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Latest lattice results for baryon spectroscopy

D. G. Richards1)

Jefferson Laboratory, 12000 Jefferson Avenue Suite #1, Newport News, VA 23606, USA

Abstract Theoretical and computational advances have enabled not only the masses of the ground states,

but also some of the low-lying excited states to be calculated using Lattice Gauge Theory. In this talk, I

look at recent progress aimed at understanding the spectrum of baryon excited states, including both baryons

composed of the light u and d quarks, and of the heavier quarks. I then describe recent work aimed at

understanding the radiative transitions between baryons, and in particular the N-Roper transition. I conclude

with the prospects for future calculations.
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1 Introduction

To claim a thorough understanding of QCD, and

hence test whether it is the complete theory of the

strong interaction, we must know the spectrum of

mesons and baryons that it implies and test those

spectra against high quality data. Baryons in par-

ticular, characterized by three valence quarks, are

emblematic of the non-Abelian nature of QCD, and

hence the subject of intense activity aimed at the ex-

perimental determination of their spectrum, not only

for baryons composed of the light u/d quarks, but

also of the heavier quarks. The interest in hadrons

containing the c and b quarks was initially motivated

by their use as a tool for determining the CKM ma-

trix elements, but there is now a wealth of studies fo-

cused on their spectroscopy, notably here in Beijing.

Given these intense experimental efforts in baryon

spectroscopy, the need to predict and understand the

baryon spectrum from first principles is clear, and

indeed recognized as an important component of fu-

ture experimental spectroscopy programs [1]. Fur-

thermore, by considering baryons containing both the

light and heavier quarks, we can aim to understand

how the effective degrees of freedom describing the

spectrum evolve as we change the masses of the com-

ponent quarks.

The layout of the rest of this talk is as follows. In

the next section, I will review the methodology for

determining the spectrum from a lattice QCD cal-

culation, and some of the issues that arise extract-

ing the masses of the excited states. I will then re-

view recent lattice results for the spectrum of baryons

composed both of the light (u, d, s) and heavier

charm quarks, and describe recent progress at under-

standing the electromagnetic properties of, and tran-

sitions between, excited states. Finally, I will describe

prospects for future calculations.

2 Spectroscopy in Lattice QCD

The calculation of the ground-state spectrum has

been a benchmark calculation of lattice QCD since its

inception; calculations of the masses of the lightest

states, with control over the systematic uncertainties

such as the finite lattice spacing, finite volume and

the need to approach the physical quark masses, can

now confront experiment with high precision [2].

A comprehensive understanding of QCD requires

that we go beyond a knowledge of the ground state

mass in each channel, and obtain the masses of the

lowest few states of a given quantum number. This

we accomplish through the use of the variational

method [3, 4]. Rather than measuring a single corre-

lator C(t), we determine a matrix of correlators

Cij(t) =
∑

~x

〈Oi(~x,t)O†
j (~0,0)〉,

where {Oi; i = 1, · · · ,N} are a basis of interpolating

Received 20 April 2010

1)E-mail:dgr@jlab.org
©2010 Chinese Physical Society and the Institute of High Energy Physics of the Chinese Academy of Sciences and the Institute

of Modern Physics of the Chinese Academy of Sciences and IOP Publishing Ltd



1282 Chinese Physics C (HEP & NP) Vol. 34

operators with given quantum numbers. We then

solve the generalized eigenvalue equation

C(t)u(t, t0) = λ(t, t0)C(t0)u(t, t0)

to obtain a set of real (ordered) eigenvalues λn(t, t0),

where λ0 > λ1 > · · ·> λN−1. At large Euclidean times,

these eigenvalues then delineate between the different

masses

λn(t, t0)−→ e−Mn(t−t0){1+O(e−∆Mn(t−t0))},

where ∆Mn = min{| Mn −Mi |: i 6= n}. The eigen-

vectors u are orthogonal with metric C(t0), and a

knowledge of the eigenvectors can yield information

about the partonic structure of the states.

Crucial to the application of the variational

method is a use of a basis of interpolating operators

that have a good overlap with the low-lying states

of interest. The cubic lattice employed in our cal-

culations does not admit the full rotational symme-

try of the continuum, but rather the more restricted

symmetry of the octahedral group. Thus states at

rest are classified according to the irreducible repre-

sentation (irreps) of the cubic group, and for spec-

troscopy calculations, interpolating operators must

be constructed that transform irreducibly under the

lattice group; this task has been the prerequisite for

our study both of mesons and of baryons.

The procedure for constructing interpolating op-

erators for baryons was described in two papers, the

first of which employed a Clebsch-Gordon approach

mirroring that of the continuum [5], and the second

an automated method allowing a very general basis

of operators to be constructed [6]. There are three

double-valued irreducible representations of the cubic

group, denoted G1u/g(2), Hu/g(4) and G2u/g(2), where

g and u refer to positive and negative parity, respec-

tively, and the brackets contain the dimension of the

irrep. G1 contains continuum spins 1/2, 7/2, · · · , Hg

spins 3/2, 5/2, · · · and G2 spins 5/2, 7/2, · · · . Thus,

at any fixed lattice spacing a, a state corresponding

to spin-5/2 has four degrees of freedom in H , and two

in G2, with degeneracies between the energies in the

two irreps. emerging in the continuum limit.

