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Radii of the bound states in 16N from the asymptotic normalization
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Abstract: The asymptotic normalization coefficients (ANCs) of the virtual decay 16N →
15N + n are extracted

from the 15N(7Li, 6Li)16N reaction populating the ground and first three excited states in 16N. The root-mean-square

(rms) radii of the valence neutron in these four low-lying 16N states are then derived by using the ANCs. The

probabilities of the valence neutron staying out of the core potentials are found to be 31% ± 8%, 58% ± 12%, 32% ±

8%, and 60% ± 12%. The present results support the conclusion that a one-neutron halo may be formed in the 16N

first and third excited states, while the ground and second excited states do not have a one-neutron halo structure.

However, the core excitation effect has a strong influence on the one-neutron halo structure of the ground and first

excited states in 16N.
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1 Introduction

Considerable efforts have been made experimentally
and theoretically to investigate the halo nuclei, which
have a tightly bound core surrounded by a diffuse nu-
clear cloud, since their discovery by Tanihata et al [1, 2]
in 1985. Over the past 30 years, a number of ground
state nuclei close to the drip-line have been found to
have a halo structure, including the one-neutron halo
nuclei 11Be [3] and 19C [4], the two-neutron halo nuclei
6He [1, 2], 11Li [1, 2, 5], 14Be [6, 7] and 17B [6], the four-
neutron halo nucleus 8He [1, 2, 8], and the proton halo

nuclei 8B [9–11], 17Ne [12], 20Mg [13] and 26,27,28P [14].
Otsuka et al. [15, 16] extended the universality of the
halo phenomenon and pointed out that the neutron halo
should not be limited to exotic nuclei, and can be ob-
served in excited states of a large number of nuclei on
and off the β stability line. Later, a number of such nu-
clei were proved to have a halo structure, such as the
second excited state in 6Li [17], the first excited state
in 11Be [18], the second and third excited states in 12B
[19, 20], and the first excited state in 13C [19].

A neutron halo is basically due to a boundary ef-
fect resulting from the presence of a bound state close to
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the continuum. The valence neutron can tunnel into the
space surrounding the nuclear core so that the neutron is
present with appreciable probability at distances much
larger than the normal nuclear radius [21–23]. Thus,
the angular momentum of the valence neutron may have
an influence on the halo formation and the s-state may
have a large probability of being outside the range of the
core’s potential, while the p, d-states have much smaller
probabilities to form halo structures because of the large
centrifugal barriers.

The 16N nucleus has a valence neutron beyond the
N =8 main shell closure. It has four bound states. The
valence neutron outside the 15N core occupies the 1d5/2

orbit for the ground and second excited states, and the
2s1/2 orbit for the first and third excited states. The
nonlinear relativistic mean-field calculation shows that
there is no one-neutron halo in the ground state of 16N
because the centrifugal barriers hinder halo formation,
but there exists a one-neutron halo in the first excited
state [24]. To date, there is no information about the
halo structures of the second and third excited states in
16N.

Many experimental methods have been used for in-
vestigating nuclear halo structures, including measure-
ment of the interaction cross section [1, 25], reaction
cross section [26, 27], proton-nucleus elastic scattering
[28, 29], quasielastic scattering [30], electric quadrupole
moment [31], nuclear breakup [27, 32], and Coulomb dis-
sociation [33–35]. However, it is difficult to use any of
these methods to search for halo nuclei in excited states,
due to their very short half-lives. Fortunately, an indi-
rect method, called the asymptotic normalization coeffi-
cient (ANC) approach, has been proposed and success-
fully used to obtain the halo structure information of 8B
[36, 37], 9C [38] ground states, and 11Be [18], 12B [19],
13C [18, 19], 27P [39] excited states.

In the present work, the root-mean-square (rms) radii
of valence neutrons in the 16N ground and first three
excited states are deduced by using the ANCs for the
virtual decay 16N →

15N + n. The probabilities of the
valence neutrons staying out of the core potential are ob-
tained. The present results conclude that the first and
third excited states in 16N may have a one-neutron halo
structure, while the ground and second excited states in
16N cannot form a one-neutron halo. However, the core
excitation effect has a big contribution to the ground and
first excited states of 16N, and the effect can be ignored
in the second and third excited states.

2 ANC method

In the ANC approach, the rms radius of the valence
neutron for the virtual decay B → A + n is defined by

< r2 >1/2 =

(
∫ ∞

0

r4[IB
AnlBjB

(r)]2dr

)1/2

/

(
∫ ∞

0

r2[IB
AnlBjB

(r)]2dr

)1/2

, (1)

where IB
AnlBjB

(r) is the overlap function for B → A + n,
corresponding to the orbital angular momentum lB and
channel spin jB.

