CPC(HEP & NP), 2009, 33(9): 759—763

Chinese Physics C

Vol. 33, No. 9, Sep., 2009

Influence of angular momentum in axially symmetric

potentials with octupole deformation”

JIN Hua(43%)10)

SUN Zhen-Wu(#MEi)?

ZHENG Ren-Rong(H{~%¢)%2

1 (Institute of Applied Sciences, Shanghai Dianji University, Shanghai 200240, China)
2 (Department of Physics, Shanghai Normal University, Shanghai 200234, China)

Abstract The chaotic classical single-particle motion in an oblate octupole deformed potential with a non-

zero z-component of angular momentum L, is investigated. The stability analysis of the trajectories shows

that with increasing rotation of the system, the unstable negative curvature regions of the effective potential

surface decrease, which converts the chaotic motion of the system into a regular one.
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1 Introduction

The analysis of classical dynamics is an effective
way to explain the origin of chaos in the correspond-
ing quantum systems. Single-particle motion under
different axially symmetric potentials has been dis-
cussed from the classical point of view demonstrating
that the deformation of the potentials could be a pos-
sible source of irregularities in atomic nuclei® *. W.
D. Heiss et al.” found that in oblate axially symmet-
ric potentials with octupole deformation the classi-
cal single-particle motions have a higher tendency to
become chaotic than in prolate potentials. Gu Jian-
Zhong et al. studied the classical dynamic behaviour
of a nucleon in heavy nuclei within the framework
of the two-center shell model. He found that classi-
cal chaotic motion occurs even for prolate nuclei with
shapes having a pronounced octupole-like deforma-
tion and a considerable neck®. The stability of such
axially symmetric systems can be determined by the
Gaussian curvature of the potential surfaces™ ® 7.
The appearance of a negative curvature is treated as
a criterion for the chaotic motion of these systems.

Recently, P. Cejnar et al.® * investigated classical
chaos from the collective vibrations and rotations of
atomic nuclei within the geometric collective model.
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They found that rotations could influence the classi-
cal motion of the system. Depending on the values
of the control parameters in the model, they demon-
strated a tendency for overall suppression or enhance-
ment of chaos with angular momentum!®. Their re-
search displayed a rich picture of chaos caused by
nuclear collective motions. As the z-component of
angular momentum L, is constant for systems with
axially symmetric deformed potentials, which is sim-
ilar to the geometric collective model, we are able
to study the single-particle motion in multipole de-
formed potentials with non-zero L,.

In Ref. [6] the single-particle’s chaotic motions
were systematically investigated in an axially sym-
metric octupole deformed potential with angular mo-
mentum L., = 0. In this paper non-zero angular
momentum is considered. The text is organized as
follows: In Sect. 2 we investigate the characteristics
of the effective potential for the octupole deforma-
tion with non-zero L.. In Sect. 3 the stability analy-
sis of trajectories is discussed by the criterion of the
Gaussian curvature of the effective potential surfaces.
The numerical results of the Poincaré sections and
the maximum Lyapunov exponent for the trajecto-
ries are also given in this section. Sect. 4 gives our
conclusion.
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2 Effective potential for the octupole
deformation with non-zero L,

Using cylindrical coordinates,(r, z, ¢), the single-
particle Hamiltonian in the axially symmetric oc-
tupole deformed potential can be written as:
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where we put the mass equal to unity and r =
V22442 in the Cartesian coordinates. The momenta
are given by p, = 7 and p, = 2. L, = r?¢ is the
z-component of angular momentum which is con-
served due to the axial symmetry. In the potential
V(r,z)® %, X measures the strength of the octupole
If A\ =0, V is the harmonic oscilla-
tor potential, where the parameter b describes the
quadrupole deformation which is prolate for b > 1
and oblate for b < 1. A has the critical value \. for
a given quadrupole deformation. If A > \., the parti-
cle’s motion is not restricted by the potential.

When dealing with L, # 0 in axially symmetric
systems one introduces the effective potential® U =
V+L?/2r% Then the energy F =p?/2+p?/2+U and
the particle’s motion takes place in a four-dimensional
phase space (r, p,, z, p.) which can be reduced to
a three-dimensional one due to energy conservation.
Considering that the sign of L, does not change the
value of the effective potential, we only discuss the
case L, >0 in the text.

In Eq. (1), the effective potential U takes the form

deformation.

1 22 2283212
U=-(r+S+ 30— | +L3/2r". (2
2(r+b2+ m)—i— 2/2r (2)
Let r = Rsinf, z = Rcosf, where R, 6 are spherical
coordinates (R,6,¢) and 6 € (0,71) as > 0. Then
Eq. (2) transforms into
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Denoting A = [sin”6 + cos?6/b* + A\(2cos® 0§ — 3cosf-
sin®#)]/2 (here A is everywhere A > 0), B =
1/(2sin’@) and f= A-B, we get Eq. (4)

AR*~UR*>+B-L>=0. (4)

If 6 and U are given, the condition for a real, positive

solution of R is
U?—4f-L>>0. (5)

So the values of U and L, are confined by Eq. (5).
For a given L., U has a minimal value U, at

Umin = 2Lz fmin ) (6)

where fi, is the minimal value of the function f,
which is easily computed numerically. For a given
energy E, if U=FE, L, will have the maximum value

N ™)

Then with a certain energy, the degree of the par-
ticle’s rotation can be characterized by the ratio of
the actual angular momentum J, and the maximal

angular momentum J, max[g],

L,
I (8)
Consider the scale transformation r — yr, z — vz,
L, —~*L,, where  is the scaling constant. One ob-
tains the scaling behaviour U — +2U, j — j. There-
fore equipotential lines of U with the same j will have
similar surfaces.

