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Abstract: In this paper, we present the analysis of the spectral distributions of the scattered photons within

a certain acceptance angle in Thomson scattering, in which the beam divergence, energy spread and spatial

distribution are all considered. The analytical results are compared with the simulation results, and good

agreement between the two approaches is obtained.
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1 Introduction

The X-ray source based on Thomson scattering
has broad application prospects in biology, physics,
materials, photochemical engineering and medicine,
for the short time structure, high peak brightness,
and the feature of quasi-monochromaticity within a
certain direction. In recent years, a larger number
of universities and research institutions have built
Thomson scattering systems and conducted experi-
ments on them. The Accelerator Laboratory of Ts-
inghua University has also carried out the relevant
aspects of the work.

In the Thomson scattering process, one of the
main features of the generated X-ray is the spec-
tral distributions within a certain acceptance angle.
Tomassini did theoretical analysis of the spectral dis-
tributions in his paper [1]. However, it is only under
the case that all electrons move exactly along the z di-
rection colliding with a plane-wave laser propagating
along the —z direction, and the electron beam diver-
gence and energy spread are both ignored. When he
compared the analytical results with the simulation
results of Thomson scattering, the difference is very
obvious.

In this paper, theoretical analysis of the spectral
distributions of the scattered photons within a certain
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acceptance angle is presented, in which the beam di-
vergence, energy spread and spatial distribution are
all considered. Good agreement is obtained between
the analytical approach and numerical approach.

2 Spectral distributions of the scat-
tered photons within a certain ac-
ceptance angle for a single electron

For a single photon colliding with a laser beam,
the number of scattered photons per unit solid angle,
per unit time is given by [2]

dN, > ~C do
s _e(1-G-FEE H<Z. 1
andt C< p w)””(r’ )10 (1)
We can get
dN, do
ol (1—cosby)cn, (r, t)a, (2)

where o is the Thomson cross section, n., is the pho-
ton density at the position r of the electron, k is the
incident wave vector, 6, is the angle of the scattered
photon direction from the direction of the electron
in the lab frame, and w, is the scattered photon fre-
quency.

In the electron rest frame, according to the Klein-
Nishina Formula, the cross section per unit solid angle
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is given by [3]

dN, 1 O\ (W w . ,
i (5) (5e5-w0). o

where w, w’ are the incident photon frequency and

the scattered photon frequency, and 6’ is the angle
of the scattered photon direction from the incident
photon in the electron rest frame.

In the Compton scattering process,

w’ 1
—=— 1. (4)
w 1—1—2(1—(3059’)
m
We get
do/ 1 ,/[(w 2 20
dg’ N§TO (;) (1+COS 9) (5)

Now we suppose that in the lab frame the angle
of the electron and the incident light is 7w — 6., and
the electron incident direction is Z, axis, and in the
electron rest frame the angle of the incident light and
Z, axis is m—6’. According to Lorentz transformation

we have
cosf, + 3
9, = 6
€08 14 Bcosb, (6)
From Eq. (6) we get
1 sinf
inf/ = - ———"-"° . 7
S v 14 B cosb, (7)

As v > 1, obviously 6/ — 0. This means that, in
the electron rest frame, the incident light direction
is very close to the Z, direction. Hence 6" in Eq. (3)
can be approximately regarded as the angle of the
scattered photon and Zz, axis. We get

. cost—f
Cos(ﬂ_e)_l—ﬂcosﬁ’ (8)
where 6 is in the angle of the scattered photon and z,
in the lab frame. According to Lorentz transforma-
tion we also have
do  do’ 1-/ (9)
d2  dR1—pcosh’
We put Eq. (5) and Eq. (8) into Eq. (9) and get
d_o = r2l1— 6 1
o °° v2(1—Bcosh)? | v2(1—Bcosb)?