The variational method provides a means of de-

lineating the different energy levels, but its success-

ful application requires that the principle correlators

be computed with sufficient precision that their ex-

ponential behavior is clear. For the case of higher

mass states this poses additional challenges: the cor-

relators decrease rapidly with increasing time, whilst

the statistical noise decreases at the same rate as

for the low-lying energies. Thus the correlators suf-

fer from increasingly poor signal-to-noise ratios as

the mass of the state increases. To circumvent this

problem, it is necessary to examine the correlation

functions at small temporal separations. A power-

ful method of accomplishing this is through the use

of an anisotropic lattice, with smaller temporal that

spatial lattice spacing; the efficacy of using the varia-

tional method on anisotropic lattices was first demon-

strated in the calculation of the quenched glueball

spectrum [7].

3 Results

The nucleon spectrum has been analysed in a cal-

culation with two flavors of light Wilson fermions,

at two values of the pion mass [8], building on an

earlier calculation in the quenched approximation to

QCD [9]. The data are shown in Fig. 1. The calcu-

lation employs interpolating operators in which the

quarks can be displaced, and this enables, for the

first time in a lattice calculation, a state of spin-5/2

to be identified.

At these relatively large values of the quark

masses, the calculated nuclear spectrum appears re-

markably quark-model like, with the ground state nu-

cleon, then its negative parity partner heavier, with

the next lightest 1/2+ state heavier still. This is in

contrast to the ordering observed in nature, where

the first excited state is the 1/2+ Roper (1440) which

is lighter than the lowest-lying 1/2−.

This pattern above has long been a feature of most

calculations in the quenched approximation to QCD.

However, recent work using a basis of interpolating

operators formed from quark fields smeared with dif-

ferent Gaussian widths [10, 11], sees a picture more in

accord with experiment, and, at light quark masses,

approaches the picture seen in a quenched analysis

employing a Bayesian-statistics approach [12]. In

contrast, a recent Nf = 2 calculation, also employing

smearings of different widths, finds the lightest 1/2+

excited state heavier than its negative parity part-

ner [13]. Thus, despite many advances, the status of

this state remains somewhat mysterious.

Finally, the multi-hadron states that should be

seen in the spectrum, shown as the open boxes in 1,

appear somewhat elusive. Each of the calculations

above uses essentially three-quark baryon interpolat-

ing operators; naively, one might expect such opera-

tors to be insensitive to multi-hadron contributions,

and the design of correlation functions that are sen-

sitive to such contributions is an important goal for

future work.
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Fig. 1. (color online) The left- and right-hand panels show the spectrum of I =1/2 baryon resonance, indicated

by the solid boxes, obtained on Nf = 2 Wilson fermion lattices at mπ = 416 and 578 MeV respectively [8];

the errors are indicated by the vertical width of the box. The open boxes show the expected thresholds for

multiparticle states.

3.1 Baryons containing heavy quarks

The calculation of the spectrum of baryons con-

taining the heavier charmed quark presents different

challenges, notably the need to control discretisation

uncertainties associated with the large value of the

quark mass, rather than the excitation energy, de-

manding a variety of approaches: treating the heavy

quark in the static approximation, valid for heavy-

light systems, non-relativistic QCD, the use of an

anisotropic lattice, and the so-called FNAL action.

Fig. 2 shows a compendium of the spectrum of singly-

and doubly-charmed baryons, taken from a recent

paper [14] that employs the Fermilab action for the

heavy quarks [15], but the Asqtad action for the light

Fig. 2. (color online) Summary of spectrum of

baryons containing one or two quarks calcu-

lated in lattice QCD, from a recent calcula-

tion [14] using the Fermilab action for the

charm quark.

and sea quarks. The mass of the Ωcc in particular is

a prediction MΩcc
= 3763±19±26(+13−79) MeV.

3.2 Electromagnetic properties

Once the mass of a state is established, we can go

beyond the spectrum to look at the electromagnetic

properties of the states, and the radiative transitions

between them. The N-∆ transition form factors have

long been studied, but recently the transition between

the nucleon, and the lowest lying 1/2+ excitation has

been investigated [16]. The transition between two

1/2+ states, N1 and N2, has two form factors, de-

fined by

〈N2 |Vµ |N1〉 = ūN2
(p′)

[

F1q
2

(

γµ−
qµ

q2
γ ·q

)

+

σµνqν

F2(q
2)

MN1
+MN2

]

uN1
(p)e−iq·x.