Lzmax7

Lzmax =

j:

In the present work we investigate the single-
particle motion in an oblate octupole deformed po-
tential with parameters b = 0.5, A\, ~ 1.64 and
A = 0.50.%%. Such a small deformation strength
can cause a strong chaos if L, = 0. Figs. 12
show the equipotential lines of the effective poten-
tial U for different energy E and angular momenta
L.. As we set the value of U equal to the particle’s
energy FE. the region inside the equipotential lines
corresponds to a space of physically allowed motion,
where U € [Upin, E]. We can also clearly see the po-
tential scales from these two figures by comparing the
different equipotential lines with the same j. In the
following we will study the influence of the non-zero
angular momentum L, on the single-particle motion.

3 Analysis of the classical dynamics of
the trajectories

As mentioned in the introduction, the stabil-
ity of the single-particle motion in an axially sym-
metric potential is connected with the Gaussian

1, 5—7]

curvature! For a two-dimensional potential

surface the Gaussian curvature G is defined as,
PVaV PV Y
G(QlaQ2) = 2 2 < ) (9)
dqt dq; 9¢19¢>
The regions with negative Gaussian curvature G <0
are unstable. If the single-particle motions through
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such regions are continuous, neighbouring trajectories
in the phase space will separate exponentially and the
system tends to be chaotic. On the other hand, the
system will be regular if G > 0 everywhere in the
potential surface.

We investigate the Gaussian curvature of the effec-
tive potential U for a given oblate octupole deforma-
tion by increasing the degree of the system’s rotation

7. In Fig. 1, we let the single-particle energy E be a
constant and increase the angular momentum L, in
order to enhance j. The shaded area represents the
regions of negative Gaussian curvature (G < 0) for
a given L,. We find that there are considerable re-
gions of negative Gaussian curvature in the potential
surface for small j. With increasing j, the regions of
negative Gaussian curvature decrease. For j=0.4
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Fig. 1.
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Equipotential lines of the effective potential U for the oblate octupole deformation (b=0.5, A=0.5);)

with the same energy F =2 and different angular momenta L.. The shaded areas correspond to the regions
with negative Gaussian curvature (G < 0) of the effective potential surface for a given L..
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Equipotential lines of the effective potential U for the oblate octupole deformation (b=0.5, A=0.5);)

with the same angular momenta L, =1 and different energy E. The shaded areas correspond to the regions
with negative Gaussian curvature (G < 0) of the effective potential surface for L. =1.
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there is no region of negative Gaussian curvature. An-
other way of enhancing j is to set L, invariable and
decrease the single-particle’s energy E. From Fig. 2
we can draw the same conclusion that the regions
of negative Gaussian curvature become less if j in-
creases. The discussion above implies that the system
can undergo a transition from chaos to regularity by
increasing the degree of the system’s rotation j. By
numerical analysis we find that the critical value of j
for this transition in the investigated system is about
0.37.

The Poincaré section is also a reliable criterion
to judge the stability of trajectories when the single-
particle motions occur due to energy conservation in
a reduced three-dimensional phase space. The sec-
tion can be generated by solving the Hamilton-Jacobi
equations of the system numerically. Fig. 3 shows the
sections of the r-p, plane at z = 0.4 for different angu-
lar momenta L, and constant energy of the system.
In Fig. 3(a), there are large chaos areas in the sur-
face of the section under the condition of small j.
With increasing the degree of the single-particle’s ro-
tation, the chaos areas decrease gradually (Fig. 3(b)
and Fig. 3(c)). In Fig. 3(d), j =0.4, chaos areas dis-
appear and the system becomes regular. In Fig. 4 we
plot the sections of the z-p, plane at r = 1 for dif-
ferent energies F and a given L, = 1. Similarly, the
chaos areas in the surfaces of the sections get smaller

if j increases. Apparently, the dynamic characteri-
stics of the system showed by the Poincaré section
are in agreement with the analysis of the Gaussian
curvature of the effective potential U.

We also calculate the maximum Lyapunov expo-
nent of the system. As is well-known, a positive max-
imum Lyapunov exponent means that the system is
chaotic!. For the regular system the maximum Lya-
punov exponent is zero. In Fig. 5, the maximum Lya-
punov exponent corresponding to Figs. 3—4 is plot-
ted. We can see that the two curves almost overlap,
which indicates that the system has the same dy-
namics with the same j due to the scaling property.
Fig. 5 shows that the positive maximum Lyapunov
exponent decreases in general if j increases. Between
7=0.36 and 0.38, the maximum Lyapunov exponent
tends to be zero, which is also consistent with the
critical value of the system for the transition from
chaos to regularity obtained by the Gaussian curva-
ture analysis.

4 Conclusion

In this paper we have studied the influence of the
non-zero z-component of the angular momentum L,
on the classical single-particle motion in an oblate oc-
tupole deformed potential. We find that the unstable
Gaussian negative curvature regions of the effective

25
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Fig. 3.
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Poincaré sections of the r-p, plane at z=0.4 for different angular momenta L. and energy E =2.
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