42 2022
~ r? 1— ) 1
1) [ (1+6272)2 (10)

According to Lorentz transformation we have

Wo 1

w ~v(1—Bcosby)’ (11)

ws 1
W' ~y(1—fcosh) (12)

Here wq, w, are the incident photon frequency and
the scattered photon frequency in the lab frame.
We mark that Ky = 1 — Bcosfy. From Eq. (4),
Eq. (11) and Eq. (12) we get
. K 2K yy?
& — 0 ~ oY . (13)
wo 1—pFcosf 1+6%2
We differentiate both sides of Eq. (13) and get

dw, Kowo 8 - 4KO’YQWO

= ~ . 14
sin0dd  (1—LBcosh)? (14 02~2)2 (14)
From Eq. (10) and Eq. (14) we get
d 2 2022
2 D 2T 1 (1p)
dw.d¢p  Koy?wo (1+6242)
According to Eq. (13) we get
2K 1
g2 = 2200 - (16)

W, 2
We can put Eq. (13) into Eq. (15) to obtain the
cross section per unit frequency per unit azimuthal ¢,
and have
do re
dw,d¢ - 2K3~5ws
1 Integrating over azimuthal angle ¢, we can get
o

dw,
as 0,,, we can see that not all the scattered photons

with direction angle 6 are received by the detector.
So here the scope of integration is not just 0 ~ 27,
but 0~ 27t— 2@, as shown in Fig. 1.

(wi2Koy’wow 2K 37 w?). (17)

. Denoting the acceptance angle of the detector

&ln

Fig. 1.
ing. Circle O represents the acceptance range

Angular geometry of Thomson scatter-

of the detector, and dot A represents an elec-
tron with an incident angle 6. Arc [ represents
the scattered photons with direction angle 0
that are received by the detector, and arc I’
represents those out of the acceptance range.
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Finally we get
do Agr?
dw, 21(3#;&;3@3 — 2Ky wow, +2K3y"wg). (18)
s 0 0

While 6, <6,,,

Ap=
27, O<9<97rl_99
02 — 02— 62 ’
_ m c g <
27— 2arccos 200, 0, —0.<0<80,,+6.

(19)

and while 6, > 0,,,

Ap=
0, 0<6<6.-6,,
2 _p2_p2 )
2m—2 o £, 0.—6,<0<06.+86,,
Tt — 2 arccos 500, , < +
(20)
and here 0 = M—i.
ws

When the incident angle is 6, = 180°, Eq. (18)
becomes

d 2
7 _ o (w? — 4y°wow, +87*w?). (21)

dw, 875w}
In this situation we get the same result as in
Tomassini’s paper [1].
We can compare the simulation result with
Eq. (18), using the CAIN code [4], and good agree-
ment is obtained as in Fig. 2.

30
solid line: analysed results
squares: simulation results
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Fig. 2. Spectral distributions of the scattered

photons obtained with acceptance angle 0,, =
4.2 mrad. Here the electron energy is 40 MeV,
the laser wave length is 800 nm, the laser en-
ergy is 1 J, the laser radius is 20 pm, the laser
length is 1ps, and the incident angle of the
electron and the laser beam 0. =3 mrad.

3 Spectral distributions of the scat-
tered photons for an electron beam
within a certain acceptance angle

In the previous section we obtain the equation for
the spectral distributions of the scattered photons for
a single electron, as shown in Eq. (18). Based on this
equation, we consider the influence of the beam diver-
gence, energy spread and spatial distribution. Here
we consider the head-on collision (the colliding angle
between the electron beam and laser is 180°). Then
for each electron we have that 6, — 180°, and so in
Eq. (18), Ky — 2, and it becomes

do  Agr}
dw,  167y5w3
where A¢ is shown as in Eq. (18).

(w? — 4y’ wow, + 87 wp), (22)

3.1 Spatial and time distribution of laser and
beam

According to the Thomson Scattering equation

[2], we have
N, = icjjﬂgp“d‘*x
ce

CEJ' (1 -3 Eg) ne(r,t)n, (r,t)d®rdt, (23)

where @ is the average Thomson cross section of all
the electrons.

