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Abstract:

The light scalar mesons below 1 GeV configured as tetraquark systems are studied in the framework

of the flux-tube model. Comparative studies indicate that a multi-body confinement, instead of the additive two-

body confinement, should be used in a multiquark system. The ¢ and k mesons could be well accommodated in

the diquark-antidiquark tetraquark picture, and could be colour-confinement resonances. The ao(980) and f(980)

mesons are not described as KK molecular states and nsiis diquark-antidiquark states. However, the mass of the

first radial excited state of the diquark-antidiquark state, nnnn is 1019 MeV, is close to the experimental data of the

£0(980).
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1 Introduction

The charged k, a scalar meson, was recently observed
by the BES collaboration [1]. The Breit-Wigner mass
and the decay width were found to be 826+4973) MeV
and 449+156731* MeV, and the pole position was de-
termined to be (7644+6377})—i(306+£149732%) MeV /c2.
These are in good agreement with those of the neutral k,
whose mass and decay widths are 87842315 MeV and
499453132 MeV, respectively, as observed by the BES
and other collaborations [2].

The understanding of scalar mesons, which have the
same quantum numbers as the vacuum, is a crucial
problem in low-energy quantum chromodynamics (QCD)
since they could shed light on the chiral symmetry break-
ing mechanism, and presumably also on confinement in
QCD. Although many of the properties of scalar mesons
have been studied for decades, the understanding of the
internal structure of scalar mesons is still a puzzle. Their
masses do not fit into the quark model predictions [3, 4].
The flavor structures of these light scalar mesons below
1 GeV, a,(980), £,(980), o and k, are still an open ques-
tion. In the qq configuration, the p-wave relative motion
between q and q has to be invoked to account for the
spin and parity of the scalar mesons. This leads to much
higher masses for them. Another possible configuration
for scalar mesons is a tetraquark state. In the tetraquark
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configuration, the light scalar mesons could be classified
into an SU(3) flavor nonet if the diquark picture is used
[5-8]. Their quark contents can be expressed as

— (ud|fad), po=2ulFEtlsdllsd.
o= [Ud][Ud]v fo— \/5 ’
k't = [ud][ds], k+=]ds][ud], x°=[ud][us], K°=[us][ud];

b faullsdl. o0 = ZHlFA—lsd[5u]
ag = [sul[sd], ag= 2

Jaffe et al. interpreted light scalar mesons as tetraquark
states with all the relative orbital angular momenta as-
sumed to be zero [5-11]. Weinstein et al. described
light scalar mesons as hadronic molecular states due to
strong meson-meson interaction [12-19]. The properties
of some of these light scalar mesons were also studied
in the qq picture [20-22]. The spectrum of light scalar
mesons below 1.0 GeV were studied in the qq picture
by including instanton interaction [23]. Bhavyashri et
al. studied the instanton-induced interaction in the light
meson spectrum on the basis of the phenomenological
harmonic models for quarks [24]. Vijande et al. studied
the scalar mesons in terms of the mixing of a chiral nonet
of tetraquarks with conventional qg states [25, 26].

A multi-quark state is quite different from ordinary
hadrons (qq mesons and qqq baryons) because the multi-

, ag =|[sd][51].
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quark state has more color structures than those of ordi-
nary hadrons. The color structures of a multi-quark state
are no longer trivial and the properties of multi-quark
states may be sensitive to the hidden color structure. A
tetraquark state, if its existence is confirmed, may pro-
vide important information about the low-energy QCD
interaction which is absent from the ordinary hadrons.
Some authors have studied the tetraquark system with
the three-body qqq and qqq interaction [27, 28], and ex-
otic hadrons have also been studied as multiquark states
in the flux-tube model in our previous work [29, 30].
These studies suggest that the multi-body confinement,
instead of the additive two-body confinement, might be
more suitable in the quark model study of multiquark
states. The newly updated experimental data might
shed more light on the possibility of the existence of
tetraquark states and QCD interaction for multi-quark
states.

