute[4].

More exotic shapes are found in other reactions.

2.2 p̄p→ΛΛ

This reaction has been extensively studied by the

PS185 collaboration at the LEAR facility of CERN.

Thanks to their weak decays, the polarisation of both

Λ and Λ spins can be measured. Interesting results

came from a first set of runs, indicating a striking

correlation between the two spins in the final state.

In particular, the spin-singlet state is very much sup-

pressed as compared to the triplet.

This motivated a number of theoretical studies.

Unfortunately both models à la Yukawa, with K, K∗

exchanges and quark-based models with qq̄ annihi-

lation and ss̄ creation were able to reproduce quite

well the most saillant feature of these early data: the

spin-singlet fraction is compatible with zero, i.e., the

reaction occurs in a spin-triplet state. It was then

decided to measure the reaction with a transversely-

polarised target and to focus on Dnn and Knn which

measure how the transverse polarisation of the proton

is modified in the Λ or transferred to the Λ. It was

estimated that the two above classes of models give

drastically different predictions for these observables,

one with Dnn > 0 and another with Dnn < 0. A third

mechanism was also suggested, where the ss̄ pair, in-

stead of being created out of the vacuum, is extracted

from the polarised sea of the nucleon or antinucleon.

When the data of Dnn eventually came, it was dis-

appointing to get an almost vanishing value, making

it difficult to distinguish among models. We now re-

alise that this Dnn ' 0 could have been anticipated

from a more careful analysis of the data obtained

without target polarisation. There are in particular

model-independent inequalities

D2
nn +C2

mm 6 1 , D2
nn +C2

ll 6 1 , (2)

which indicate that at energies and angles where

|Cmm| or |Cll| is large, Dnn should be small. Here, Cij

is the spin correlation in the final state, for the longi-

tudinal (l) or sideways (m) directions in the scattering

plane.

Anyhow, the possibility of measuring many differ-

ent spin observables for the same reactions motivated

further studies on the systematic of the identities and

inequalities, which are summarised in Ref. [4]. In par-

ticular, the domain allowed for triples of observables

was considered. Among the results, one could notice

1) There are cases where for three observables,

none of the pairs is constrained ( i.e., the whole square

[−1,+1]2 is allowed, but the triple is severely re-

stricted, for instance inside a tetrahedron whose vol-

ume is only 1/3 of the cube [−1,+1]3. See Figs. 2 and

3.

2) Exotic shapes are found for the limiting domain

(see Fig. 2), such as the “coffee filter” of Fig. 3.

2.3 Photoproduction

The study has been extended to photoproduction

of mesons, such as

γ +p→Λ+K , (3)

for which many new data have been taken recently.

There is a considerable literature on this reaction.

Many identities and inequalities among observables

have been written down. But the aim was mostly

to determine which minimal set of observables is re-

quired for a full reconstruction of the amplitudes, up

to an overall phases.

The point of view here is slightly different: given

one or two spin observables, what is the domain left

for the other observables? The analysis indicates in

particular:[5]

1) The same limiting shapes as for p̄p → ΛΛ are

observed. In particular, for the three observables of

rank 1, the analysing power A, the hyperon polari-

sation P and the beam asymmetry Σ, there is the

same tetrahedron constraint as above. This means
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that all pairs such as {A,P} are unconstrained, but

the allowed domain for the triple is only 1/3 of the

cube.

2) As for p̄p → ΛΛ, any triple of observables is

correlated: if one knows two of them, any third one

is constrained.

3) Some of the identities or inequalities among ob-

servables have been tested recently[6]. It was found

that the latest CLAS and GRAAL measurements are

compatible.

To be more specific, let us denote Oi the transfer

from an oblique polarisation of the photon to the po-

larisation of the recoil baryon, and Ci the analogue

for a circular polarisation. The index i refers to the

component in a frame {x̂, ŷ, ẑ} attached to each par-

ticle, ŷ being normal to the scattering plane, and ẑ

along the momentum in the centre-of-mass frame.