Here E EE — —1, as we consider the head-on
collision, and Lv‘ire get

dN, do
=c

dw, dw,
The electron beam density can be modeled by the

-2 J'ne (r,t)n, (r,t)2mrdrdzdt.  (24)

Gaussian radial and temporal distributions

2

z

t—— 2

N, c T
Me=——° _exp |- L
T3/ 2cATr? *P AT 2 (25)

where N, = ¢/e is the number of electrons in the
bunch, A7 is the bunch duration, and r, is the radius
at focus.

The photon density of laser pulse can be described
by the Gaussian radial and temporal distributions [5]

N, 1
n., =
T (1/2)3/2cAtw? - (i>2
20
2
t—l—% r2
X exp { —2 AL - 2 I ,(26)
1 —
Wy +<Zo>
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where N, = T is the total number of photons in the
0
laser pulse, At is the pulse duration, and is related
1
to the bandwidth as AtAw = \/5, wy 18 the - focal
e

2

T[;\U % is the Rayleigh length.

radius, and zy =

In the linear regime for high brightness X-ray op-
eration, the laser pulse duration should be short com-
pared with the Rayleigh length. So during the in-
teraction of Thomson scattering, the focusing and

In the section below, we will obtain the equation
of do/dw, through the known do/dw, as shown in
Eq. (18).

3.2 Beam divergence

Here we assume that the electron beam diver-
gences in x and y directions are the same, and then
the beam divergences distribution could be described
as

diffracting of the pulse could be ignored and the pho- £(0.) = 20, exp (_ 02 ) _ (29)
ton density could be approximated as follows: A2 A2
N o % 2 Then we have
My R oo exp | —2 -— . (27) dUC:JdU 0.1d9 30
(T[/2) CAtwO At w() dws dwéf( C) e- ( )
Putting Eq. (25) and Eq. (27) into Eq. (24) we From Eq. (17), Eq. (28) and Eq. (29) we get
have
do. _ Aderg , o 2 4 2
i = , —4 s+ 8 , 31
v, _do _ NyNe (28) Qo, ~ T6youg @e 47 wows 187 o) (31)
dw, dw, 5 Wy
TT( T+ > | where
Orm+0 O —0
0% — 0% —6?
2 ﬂ—arccos% f(6,)do.+ 2nf(0.)db,, 0<6,,
Orm—0 ¢ 0
Ap. = ; (32)
0+0m 02 — 92 _ 02
2 [ m—arccos = 200, C)f(GC)dHC, 0>0,,
0—0m,
where
9 _ 4(4}() _ i
ws

To calculate the above integral equation, here we carry out the Taylor expansion to the inverse trigonometric

functions and take the first-order term for approximation. Later we will see that this approximation is suitable

for the final analysed result.

Then we get
0% —6>—6> m 6% —6%-6?
arccos 200, N e (33)
From Eq. (32) and Eq. (33) we get
A, 0<86,
Ap. = JA 0.)do. = ’ , 34
¢ é1.f(0e) { C. 650, (34)
where
_ _ _( m_9)2 _em_e _(9m_9)2
A= 27‘[{1 exp[ 7A0§ + exp 7A0§
AB?
2 _p2_ e
040 (0, +0)? O 5 O +0 6,,—0
— (7'[— T) exp |:_ Aog + \/7T[ QAGC erf A@C —erf A—HC N (35)
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e e e N e I e
AB?
92 _ 92 _ e
" 5 046, . (0-6n
—l—\/7_r79A9e [erf< D, > erf< Ao, )| (36)

3.3 Beam energy spread

The electron beam energy distribution function could be described as

exp [— M] . (37)

2
20,Y

1
fn)= Nor

Then we have

;ui = sz (v)dy. (38)
As the beam energy spread is very small (o, /7o < 1), so y~~,. And from Eq. (28) and Eq. (36) we have
T = o (w2 . + 8988) [ A f)ar, (39)
where
|so.se0an= | aryar+ | erman (10)
0<0m 0>0m