The aim of this paper is to study the properties of
scalar mesons below 1 GeV in the flux-tube model with
multi-body confinement potential. The powerful method
for few-body systems with high precision, the Gaussian
expansion method (GEM) [31], is used here. The paper
is organized as follows: in Section 2, the flux-tube model
with multi-body interaction is introduced. A brief intro-
duction of GEM and the construction of the wave func-
tions of tetra-quark states are given in Section 3. The
numerical results and discussions are presented in Sec-
tion 4, and a brief summary is given in the last section.

2 Quark model and multi-body confine-
ment potential

Long-term studies on hadrons in the past several
decades indicate that ordinary hadrons (qg mesons and
qqq baryons) can be well described by QCD-inspired
quark models. Low-energy QCD phenomena are domi-
nated by two well known quark correlations: confinement
and chiral symmetry breaking. The perturbative, effec-
tive one-gluon exchange properties of QCD should also
be included. Hence, the main ingredients of the quark
model are: constituent quarks with a few hundred MeV
effective mass, phenomenological confinement potential,
effective Goldstone bosons, and one-gluon exchange be-
tween these constituent quarks.

For ordinary hadrons, their color structures are
unique and trivial. Naive models based on two-body
color confinement interactions proportional to the color
charges A;-\; can describe the properties of ordinary
hadrons well. However, the structures of a multiquark
state are abundant [29, 30, 32], which include important
QCD information that is absent from ordinary hadrons.
There is no theoretical reason to directly extend the two-
body confinement in the naive quark model to a multi-

quark system. Furthermore, the direct application of the
two-body confinement to the multi-quark system induces
many serious problems, such as anti-confinement [27]
and color Van der Waals force. Much theoretical work
has been done to try to amend these serious drawbacks.
The string flip model for multi-quark systems was pro-
posed by M. Oka to avoid the pathological Van der Waals
force [33, 34]. Three-quark confinement is explored by
introducing strings which connect quarks according to a
certain configuration rule.

Recent lattice QCD studies [35-37] show that the
confinement of multi-quark states is a multi-body inter-
action and is proportional to the minimum of the total
length of strings which connect the quarks to form a mul-
tiquark state. Based on these studies, a naive flux-tube
or string model [29, 30, 32] with multi-body confinement
has been proposed for the multiquark systems. The har-
monic interaction approximation, i.e., the total length
of the strings is replaced by the sum of the square of
the string lengths, is assumed to simplify the numerical
calculation.

The diquark-antidiquark picture of tetraquark states
has been discussed by several authors [3, 38-40]. In the
present work, the scalar mesons below 1 GeV are studied
as diquark-antidiquark systems in the flux-tube model.
Two color structures for a tetraquark state are shown
in Fig. 1, where the solid dot represents a quark, while
the hollow dot represents an antiquark. r; is the quark’s
position and y; represents a junction where three strings
(flux tubes) meet. A thin line connecting a quark and a
junction (an antiquark) represents a fundamental repre-
sentation, i.e. color triplet. A thick line connecting two
junctions is for a color sextet or other representations,
namely a compound string. The different types of string
may have different stiffnesses [41-43]. In Fig. 1(b), color
couplings satisfying the overall color singlet of the tetra-
quark are [[qq]5]qqls], and [[qq]s[Gqls],- The subscripts
represent the dimensions of the color representations.

(b)

Fig. 1. Two-color structures for a tetraquark state.

In the flux-tube model with quadratic confinement
potential, which is believed to be flavor independent,
the tetraquark state with a diquark-antidiquark struc-
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ture has the following form [29],
VR = k[(ri—y1) +(ra—y1)*+(r5—y,)?

