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Abstract: Following the nonrelativistic QCD factorization scheme, by taking the latest available measurements of

χbJ(3P ) into consideration, we present an updated study on the yield and polarization of Υ(1S, 2S, 3S) hadropro-

duction, and the fractions of χbJ(mP ) feed-down in Υ(nS) production at QCD next-to-leading order. In the fitting,

three schemes are applied with different choices of χbJ(mP ) feed-down ratios and NRQCD factorization scale. The

results can explain the measurements of yield very well. The polarization puzzle to Υ(3S) is now solved by consid-

ering the χbJ(3P ) feed-down contributions. The ratio of σ[χb2(1P )]/σ[χb1(1P )] measured by the CMS experiment

can also be reproduced in our prediction. Among the different schemes, the results show little difference, but there

are sizeable differences for the fitted long-distance color-octet matrix elements. This may bring large uncertainties

when the values are applied in theoretical predictions for other experiments such as those at ee, ep colliders.
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1 Introduction

Quantum chromodynamics (QCD) successfully de-
scribes the strong interaction at parton level due to its
property of asymptotic freedom, but it fails to calcu-
late observations with detected hadrons directly since the
hadronization from quarks is nonperturbative. There-
fore, a factorization scheme to bridge the perturbative
calculable part and nonperturbative hadronization part
is crucial. For heavy quarkonium production and de-
cay, the non-relativistic QCD (NRQCD) factorization
scheme [1, 2], which was proposed to explain the huge
discrepancy between the theoretical prediction and ex-
perimental measurements of the transverse momentum
distribution of J/ψ production at the Tevatron, has been
a very successful scheme in many applications. However,
it encounters challenges in the transverse momentum dis-
tribution of polarization for J/ψ and Υ hadroproduction,
where the theoretical predictions cannot describe the ex-
perimental measurements at QCD leading order (LO),
or next-to-leading order (NLO).

In the last few years, significant progress has been
made in NLO QCD calculations. The NLO corrections
to color-singlet J/ψ hadroproduction were investigated
in Refs. [3, 4], where the pt distribution was found to be
enhanced by two to three orders of magnitude in the high
pt region and the J/ψ polarization changes from trans-
verse to longitudinal at NLO [4]. The results are repro-
duced at LO in a new factorization scheme for large pt

quarkonium production [5]. In Ref. [6], NLO corrections
to J/ψ via S-wave color-octet (CO) states (1S[8]

0 , 3S[8]
1 )

were studied and the pt distributions of both J/ψ yield
and polarization found to change little compared with
LO. The NLO corrections for χcJ hadroproduction were
studied in Ref. [7]. Calculations and fits for both yield
and polarization of J/ψ production at NLO QCD pre-
sented by three groups [8–10]. The complete prompt J/ψ
hadroproduction study, which corresponds to the present
available experimental measurements, was performed in
Ref. [10] for the first time. The J/ψ polarization puzzle is
still not fully understood. Recently, the LHCb Collabo-
ration [11] published their measurement of ηc production.
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Three letters [12–14] came out successively, investigating
the data from different points of view. Ref. [12] consid-
ered the ηc experiment as a challenge to NRQCD, while
Refs. [13, 14] emphasized its indications on the J/ψ pro-
ductions and polarizations. The complicated situation
suggests that further study and phenomenological test-
ing of NRQCD is still an urgent task.