Fig. 2. Some allowed domains encountered in simulating randomly three observables: the unit sphere (a), the

intersection of three orthogonal cylinders of unit radius (b), the intersection of two cylinders (c), or a slightly

smaller double cone (d), a cylinder (e), a cone (f), a pyramid (g), a tetrahedron (h), an octahedron (i), a

“coffee filter” (j), an inverted tent (k), and the intersection of two cylinders and a dihedral (l). For clarity,

part of the limiting surface is sometimes removed.
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Fig. 3. The domain for {Pn,An,Dnn} (top) and

{Pn,Cmm,Cnn} (bottom). The dots corre-

spond to randomly-generated fictitious ampli-

tudes which are used to revel the domain be-

fore its boundary is rigorously established.

Examples of disk inequalities for pairs are:

Σ2 +O2
x 6 1 ,

Σ2 +O2
z 6 1 ,

O2
x +O2

z 6 1 .

(4)

If one now considers these three observables together,

it is found that

Σ2 +O2
x +O2

z 6 1 . (5)

This situation is, however, not automatic for three

observables with a disk constraint on each pair. For

p̄p→ΛΛ, we have cases where the domain is the in-

tersection of the three orthogoanl cylinders, which is

slightly wider than the unit sphere, see Fig. 2(b).

Other triples for which an unit sphere is found as

boundary are:

P 2 +C2
x +C2

z 6 1 ,

P 2 +O2
x +O2

z 6 1 ,

P 2 +C2
x +O2

x 6 1 ,

P 2 +C2
z +O2

z 6 1 ,

Σ2 +C2
x +C2

z 6 1 ,

Σ2 +C2
x +O2

x 6 1 ,

Σ2 +C2
z +O2

z 6 1 .

(6)

3 Inclusive reactions

Inequalities can also be derived for the inclu-

sive reactions, when the initial-state particles are po-

larised, and the spin of the identified final particle is

measured.

For a + b → anything, the helicity ∆σL and

transversity ∆σT asymmetries of the total cross sec-

tion σtot satisfy

|∆σT|6 σtot +∆σL/2 , (7)

this giving the domain depicted in Fig. 4.

Fig. 4. Domain allowed for ∆σL and ∆σT.

For a+b→ c+X , the simplest observables are the

target asymmetry AN, the polarisation PΛ (the nota-

tion is inspired from the case where c = Λ as in the

experiment E-704 at Fermilab, but the result is more

general) and depolarisation DNN. They are submitted

to the same tetrahedron constraint as encountered in

exclusive reactions. See Fig. 5.

Many results deal with the structure functions,

the generalised parton distributions and their evolu-

tion. In particular, the Soffer inequality

q(x)+∆q(x) > 2|δq(x)| , (8)

which relates the helicity asymmetry ∆q and the

transversity asymmetry δq is very similar to (7)

and gives a triangular domain identical to Fig. 4,

with the substitution ∆σL/(2σtot) → ∆q/q and

∆TσT/(2σtot)→ δq/q.
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Fig. 5. Allowed domain for A, PΛ and DNN.

4 Methods

For a given set of amplitudes a1, a2, . . . , the ob-

servables are given by bilinear combinations. For in-

stance, in the case of photoproduction

I0 = |a1|
2 + |a2|

2 + |a3|
2 + |a4|

2 ,

I0A = |a1|
2−|a2|

2−|a3|
2 + |a4|

2

I0Σ = |a1|
2 + |a2|

2−|a3|
2−|a4|

2 ,

I0P = |a1|
2−|a2|

2 + |a3|
2−|a4|

2

I0Cx =−2=m(a1a
∗

4−a2a
∗

3) ,

I0Cz = 2<e(a1a
∗

4 +a2a
∗

3) ,

I0Ox =−2<e(a1a
∗

4−a2a
∗

3) ,

I0Oz =−2=m(a1a
∗

4 +a2a
∗

3) .