(1)

The calculated form factors, in the quenched approx-

imation to QCD on anisotropic lattices, are shown

for the proton-to-Roper transition in Fig. 3, in a cal-

culation with quark masses corresponding to a pion

mass of 720 MeV. While the lattice calculation shows

disagreement with the recent measurement by CLAS,

the large quark masses used in the calculation should

be noted, as should the fact that, in this calculation,

the masses display the “quark-model” like ordering of

masses: MN < MN(1/2−) < MN′(1/2+).
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Fig. 3. (color online) Proton-Roper form fac-

tors F ∗
1,2 obtained from CLAS experiments

and PDG number (circles) and the lattice cal-

culation (squares, diamonds)

4 Future prospects

The calculations outlined above have demon-

strated our ability to determine the baryon spectrum,

and establish the properties of some of the low-lying

excitations, from lattice QCD. Precise calculations

that can truly confront the experimental program re-

quire that we generate lattice with the correct number

of light-quark flavors. The use of anisotropic lattices

has proved essential in the reliable determination of

the energy levels necessary to extract the resonance

spectrum. Thus a crucial activity of the Hadron Spec-

trum collaboration has been the generation of lattices

with two flavors of fully dynamical light and a dy-

namical strange quark, using the clover fermion ac-

tion, designed both for studies of the spectrum, and

for the calculation of the scattering lengths impor-

tant for understanding the nucleon-nucleon interac-

tion. An important milestone was the tuning of the

parameters of the action, beginning with the three-

flavor theory [17].

A major challenge in calculations in lattice QCD

is a procedure for specifying the values of the quark

masses, and in particular those of the light u/d and s

quarks, in a way that enables lattice calculations to be

extrapolated to the physical values of these masses.

This was accomplished through the introduction of a

novel pair of dimensionless coordinates lΩ and sω that

are primarily sensitive to the light and strange quark

masses, respectively [18]:

lΩ =
9m2

π

4m2
Ω

, sΩ =
9(2m2

K −m2
π)

4m2
Ω

. (2)

The use of these coordinates is illustrated in Fig. 4,

showing the approach at fixed strange-quark mass to

the physical values of the light (u/d) quark masses.

Fig. 4. (color online) The figure shows the dy-

namical ensembles generated in [18] plotted in

terms of the dimensionless coordinates lΩ and

sΩ, as described in the text. The green line

corresponds to the theory with three degen-

erate quark flavors, whilst the red horizontal

line shows the approach to the physical quark

masses; the black circle is the physical value

of the coordinates.

A comprehensive determination of the spectrum

requires a means of efficiently computing a sufficiently

wide basis of interpolating operators, including multi-

particle operators. Recently, a new method, known

as “distillation”, has been proposed [19], and, for

baryons composed of quarks with a mass around that

of the strange quark, yields the lowest energies with

very high precision.

A further requirement if lattice calculations are

to confront experiment is to identify the spins of the

states. With increasing excitation, the observed spec-

trum of states becomes increasingly dense. For a lat-

tice calculation performed at a single value of the lat-

tice spacing, these states, together with the two- and

higher-particle scattering states, have to be assigned

to the relatively small number of irreducible repre-

sentations admitted by the symmetries of the lattice.

To identify the energies, and then watch the appear-
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ance of degeneracies in the approach to the contin-

uum limit, would be a formidable undertaking, and

computationally highly demanding indeed.

Recently, an alternative method has been pro-

posed which employs a continuum operator construc-

tion subduced to the lattice irreps.. The overlap of

the subduced operators between a state of definite

continuum quantum numbers and the vacuum in the

approach to the continuum limit is know, and this fea-

ture is thereby used to identify the continuum states.

The method has been successfully applied in char-

monium [20], and subsequently, with further refine-

ments, to the identification of the excited meson spec-

trum, including those with exotic quantum numbers,

in “strangonium” [21]; further details are in the talk

of Christopher Thomas [22].

Finally, a significant impediment to understand-

ing the excited baryon spectrum is the lack of ex-

pectation for the quark mass dependence of excited

states. Chiral corrections to the Roper mass have

been studied [23], and the finite-volume and quark

mass dependence of the ∆ investigated with the aim

of determining the resonance parameters [24], but fur-

ther work will be necessary to fully understand the

spectrum of QCD.

5 Conclusions

Recent advances have demonstrated the ability of

lattice gauge calculations both to calculate the spec-

trum of baryons, and to probe some of their prop-

erties. Recent computational and theoretical devel-

opments, together with the advent of petascale com-

puting, promise calculations at the physical values

of the light-quark masses in the near future. There

remain challenges that still need to be overcome, no-

tably the identification of multi-particle states and

an understanding of the quark-mass dependence of

the masses, but lattice gauge calculations are now

integral to our understanding of spectroscopy.

I am grateful to my colleagues in the Hadron Spec-

trum Collaboration. Supported by US DOE Con-

tract No. DE-AC05-06OR23177, under which Jeffer-

son Science Associates, LLC operates Jefferson Lab-

oratory.
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