Υ production and polarization is one of the best al-
ternative environments for understanding the physics in
the hadronization of heavy quark pairs. Due to its heav-
ier mass and smaller v (where v is the velocity of the
heavy quark in the meson rest frame), one can expect
better convergence in the QCD and NRQCD expansions,
and consequently better description of the experiment by
QCD NLO predictions. For Υ hadroproduction, similar
progress is also achieved in the pt distribution of yield
and polarization for the CS channel at QCD NLO [3, 4],
and for S-wave CO states [15]. The NLO correction via
all CO states is studied in Ref. [16]. The first com-
plete NLO QCD corrections on yield and polarization
of Υ(1S, 2S, 3S) are presented in our former work [17],
where the results can explain the experimental measure-
ments on yield very well, for the polarization of Υ(1S,2S)
measured at the CMS experiment. However, without
considering the χbJ(3P ) feed-down contributions, the re-
sults for the polarization of Υ(3S) are inconsistent with
data. Thereafter, the mass of χbJ(3P ) was measured [18]
at the LHC, and the fractions for Υ(3S) production from
χbJ(3P ) radiative decay were first measured [19] by the
LHCb Collaboration. The large measured value of this
fraction indicates that reconsideration of Υ(3S), as well
as Υ(1S, 2S) is needed. In this work, we take into con-
sideration the χbJ(3P ) feed-down contributions carefully
to update the yield and polarization analysis of Υ(nS)
hadroproduction at QCD NLO correction, and also pre-
dict the ratio of differential cross sections of χb2(1P ) to
that of χb1(1P ) from LHCb [18] and CMS [20].

This paper is organized as follows. In Section 2, we
give a brief description of the theory in our work. Nu-
merical results are presented in Section 3. In Section 4,
we introduce more fitting schemes and discuss the differ-
ence between them. Finally, discussion and a summary
are given in the last Section.

2 Theory description

Following the NRQCD factorization formalism [2],
the cross section for quarkonium hadroproduction H can
be expressed as

dσ[pp→H+X] =
∑

i,j,n

∫
dx1dx2G

i
pG

j
p

×dσ̂[ij→(bb)nX]〈OH
n 〉 (1)

where p is either a proton or an antiproton, Gi(j)
p is the

parton distribution function (PDF) of p, the indices i, j
run over all possible partonic species, and n denotes the
bb intermediate states (3S[1]

1 , 1S[8]
0 , 3S[8]

1 , 3P [8]
J ) for Υ and

(3P [1]
J , 3S[8]

1 ) for χbJ. The short-distance coefficients dσ̂
can be calculated perturbatively, while the long-distance
matrix elements(LDMEs) 〈OH

n 〉 are governed by nonper-
turbative QCD effects.

The polarizations of Υ are defined as [21]

λ=
dσ11−dσ00

dσ11+dσ00

, µ=

√
2Redσ10

dσ11+dσ00

, ν=

√
2Redσ1,−1

dσ11+dσ00

, (2)

where dσSzS′

z
is the spin density matrix of Υ hadropro-

duction. Only the parameter λ in the helicity frame is
considered in our work.

The fractions of Υ(nS) originating from χbJ(mP ) de-
cays are defined as

Rχb(mp)

Υ(nS) ≡
∑

J=0,1,2

σ(pp→χbJ(mP )X)

σ(pp→Υ(nS)X)

×B[χbJ(mP )→Υ(nS)], (3)

where n and m are radial quantum numbers of the bound
states and B denotes the branching ratios for the decay
χbJ(mP )→Υ(nS)γ.

To obtain dσSzS′

z
, similar treatment as in Refs. [10, 17]

is taken for both direct and feed-down contributions.
For various feed-down contributions in Υ production, we
treat them in different ways to get comparable results.
The details are given in the next section.

The newly updated Feynman Diagram Calculation
package [22, 23] is used in our calculation. Compared
with our former work, the newly added calculations are
for the productions of χbJ(3P ) under different experi-
mental conditions.

3 Numerical results

In the numerical calculation, the CTEQ6M parton
distribution functions [24] and corresponding two-loop
QCD coupling constants αs are used. We adopt an ap-
proximation mb =MH/2 for the quark mass, where MH

is the mass of bottomonium H . All the masses are taken
from the PDG [25], except for χbJ(3P ), which is chosen
as MχbJ(3P ) =10.511 GeV for J=0,1,2 [19]. Therefore,
the mass of the bottom quark in our calculation is of
different values for Υ(nS) and χbJ(nP ).

The color-singlet LDMEs are estimated from wave
functions at the origin:

〈OΥ(nS)(3S[1]
1 )〉 =

9

2π
|RΥ(nS)(0)|2,

〈OχbJ(mP )(3P [1]
J )〉 =

3

4π
(2J+1)|R′

χb(mP )(0)|2. (4)

The wave functions and their derivatives can be cal-
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culated by the potential model [26]. The results are sum-
marized in Table 1.