+ (ra—yo)+ra(y1—y2)?], (1)

where k is the stiffness of the string with the fundamen-
tal representation 3, which is determined by the meson
spectrum, and kkq is the compound string stiffness. The
compound string stiffness parameter k4 [43] depends on
the color representation, d, of the string,

Cq
537 (2)

where Cy is the eigenvalue of the Casimir operator as-

sociated with the SU(3) color representation d of the

4 10
Cﬁzg and 08:3
For given quark positions r; (i=1,---,4), we can fix

the positions of the junctions y; (i=1,2) by minimizing
the energy of the system. After fixing y;, a set of canoni-
cal coordinates, R; (i=1,---,4), is introduced to simplify
the expressions of the potential, which are read as,

1 1
R, = \/;(7"1—7‘2), Rz—\/;(r3—7°4)7
1
R3 = \/;(’1“1—1—1“2—’]“3—’1“4), (3)

1
R4 = \/;(T1+T2+7"3+7'4).

Therefore, the minimum of the confinement interaction
has the following form,

Rq=

string. C3= 3’

Vo = <R§+Rg+ R2) ()
1+Kq

Taking into account the potential energy shift, the con-

finement potential V.S used in the present calculation

has the following form

V= [(Rf—A)—&-(RS—A)

min

e L0 O

Carlson and Pandharipande also considered a similar
flux-tube energy shift, which they assumed to be pro-
portional to the number of quarks N [44]. Obviously,
the confinement potential VC is a multi-body interac-
tion rather than a two-body interaction. It should be
emphasized here that our approach is different from that
in Iwasaki’s work [45], where the four-body problem is
simplified to a two-body one by treating the diquark as
an antiquark and antidiquark as a quark.

With regard to the mesons f,(980) and a,(980), these
are also interpreted as KK molecular states with 7 =0
and I =1, respectively [12-19]. In the flux-tube model,
the confinement potential of the KK molecular states can
be written as

Viin =k[((r1=73)?=A)+((r2—r4)* = A)], (6)

where q; (q;) and qs (qs) compose a K (K) meson, see
Fig. 1(b). In fact, the mesons f,(980) and a,(980), if they
are really tetraquark systems, should be the superposi-
tion of the diquark-antidiquark state and KK molecular
state. When two mesons, K and K, are largely sepa-
rated, the dominant component of the system should be
two isolated color singlet mesons, because other hidden
color flux-tube structures are suppressed due to a con-
finement. With the separation reduction, a loose KK
molecular state may be formed if the attractive force be-
tween KK is strong enough. In particular, when they
are close enough to be within the range of a confinement
(about 1 fm), the diquark-antidiquark state and the KK
molecular state may appear due to the excitation and
rearrangements of flux tubes and junctions. In this case,
the confinement potential of a tetraquark system, nsns,
should be taken to be the minimum of two flux-tube
structures. It reads
Vrr(len_mln [‘/ncl:llr\ll’vrrcljllril} . (7)
The other parts of the Hamiltonian are the rest
masses, kinetic energies, one-gluon-exchange potential
and Goldstone-boson-exchange potentials [29],

4 2 4
p;
H = Z( i 2m,>—TCM+vC+Z<m?+Vi?>, ®)
i=1 ¢ i>j
3
VE = UZZF“F“+UKZF“F“+UU (FF-FPcosfp—F - Fsinfp), (9)
a=4
3 2 3
o gch m A _
’U:fj = Emma'tf |:Y(mXTU)——iY(AXTU)], X—T[,Kﬂ']. (10)
n 11 4
VS = AN | —=Z0(r) (44—, ) | 11
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where Ty is the center-of-mass kinetic energy, and F;, \;
are the flavor, color SU; Gell-Mann matrices. Y (z) is the
standard Yukawa function, and all other symbols have
their usual meanings. The J-function should be regular-
ized [46, 47]

1 e—Tij/ro(w)

5(r4s) ) (12)

T riire (1)
where p is the reduced mass of ¢; and g;, and ro(p) =
7o/ . The effective scale-dependent strong coupling con-
stant is given by [47]

(&%)

. (13)

12+ p
n

as(u)Zl { :

3 Wave functions and the Gaussian ex-
pansion method

The total wave function of a diquark-antidiquark
state can be written as a sum of the following direct
products of color, isospin and spatial-spin terms,