(9)

In principle, the identities and inequalities among

observables are deduced by a mere algebraic manipu-

lation of these expressions. However, such a strategy

is not very easy in practice, and hides a number of

features. In particular, the relations are independent

of the choice of the set {ai}, invariant amplitudes,

helicity or transversity amplitudes (though the latter

often turns out the easiest to handle).

Some constraints are just given by common sense

and are purely classical. For instance, the sum of

squared projections of a polarisation vector cannot

exceed unity. As mentioned above, anticommutation

relations among operators (of which the observables

are the expectation values) lead to spherical con-

straints X2 +Y 2 + · · ·6 1.

There are many symmetries among observables,

which are deduced the ones from the others by ro-

tation, crossing symmetry, exchange of particles, etc.

Hence only a few basic identities and inequalities need

to be established.

The most general method, which is very power-

ful, consists in writing down the density matrix of a

reaction, say A + B → C + D + · · · (the ellipses de-

notes spinless particles or particles whose spin is not

measured), rewritten as A+B+C+D → ··· , and to

express that this matrix is definite positive. However,

this usually involves many observables, and some pro-

jection is required to isolate relations among two or

three given observables[4].

For a preliminary investigation, to detect which

pairs and triples are submitted to constraints, it is

possible to device an empirical search, which turns

out powerful: fictitious amplitudes are randomly gen-

erated, and the corresponding amplitudes are plotted

the one vs. the other. See, e.g., Fig. 3. Once the con-

tours revealed, it can be attempted to demonstrate

rigorously the corresponding inequalities.

5 Outlook

The progress made on the measurement of spin

observables stimulated revisiting the art of the po-

larisation domain, initiated many years ago by Don-

cel, Minnaert, Michel, and others. Powerful methods

have been developed, in particular to exploit the pos-

itivity of the density matrix in any crossed channel.

Several inequalities are exploring the quantum do-

main, i.e., go beyond the classical inequalities one gets

simply by expressing that the outgoing flux is posi-

tive for any given configuration of spins. This means

that any hadronic reaction does not escape being a

quantum process where a spin state, separable or en-

tangled, undergoes a quantum process and hence is

submitted to the rules of transmission of quantum in-

formation, in particular these governing the violation

of Bell inequalities.

Spin physics has certainly a rich future, in a va-

riety of energy ranges. In the past, the possibility of

measuring the nucleon–nucleon scattering with po-
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larised beam and target enabled one to reconstruct

the amplitudes (to an overall phase) and to test

the mechanism of nuclear forces. The polarisation

measurements on pion–nucleon scattering opened the

field of baryon resonances which is the topics of this

conference. Thanks to polarisation, some measure-

ments at SLC have challenged those of LEP. To-

day, the possibility of proton–proton scattering with

both beams polarised give unique opportunities to

the Brookhaven experiments. On the contrary, after

more than 10 years of data taking at LEAR, ambigui-

ties remain in the low-energy antinucleon–nucleon in-

teraction, due to cuts in the spin-physics programme.

Dramatic progress has been achieved in the tech-

niques of polarised targets, which are now more stable

and more easily implemented into the detectors. The

next challenge is to build new polarised beams. There

are serious studies and frequent meetings about the

possibility of polarising positron beams. See, e.g., the

proceedings of the recent “Posipol” workshops[7, 8].

Many mechanisms have been proposed to polarise

antiprotons, years ago when it was believed that

this physics could be developed at CERN, and more

recently[9] in view of performing experiments at

FAIR: filtering of polarisation states by a polarised

target, transfer of polarisation from a companion

beam, etc. There are often controversies, and for the

processes based on the nucleon–antinucleon interac-

tion, data on the relevant observables are lacking.

It might be reminded, however, that one can very

likely produce polarised antineutrons by shooting an

antiproton beam on a longitudinally polarised proton

target[10, 11].

J.M.R. would like to thank the organisers for this

beautiful and stimulating conference.
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