Branching ratios of χbJ(mP )→Υ(nS)γ can be found
in Table 1 of Ref. [17]. However, the branching ratio
for χbJ(3P ) is not included there. Since no experimental
data for branching ratios of χbJ(3P ) feed-down to Υ(nS)
is available right now, we take B[χbJ(3P ) → Υ(3S)] '
B[χbJ(2P )→Υ(2S)] as an approximation and ignore the
contributions from χbJ(3P ) for Υ(2S) and Υ(1S) due to
the small fractions.

Table 1. Radial wave functions at the origin [26].

Υ(nS) |RΥ(nS)(0)|
2 χbJ(mP ) |R′χb(mP )(0)|

2

1S 6.477 GeV3 1P 1.417 GeV5

2S 3.234 GeV3 2P 1.653 GeV5

3S 2.474 GeV3 3P 1.794 GeV5

The factorization, renormalization and NRQCD
scales are chosen as µf=µr=

√

4m2
b+p2

t and µΛ= mbv≈
1.5 GeV, respectively. The center-of-mass energy is
1.8 TeV and 1.96 TeV for the Tevatron Run I and Run

II and, 7 TeV and 8 TeV for the LHC, respectively. A
shift pH

t ≈ pH′

t ×(MH/MH′) is used while considering the
kinematics effect in the feed-down from higher excited
states.

In the fit, we have used three kinds of data from ex-
perimental measurements, namely, the differential cross
sections from CDF [27], LHCb [28], CMS [29] and AT-
LAS [30]; the polarization from CDF [31] and CMS [32];
the fractions of Υ(nS) production originating from ra-
diative decays of χbJ(mP ) meson (Rχb(mP )

Υ(nS) ) [19]. We
included the data of the fraction from χbJ(3P ) feed-
down at both

√
s=7 TeV and

√
s=8 TeV in the fit of

Υ(3S), while for Υ(2S) and Υ(1S), only the data at√
s=7 TeV for fractions are included. The linear inter-

polation method has been taken when dealing with the
fraction data since it is thought to behave smoothly and
gently for different values of pt. Only the data in the
region pt>8 GeV are used in our fit as we know that the
double expansion in αs and v2 is not good in the small
pt regions.

Table 2. The obtained CO LDMEs for bottomonia production (in units of 10−2 GeV3). χbJ(3P ) feed-down con-
tributions are only considered for Υ(3S) with branching ratios B[χbJ(3P )→Υ(3S)]'B[χbJ(2P )→Υ(2S)] as an
approximation.

state 〈OΥ(nS)(1S
[8]
0 )〉 〈OΥ(nS)(3S

[8]
1 )〉 〈OΥ(nS)(3P

[8]
0 )〉/m2

b state 〈Oχb0(mP )(3S
[8]
1 )〉

Υ(1S) 13.6±2.43 0.61±0.24 −0.93±0.5 χb0(1P ) 0.94±0.06

Υ(2S) 0.62±1.98 2.22±0.24 −0.13±0.43 χb0(2P ) 1.09±0.14

Υ(3S) 1.45±1.16 1.32±0.20 −0.27±0.25 χb0(3P ) 0.69±0.14

Fig. 1. (color online) Differential cross sections for Υ hadroproduction at the Tevatron and LHC. From left to right:
Υ(1S), Υ(2S) and Υ(3S). Rows from top to bottom correspond to different experimental conditions of CDF run
I, CMS, LHCb, and ATLAS. The experimental data are collected from Refs. [27–30].
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We perform the fits for Υ(3S), Υ(2S), Υ(1S)
hadroproduction step-by-step, and the corresponding
χ2/d.o.f are 97/72, 114/47, 73/44. All the fitted CO
LDMEs are presented in Table 2. A covariant-matrix
method [10] is performed for the plots in order to ex-
press the uncertainty from the CO LDMEs properly. We
only rotate the three direct LDMEs, however, namely
〈OΥ(nS)(1S8

0)〉, 〈OΥ(nS)(3S8
1)〉,〈OΥ(nS)(3P 8

J )〉, while the
last one, 〈Oχb0(nP )(3S8

1)〉, is fixed. The descriptions of
yield, polarization and fractions are given in the follow-
ing subsections.