QS[IqﬁI]‘[]?/?’i = Z Eiser [[[qsﬁml(r)nslmsl}Jl]\/h

l,s,c,I

X [djgmz (R)n”m”} J2 Mz:|

Ji2Mi2
G
X Xom (X)} Jr M |:7711 mig 772'277”2} s

X [Xeywy Xegws ) - (14)

Here, I and Jr are the total isospin and total angular
momentum, respectively. 7g,m,, (7782%2), Nivm, (771-2,1”2)
and Xe,w, (Xesw,) are the spin, flavor and color wave
functions of the diquark (antidiquark), respectively. [ |’s
denote the Clebsh-Gordan coefficients coupling. The
coeflicient {lUSTch is determined by diagonalizing the
Hamiltonian, and subscripts [, s, i, ¢, and L represent
all the possible intermediate quantum numbers, therefore
our calculations are multi-channel coupling calculations.

The Jacobi coordinates of the tetraquark are defined as
T =17—Ty, R=73—74,

MmiT1+MaPy  MaT3+Myr
X _ 171 2 2_ 373 4 47 (15)
mq+meo maz+1my

MT1+MoTa+M3T3+MyTy
mq +m2 +m3+m4

RCM =

where particles 1 and 2 are two quarks and particles 3
and 4 are two antiquarks. L, [; and [, are the orbital
angular momenta associated with the coordinates of X,
r and R, respectively. The calculation is done in the
center-of-mass coordinate system (Rcn=0). The tetra-
quark state is an overall color singlet with well defined

parity P=(—1)172%L isospin I and total angular mo-
mentum Jr. For scalar mesons, we set the angular mo-
mentum L, [; and [, to be zero.

For the color part, the color singlet is constructed in
the following two ways: x. = 312 ® 334, X> = 612 ® 6s4;
both “good” diquark and “bad” diquark are included.
With respect to the flavor part, the flavor wave func-
tion reads as 1y =12 ®n34. Taking into account all de-
grees of freedom, the Pauli principle must be satisfied
for each subsystem of the identical quarks or antiquarks.
To obtain a reliable solution to the few-body problem, a
high-precision method is indispensable. In this work, the
GEM [31], which has been proven to be rather powerful
in solving the few-body problem, is used to perform the
calculations. In GEM, three relative motion wave func-
tions are written as,

M 1max

l —vp, 12 ~
E:Cmanllrle " Y21m1(r)ﬂ

nyp=1

Py, (1) =

MN2max
g Cny N,

ng=1

Vigm, (R) = Ry, (R),

202

M3max )
} : L,—vny X <
CnSNijX e Vs Yij (X)

ng=1

X%]M (X) =
The Gaussian size parameters are taken as the following
geometric progression numbers

1

1
1 Tn Nmax — 1
Vp=—5, Tpn=T10""", a=| —*= . (16)

Within the framework of the flux-tube model, the
wavefunctions of a KK molecular state can be expressed
as

¢§<}_§~MT = Z §ars1 [[Qﬁ("")d’}%(R)XSM (X)]
M,S,1
X nS]JTij ThXec- (17)

The details of the wavefunctions are omitted and are
similar to those of a diquark-antiquark state.

4 Numerical results and discussions

Now we turn to the calculation of tetraquark states
with diquark-antiquark structures. The model parame-
ters are fixed by reproducing the ordinary meson spec-
trum and are listed in Table 1. the meson spectrum can
be reproduced very well. Because the flux-tube model is
reduced to the ordinary quark model for a qq system, the
obtained meson spectra (from light to heavy) are similar
to those found in other work, e.g. Ref. [47]. Parts of
the calculated meson spectra are shown in Table 2. The
experimental values are taken from the PDG compila-
tion [48].
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Table 1. The model parameters (Set I). The masses of 71,K,n take the experimental values.
m/MeV  ms/MeV  k/(MeV-fm~2) #p/(MeV-fm) Ag/fm~! po/fm~! A/fm? oy Ax/fm™! Ax=Ay/fm™' 6p/(°)
313 520 213.3 30.85 0.187 0.113 0.5 4.25 4.2 5.2 15
Table 2. The meson spectra (unit: MeV). pretation is in agreement with many other studies [5-11].
moson - K 0 K © b Prelovsek et al.. recently s.tudieq the light scalar mesons
Cal. 139 502 761 397 735 1023 crhand K b(}if la}tltlce QC];1 simulation, 1z{md they also four_lc_i
Exp. 139 496 770 898 780 1020 that o and k have sizable tetra-quark components, nnnn