As mentioned in the previous section, we know that

4 4 2A~
Wo WO + (41)
gl

where Ay=~—7 , and from Eq. (38) and Eq. (39) we get

o (L _awg g2 A2 A~2
# s ) A.eXP<_ 272> T O'GXP<_ 272)
g g,
A, dvy= T dy+ J T dy. 42
/ e f(7)dy J N g N 2l (42)
28 (o _awg ﬁ(;,‘lwowz)
2 2 wg 2 2 ws

As the beam energy spread is very small (& < 1), we can see that A(y)~ A(v), C(v) = C(y) , so we

Yo

1 ’y 1 4wy ~3 1 4w
AP = A o 1602 || —erf 0 - _
(70) {e [2[0 ( W, 'm) ‘| er [2 20.“/ /yg o,

1 ~3 1 4wy o,
e 2{1 erf[m/%(vg o ) )

where A and C are described in Eq. (35) and Eq. (36). 4 Comparison with simulation results

Finally the spectral distributions of the scattered
photons for electron beam within a certain acceptance
angle could be described as

get

Here we use the typical parameters of the Thom-
son scattering system in many universities and re-

dN, N, N, 72 ) search institutions.
dw, AP 2\ 1675wd (wg We use the CAIN code and get the simulation re-
s 2
7T <7"b + 7) sult, as shown in Fig. 3. We can see that the analysed

results show good agreement with the simulation re-
—dyswows +875wp)- (44) sults.
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14 3 g Table 1. The electron beam and laser beam parameters.
12 240 mrad 4 mrad electron beam laser beam
solid line: analysed results energy 55 MeV wave length 800 nm
10 squares: simulation results 3 mrad radius 20 pm energy 1]
=
?: ; g emittance 1.5 mm-mrad length 3 ps
i charge 1 nC radius 20 pm
"“‘3'- 6 - length 0.5 ps quality M?=1
by
= 8 mrad energy spread 0.2%
|
d 1 mrad
2
5 Conclusion
0 | 2 3 4 5 6 71 8 . . o
ofeV (x10% In this paper, we have derived spectral distribu-
. e tions of the Thomson scattered photons within a cer-
Fig. 3. Spectral distributions of the scattered p

photons for a Thomson scattering system ob-
tained with different acceptance angles.

The left of each curve shows less coincidence,
which is because of the approximation in Eq. (33). As
for the left of each curve, we have that 0 ~ 0, > 0,,,
6% — 6% —6?

2600,
maximum error of the approximation is produced.

and so — —1, which is just when the

tain acceptance angle considering the beam diver-
gence, energy spread and spatial distribution. When
compared with the simulation results, good agree-
ment is obtained. Our results could be used for rapid
estimation of the spectral distributions, wide range
scanning of the spectral distributions with the proper
parameters in Thomson scattering, and are also im-
portant in the optimal design of a tunable Thomson-
scattering based X-ray source.

References

1 Tomassini P, Giulietti A, Giulietti D, Gizzi L. A. Appl.
Phys. B, 2005, 80: 419-436

2 Brown W J, Hartemann F V. Physical Review Special Top-
ics - Accelerators and Beams, 2004, 7: 060703

3 Berestetskii V B, Lifshitz E M, Pitaevskii L. P. Quan-
tum Electrodynamics, Volume 4 of Course of theoretical
Physics. Second Edition Translated. London: Pergamon

Press, 1982. 356

4 Yokoya K. A Computer Simulation Code for the Beam-
Beam Interaction in Linear Colliders. KEK Report. 1985:
85-9. Also Nucl. Instrum. Methods A, 1986, 251(1): 1-16

5 Hartemann F V, Brown W J, Gibson D J, Anderson S G,
Tremaine A M, Springer P T, Wootton A J, Hartouni E P,
Barty C P J. Physical Review Special Topics - Accelerators
and Beams, 2005, 8: 100702