3.1 Yield and polarization

The results for differential cross sections of Υ
hadroproduction are shown in Fig. 1, while those for po-
larization are shown in Fig. 2. The uncertainty bands in
the figures are from the errors of the CO LDMEs. The
experimental data are stamped with different center-of-
mass energy

√
s, rapidity cut and corresponding collab-

oration in all plots.
We can see from Fig. 1 that the results for the yield

of Υ(nS) hadroproduction fit all the experimental mea-
surements very well in a wide pt range and the uncer-
tainties are very small. In contrast with our previous
fit results [17] without χbJ(3P ) feed-down contributions,
where the polarization of Υ(3S) shows a weird steep be-
haviour and cannot explain the experimental measure-
ment, our updated fits for Υ(3S) have changed a lot,
with the contributions of χbJ(3P ) feed-down for the po-
larization shown in Fig. 2, and the new results fit the
experimental measurements very well. Yet, one may no-
tice that a point at pt =7 GeV in CDF run II deviates

from the theory by a long way for Υ(3S) polarization,
even worse than in the case without χbJ(3P ) feed-down
in Ref. [17]. This can be understood since the conver-
gence of perturbative expansion is thought to be worse
for small pt range and the data points with pt <8 GeV
have been excluded from the fit. For Υ(2S), the produc-
tion is dominated by the 3S[8]

1 channel, which leads to a
slightly transverse polarization behaviour (λ≈0.6) in the
high pt region. Nevertheless, the results for polarization
can explain the CMS data well, but there is still some
distance from the CDF experimental data. This is also
the case for Υ(1S) polarization, although it is almost
unpolarized for the whole pt region (06λ60.4).

3.2 Fractions

In Fig. 3, we give the results for the fractions of
χbJ(mP ) feed-down to Υ(nS). Only four fractions
Rχb(3P )

Υ(3S) , Rχb(2P )

Υ(2S) , Rχb(1P )

Υ(1S) , Rχb(2P )

Υ(1S) are presented, since
in our approximation the χbJ(3P ) feed-down contribu-
tions are ignored for Υ(1S,2S) production. For Rχb(3P )

Υ(3S) ,

we give the results at
√

s=7 TeV (black solid line) and√
s=8 TeV (red dotted line), but they are almost over-

lapping.
For the other three cases, the results at

√
s=8 TeV

are not included since in the experimental measurements
they are almost the same as for

√
s=7 TeV [19], and it

is believed that theoretical predictions for the fractions
are almost unchanged for centre-of-mass energy

√
s =7

TeV and 8 TeV. Our results for Rχb(nP )

Υ(nS) show different
behaviours for each of n=1,2,3: they are increasing, flat
(pt>10 GeV) and slightly decreasing, respectively, as pt

increases. All of them fit the experimental data very

Fig. 2. (color online) Polarization parameter λ for Υ hadroproduction at the Tevatron and LHC. From left to right:
Υ(1S), Υ(2S) and Υ(3S). Rows from top to bottom correspond to different experimental conditions of CDF run
II, CMS(|y|<0.6), and CMS(0.6<|y|<1.2). The experimental data are taken from Refs. [31, 32].
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Fig. 3. (color online) Fractions R
χb(mP )

Υ(nS)
as func-

tions of pΥ
t . From top to bottom: R

χb(3P )
Υ(3S) ,

R
χb(2P )

Υ(2S)
, R

χb(2P )

Υ(1S)
, R

χb(1P )

Υ(1S)
. The experimental

data are collected from Ref. [19].

well. The remaining fraction Rχb(2P )

Υ(1S) shows an increas-
ing behaviour, but the theoretical result overshoots the
data by about a factor of two.