Vr?)y/fm 057 060 105 096  1.02 085

The energies of scalar meson states can be obtained
by solving the four-body Schrédinger equation

(H=E)®;1:m:=0 (18)

with Rayleigh-Ritz variational principle. In GEM the
calculated results are converged with 1n15,.,=6, Nom.=6
and Ngmax =6. The minimum and maximum ranges of
the bases are 0.1 fm and 2.0 fm for coordinates r», R and
X, respectively.

The quark contents and corresponding masses in the
three different quark models for the light scalar mesons as
tetra-quark states are shown in Table 3, where n stands
for a non-strange quark (u or d), s stands for a strange
quark, I and N denote the total isospin and principal
quantum number of the total radial excitation, and .S,
L and J have their usual meanings. “Naive” stands for
the naive quark model, where only one-gluon-exchange
potential is taken into account in addition to the ad-
ditive two-body confinement [49]. “Chiral” stands for
the chiral quark model, where one-gluon-exchange and
one-Goldstone-boson-exchange are included besides the
additive two-body confinement [47]. The masses in the
naive and chiral model are much higher (several hundred
MeV) than those in the flux-tube model. The origin of
this discrepancy mainly comes from the different type of
confinement interaction, a two-body confinement poten-
tial is applied in the naive and chiral model, whereas a
multi-body interaction confinement is used in the flux-
tube mode. Zou et al. studied scalar mesons in the
quark model by introducing three-body confinement in-
teraction. Their study also indicates that the multi-body
confinement potential, instead of two-body interaction,
should be applied in the study of multi-quark states [50].
The naive quark model gives the highest masses, due to
the absence of Goldstone boson exchange, which induces
additional attraction for the tetraquark system.

In the framework of the flux-tube model, it can be
seen from Table 3 that the lowest masses of the nnnn
and nnns systems are 587 MeV and 948 MeV, which are
close to the masses of the o and k mesons. If the exis-
tence of the 0 and k mesons is further confirmed, then the
tetraquark state is a possible interpretation. This inter-

and nniis, respectively [51]. In order to check the depen-
dence of the numerical results on the model parameters,
we make the same calculations of scalar mesons with an-
other set of parameters, which are listed in Table 4 (the
unchanged parameters are not listed). A meson spec-
trum that is almost the same is obtained. The results
for the tetraquark states are shown in Table 5. Compar-
ing tables 4 and 5, our results are quite stable against
the variation in model parameters.

Table 3. The numerical results for three models
(unit: MeV).
flavour nnnn nnnn nninn
Jv 00t 00t 10t
N2S+iL, 0'So 11So 01So
naive 938 1431 1431
chiral 666 1237 1406
flux-tube 587 1019 1210
candidate o f0(980)7 —
mass 541439 [? | 980-£10 [48]
flavour nnns nsns nsns
Jv %0+ 00t 10t
N2S+iL, 0'So 0'So 01So
naive 1216 1456 1456
chiral 1122 1454 1454
flux-tube 948 1314 1318
candidate K — —

mass 82649737 [1]

Table 4. The model parameters (Set 1I).

k/(MeV-fm—2) 7o/ (MeV-fm) A/fm? ap

267 30.0 0.6 4.09

Table 5. The numerical results in the flux-tube
model (unit: MeV).
flavour nnifi  nnin  nnhn nnns nsns nsns
1j® 00t o0t 10+ 10t oot  10F
N2SHiL;  0'Sy  11So 018y 018y 0lSy 0!8
flux-tube 531 969 1180 908 1270 1275
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The o and «k mesons, if they have diquark-antidiquark
structures, cannot decay into two colorful hadrons di-
rectly due to color confinement. They must transform
into color singlet mesons by means of breaking and
rejoining flux tubes before decaying into color singlet
mesons. This decay mechanism is similar to the com-
pound nucleus formation and therefore should induce a
resonance, which is named a “color confined, multi-quark
resonance” state [30, 52]. The large decay width of the
o and k mesons may be qualitatively explained if the ar-
rangement and rupture of the flux tubes are fast enough.
The systematic investigation of the decay is left for fu-
ture work.