3.3 Ratio of σ[χb2(1P )]/σ[χb1(1P )]

Recently, new measurements of the ratio of cross sec-
tions of σ[χb2(1P )] to σ[χb1(1P )] were reported by the
LHCb [18] and CMS collaborations [20].

As a way of checking our fitting results for the
LDMEs, we present the prediction of the cross section
ratio σ[χb2(1P )]/σ[χb1(1P )] in Fig. 4, where the green

band is the results for LHCb experimental conditions
while the yellow band is for CMS conditions. As the
plot shows, the CMS experimental data can be explained
by the theory, while the LHCb data is underestimated.
To save the CPU time consumption, the theoretical pre-
diction data with the rapidity range |y|< 1.2, which is
obtained for the fit to yield and polarization, is used to
compare with the CMS experimental data [20], where the
rapidity range is |y|<1.5. We think that it is reasonable
to ignore this difference for the ratio result.

Fig. 4. (color online) The ratio of the cross sections
of χb2 to χb1 production, as a function of pt. The
yellow band is the results for CMS while the green
one is for LHCb. The experimental data are taken
from Refs. [18, 20].

4 More fitting results

While we were preparing this work, a similar work
was preprinted by H. Han et al. [33], where they es-
timated the branching ratios of χbJ(3P ) feed-down to
Υ(1S, 2S, 3S) and fitted the productions and polar-
izations. In our fit in the former section, we ignored
the χbJ(3P ) feed-down contributions for Υ(1S, 2S) since
they are very small. Giving a more rigorous treatment of
the feed-down contributions would be instructive. Mean-
while, the NRQCD factorization scale µΛ dependence
does exist at the fixed order results. To explore the un-
certainties from these two aspects, we refit the produc-
tion and polarization and obtain two sets of new LDMEs
for µΛ = mbv = 1.5 GeV and µΛ = mb together with
the branching ratios B[χbJ(3P ) → Υ(nS)] estimated in
Ref. [33] Table I, and the numerical results are presented
in Table 3 and Table 4 respectively.

For convenience, we define three short statements,
1) default scheme (µΛ=mbv=1.5 GeV and our naive

estimation for branching ratios B[χbJ(3P ) → Υ(3S)] =
B[χbJ(2P )→Υ(2S)], B[χbJ(3P )→Υ(1S, 2S)]=0),

2) Han’s scheme (µΛ = mb and branching ratios
B[χbJ(3P )→Υ(nS)] estimated in Ref. [33] Table 1),
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3) mixed scheme (µΛ=mbv=1.5 GeV and branching
ratios B[χbJ(3P ) → Υ(nS)] estimated in Ref. [33] Ta-
ble 1).

For the mixed scheme in Table 3, some changes com-
pared with the default scheme in Table 2 should be men-
tioned. For Υ(3S), the dominant CO channel becomes
3S[8]

1 and the numerical value for 〈Oχb0(3P )(3S[8]
1 )〉 be-

comes larger. This is not at all a surprise since we know
the branching ratios B[χbJ(3P )→Υ(3S)] used in the de-
fault scheme are much larger than they are in the mixed
scheme. This difference is consistent with the differ-

ent decay branching ratios being used. For Υ(2S) and
Υ(1S), the LDMEs values have smaller changes.

In comparison with the mixed scheme, for Han’s
scheme in Table 4, the LDMEs for Υ(2S) change a lot be-
cause the 1S[8]

0 channel becomes negative and the 3P [8]
J

channel gives positive contributions. In addition, the
value of 〈Oχb0(1P )(3S[8]

1 )〉 becomes larger, which may im-
pact the behaviour of the ratio σ[χb2(1P )]/σ[χb1(1P )].

The results of the yield and polarization in both
Han’s scheme and the mixed scheme are almost the same
as those in the default scheme. In all three schemes, the

Fig. 5. (color online) Fractions R
χb(mP )
Υ(nS) as functions of pΥ

t . The green bands are our predictions, with the upper
two rows being the results for the Table 3 mixed scheme and the lower two rows are for Table 4, Han’s scheme.
The yellow bands are obtained by using the LDMEs in Ref. [33]. From left to right: R

χb(3P )
Υ(3S) , R

χb(2P )
Υ(2S) , R

χb(3P )
Υ(2S) in

the first and third row and R
χb(1P )

Υ(1S)
, R

χb(2P )

Υ(1S)
, R

χb(3P )

Υ(1S)
in the second and fourth row. The experimental data are

collected from Ref. [19].