In the case of the f,(980) and a,(980) mesons, many
theoretical studies assumed them to be tetra-quark states
with quark content nsins and isospin /=0 and I =1, re-
spectively. The masses for the tetraquark states nsns are
much higher, about 300 MeV, than the experimental val-
ues, even in the flux-tube model; see Table 3 and Table 5.
Therefore, their main components do not seem to be the
tetraquark state nsns in the quark models. Instead, the
mass of the first radial excited state of the nnnn state
is 1019 MeV, which is close to the mass of the f,(980)
meson. Taking the f,(980) meson as the nniifi state is
consistent with Vijande’s work on the nature of scalar
mesons [25]. The observed f,(980) — KK process can be
explained by the mixing of the nnnn, nsns and sS et al.
strange quark components [25]. This work is being done
in our group. Peldez also suggested that three scalar
mesons, 0, K and f,(980), have dominant tetraquark com-
ponents, whereas the ag(980) meson might be a more
complicated system [53], which is also consistent with
our results.

The other well known interpretations of the f,(980)
and a,(980) mesons are the KK bound states with isospin
I=0 and I =1, respectively, because the experimental
values are very close to the threshold of two mesons,
K and K. Within the quark models, the interactions
between two quarks related to the color and spin fac-
tors, \;-\; and 0;-0;, are zero between the K and K
mesons, therefore it is hard for the KK bound state to
be formed. The coupling calculations on the diquark-
antidiquark state and the KK state indicate that the
KK bound state still cannot be formed. The arguments
for this are: (i) the interactions between K and K are

equal to zero, and the coupling interaction between the
diquark-antidiquark state and the KK state is weak; and
(ii) the relative kinetic energy between two mesons, K
and K, is not small due to the small mass of the K (K)
meson. These two factors are not beneficial to forming

a bound state.

5 Summary

The comparative studies of the three quark models
on light scalar mesons indicate that a multibody con-
finement potential, instead of a two-body confinement
potential proportional to a color factor, plays an impor-
tant role in a multiquark state, which can reduce the
energy of a multiquark state because it avoids the ap-
pearance of anti-confinement in color symmetrical quark
(antiquark) pairs.

In the flux-tube model, the o and k mesons can be as-
signed as diquark-antidiquark states nnnn and nnns with
JP =07, respectively, which can be named as “color con-
fined, multi-quark resonance” states. The interpretation
of the f,(980) and a,(980) mesons as tetraquark states
nsns with 7 =0 and I =1, respectively, would give a
much higher mass (about 300 MeV) than the experi-
mental data. The studies on the mixing of the diquark-
antidiquark state nsiis and the KK state indicate that
the KK molecular state does not exist in the quark mod-
els due to weak coupling and a large relative kinetic en-
ergy between the K and K mesons. However, in our
calculation the mass of the first radial excitation of the
nnnn diquark-antidiquark state is close to the mass of
the £,(980) meson. The problem with this assignment,
the small decay width of the f,(980) — KK meson, can
be accounted for by the mixing of the nsns and ss et al.
strange quark components with the nnnn state.

At present, the nature of scalar mesons is still an
open question, and the interpretation of scalar mesons as
tetraquark states is a possibility. In fact, scalar mesons
should be the superpositions of qq, qqqq and other
components in a Fock space expansion approach, and
the dominant one determined by quark dynamics. The
mixing between two-body and four-body configurations
would require knowledge of the quark-antiquark pair
creation-annihilation interaction, which is being calcu-
lated in our group by tentatively using a ®P, model.
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