Table 3. Same as Table 2, except that we choose the branching ratio B[χbJ(3P )→Υ(nS)] in Ref. [33], so-called
mixed scheme.

state 〈OΥ(nS)(1S
[8]
0 )〉 〈OΥ(nS)(3S

[8]
1 )〉 〈OΥ(nS)(3P

[8]
0 )〉/m2

b state 〈Oχb0(mP )(3S
[8]
1 )〉

Υ(1S) 10.1±2.23 0.73±0.22 −0.23±0.50 χb0(1P ) 0.91±0.06

Υ(2S) 1.19±1.93 1.88±0.23 −0.01±0.42 χb0(2P ) 1.07±0.12

Υ(3S) −0.15±0.90 1.53±0.12 −0.02±0.19 χb0(3P ) 1.76±0.14
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Table 4. Same as Table 3, except that we choose µΛ=mb, Han’s scheme.

state 〈OΥ(nS)(1S
[8]
0 )〉 〈OΥ(nS)(3S

[8]
1 )〉 〈OΥ(nS)(3P

[8]
0 )〉/m2

b state 〈Oχb0(mP )(3S
[8]
1 )〉

Υ(1S) 11.6±2.61 0.47±0.41 −0.49±0.59 χb0(1P ) 1.16±0.07

Υ(2S) −0.59±2.31 2.94±0.40 0.28±0.52 χb0(2P ) 1.50±0.21

Υ(3S) −0.18±1.40 1.52±0.33 −0.01±0.30 χb0(3P ) 1.92±0.34

yield results describe the experimental data very well
for the polarization of CMS measurement, but not the
CDF measurements. We do not show these plots here
to avoid unnecessary repetition, since there is little dif-
ference compared with the results in the default scheme
shown in Fig. 1 (for yield) and Fig. 2 (for polarization).

In Fig. 5, we present all the results for the fractions
of χbJ(mP ) feed-down to Υ(nS) obtained by using the
LDMEs in the mixed scheme and Han’s scheme. The
green bands are our fitted results while the yellow bands
are obtained by using the LDMEs in Ref. [33].

We summarize the results in two parts. First, the
results show little difference for the fractions between
Han’s scheme and the mixed scheme, except for Rχb(3P )

Υ(2S) ,
for which in Han’s scheme the band is closer to the data.
Since the only difference between the two fitting schemes
is the choice of NRQCD factorization scale µΛ, it indi-
cates the scale dependence for µΛ is small for the fixed
order correction. Second, we show the difference between
our results and Han’s results in Ref. [33]. In their re-
sults, the χbJ(mP ) feed-down contributions tend to in-
crease as pt goes higher for all Υ(nS). In our results,
however, only the fractions Rχb(1P,2P,3P )

Υ(1S) keep increasing
behaviour for all three schemes, and the other fractions
show a slight decrease or smooth behaviour. Meanwhile,
with a large uncertainty band, Han’s results can cover
all the experimental data except for χbJ(1P ) to Υ(1S),
where their results underestimated the data slightly. Our
results present a somewhat interesting case, with the re-
sults in our three schemes giving a good explanation for
the fractions Rχb(mP )

Υ(nS) for m=n=1,2,3, while overestimat-
ing the data by a factor of less than two for the other
fractions where m 6=n.

We present the ratio of cross sections
σ[χb2(1P )]/σ[χb1(1P )] for Han’s scheme in Fig. 6, while
the results for the mixed scheme are not presented to
avoid repetition, since they are indistinguishable with
those for the default scheme shown in Fig. 4 due to the
almost identical value of 〈Oχb0(1P )(3S[8]

1 )〉 (see Table 2
and Table 3).

It can be seen that the value of 〈Oχb0(1P )(3S[8]
1 )〉 in

Table 4 for Han’s scheme is larger than that in Table 2
for the default scheme. With this value, the χb2(1P ) and
χb1(1P ) ratio predictions in Fig. 6 for Han’s scheme de-
scribe the experimental measurements better than those
in Fig. 4 for the default scheme, and the results cover
all the CMS data very well, while only one point for the
LHCb measurements is inside the error band. Neverthe-

less, this difference can be explained as the uncertainty
of the NRQCD factorization scale. In our results for
both CMS and LHCb, all the centre values of the ratio
σ[χb2(1P )]/σ[χb1(1P )] are less than 1, or equally, there
is a relation σ[χb2(1P )]<σ[χb1(1P )]. This is the case for
the CMS experimental data. But for LHCb, the value at
two points out of the three are bigger than 1. From this
point of view, the prediction might be inconsistent with
LHCb data. However, we cannot come to that conclusion
for the ratio here due to the limited LHCb data.

Fig. 6. (color online) The same as Fig. 4, except

that the LDME 〈Oχb0(1P )(3S
[8]
1 )〉 in Table 4 is

used.

5 Summary

In this work, we presented an updated study on the
yield and polarization of Υ(1S, 2S, 3S). In contrast
to our previous study [17] without χbJ(3P ) feed-down
contributions, there are two new points: χbJ(3P ) feed-
down contributions are taken into consideration by us-
ing available measurements of χbJ(3P ); the experimental
measurements of the fraction of χbJ(2P,1P ) feed-down
are available and applied in our fit. We obtain the CO
LDMEs for Υ hadroproduction by fitting the experi-
mental data for yield, polarization and fractions at the
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Tevaron and LHC step-by-step. To further explore the
uncertainty from the NRQCD factorization scale µΛ de-
pendence and different choice of the χbJ(3P ) feed-down
ratios, we have performed fits in three schemes by us-
ing different NRQCD factorization scale µΛ and χbJ(3P )
feed-down ratios.

All the obtained results can explain the transverse
momentum distribution of production rate very well,
just as in in our previous work. For polarization, the
results of Υ(3S) at large pt can reproduce the exper-
imental data, which proves the emphasis in our pre-
vious work that the the χbJ(3P ) feed-down could be
very important for Υ(3S) polarization. The behavior
for Υ(1S,2S) changes little with the addition of χbJ(3P )
feed-down. The polarizations results can explain the
CMS data well, but the distance from CDF data can-
not be ignored. The results for the fraction Rχb(nP )

Υ(nS)

show different behaviours for each of n = 1,2,3: they
are increasing, flat (pt>10 GeV) and slightly decreasing
respectively as pt increases, and all of them fit the ex-
perimental data well. We also presented our prediction
for the ratio σ[χb2(1P )]/σ[χb1(1P )], which can reproduce
the CMS measurements well, but slightly underestimates
the LHCb data.

In our study of the uncertainty with three schemes,

we find that different choices of χbJ(3P ) feed-down ratios
hardly modify the final results, since its effect is almost
renormalized by its CO LDME 〈Oχb0(3P )(3S[8]

1 )〉, which
is dominant over its color-singlet part (the value is fixed).
Therefore this study cannot distinguish which choice of
χbJ(3P ) feed-down ratios is better, and only with further
experimental measurements of χbJ(3P ) hadroproduction
can the feed-down ratio be fixed.

Furthermore, we find that the uncertainty from the
NRQCD factorization scale µΛ dependence is notice-
able in our fit and predication. The important fact is
that there are sizeable differences for the obtained CO
LDMEs in the fits between different choices of NRQCD
factorization scale, although the fitted results are almost
the same. The different CO LDMEs sets can bring large
differences in predictions at other experiments such as
ee, ep colliders. The uncertainty is because the matching
between NRQCD and QCD cannot be made exactly in
the fixed-order perturbative calculation, which has also
been observed and discussed in previous work [34, 35].
It must therefore be taken into consideration in result
presentations or global fits.

We thank Dr. H-F. Zhang for helpful discussions.
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