The spectroscopic factor for B → A + n is the prob-
ability of the wave function of the nucleus B being com-
posed of the wave functions of the nucleus A and valence
neutron [40], which can be studied by the square norm
of the overlap function

SB
AnlBjB

=

∫ ∞

0

r2[IB
AnlBjB

(r)]2dr. (2)

Then, Eq. (1) can be replaced by

< r2 >1/2= (SB
AnlBjB

)−1/2

(
∫ ∞

0

r4[IB
AnlBjB

(r)]2dr

)1/2

. (3)

The spectroscopic factor can be obtained by com-
paring the experimental and calculated differential cross
sections of the transfer reaction. The overlap function
IB
AnlBjB

(r) can be calculated by solving the Schrödinger
equation with the optical potential model. Usually, the
IB
AnlBjB

(r) is model dependent and affected by the geo-
metrical radius parameter r0 and diffuseness parameter
a of the optical potential. At large distance, r > RN , the
overlap function shows asymptotic behavior,

IB
AnlBjB

(r) = CB
AnlBjB

W−η,l+1/2(2kBr)

r
, (4)

where CB
AnlBjB

is the nuclear ANC defining the ampli-
tude of the tail of the overlap function; W−η,l+1/2(2kBr)

is the Whittaker function; kB =
√

2µAnSn/~2 is the wave

number; µAn is the reduced mass of the system A +
n; and Sn, RN and η are the binding energy, nuclear in-
teraction radius and Sommerfield parameter respectively
for the corresponding B → A + n state. In the case of

the neutron (η = 0), the Whittaker function reduces to

W0,l+1/2(2kBr) =
√

kBr/πKl+1/2(kBr) with K being the

modified Bessel function.
Thus, the rms radius can be separated into the con-

tributions of interior and asymptotic regions,

< r2 >1/2=(SB
AnlBjB

)−1/2

[
∫ RN

0

r4[IB
AnlBjB

(r)]2dr

+(CB
AnlBjB

)2
∫ ∞

RN

r2W 2(2kBr)dr

]1/2

.

(5)

The first term in this equation is somehow model depen-
dent, but its contribution is relatively small due to the r4
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dependence in the integral function. The difference in-
duced by various potential parameters can be regarded
as an uncertainty of the calculation. The second term,
describing the asymptotic part, is model independent,
which presents a major contribution to the rms radius.
The ANC for the virtual decay B → A + n can be de-
termined through

CB
AnlBjB

= (SB
AnlBjB

)1/2
×bB

AnlBjB
, (6)

where bB
AnlBjB

is the single particle ANC of the bound
state B which can be deduced by the single particle
wave functions with the optical potential model. Conse-
quently, the radius of the valence neutron in B can be
extracted by the measurement of the ANC for B → A +
n.

In order to determine the probability (P ) of the va-
lence neutron being outside the radius (RN ) of the inter-
action potential, one can calculate by

P =

(CB
AnlBjB

)2
∫ ∞

RN

W 2(2kBr)dr

∫ ∞

0

r2[IB
AnlBjB

(r)]2dr

, (7)

where RN can be calculated by the radius of the core
< r2 >core [23, 41]

R2
N =

5

3
×(< r2 >core +4). (8)

The radius of 15N is 2.42 fm [42], so the radius of inter-
action potential between the neutron and 15N nucleus is
derived to be 4.05 fm. According to the halo definition
of Hansen et al. [23], the probability of finding the va-
lence nucleon is larger than 50% outside the range of the
interaction potential, that is P > 50%.

3 Experiment and DWBA calculations

Most recently, the angular distributions of the
15N(7Li, 6Li)16N reaction populating the ground state
and the first three excited states at Ex = 0.120, 0.298,
and 0.397 MeV in 16N were measured, as shown in Fig. 1
together with the DWBA calculations. The detail of the
setup, the data analysis procedures and DWBA calcula-
tions have been published elsewhere [43, 44], where the
angular distributions were used to extract the astrophys-
ical 15N(n, γ)16N reaction rate [43] and the 16F proton
widths [44].

The dependence of the spectroscopic factors and
ANCs on the geometric parameters of the Woods-Saxon
potential for the single-particle bound states in 16N were
investigated, as shown in Fig. 2. In the calculations, the
geometrical radius parameter r0 and diffuseness parame-
ter a were varied on a grid of 49 points for r0 = 1.10−1.40

fm and a = 0.40−0.80 fm with steps of 0.05 fm, indepen-
dently. While the well depths were adjusted to repro-
duce the binding energies corresponding to the ground
and first three excited states. The results show that the
spectroscopic factors of those states are 0.99 ± 0.26, 0.67
± 0.11, 0.85 ± 0.22 and 0.63 ± 0.10, respectively. The
errors result from the uncertainty of the differential cross
sections (9%, 13%, 9%, 12%) and the radius and diffuse-
ness parameters (25%, 11%, 24%, 9%). The squares of
the ANCs for the virtual decay 16N →

15N +n were de-
rived to be 0.19 ± 0.02, 3.45 ± 0.51, 0.12 ± 0.01 and 2.69
± 0.38 fm−1, respectively. The errors result from the un-
certainty of the differential cross sections (9%, 13%, 9%,
12%) and the radius and diffuseness parameters (3%, 7%,
3%, 7%). This indicates that the ANC method can be
used to calculate the halo structure of 16N, because the
ANCs vary slowly under reasonable variation of the sin-
gle particle potential.

Fig. 1. Angular distributions of the 15N(7Li,
6Li)16N reaction leading to the ground and first
three excited states in 16N.

Fig. 2. (color online) Dependence of the spectro-
scopic factors (S) and the square of the ANCs
(ANC2) on the single-particle ANCs of the ground
and first three excited states in 16N.
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In order to further check the ANC method’s suitabil-
ity, the overlap function I

16N
15N+n multiplied by the square

of r is compared with the ANCs C
16N
15N+n

multiplied by
the Whittaker function and r, as shown in Fig. 3. It il-
lustrates the coincidence of the asymptotic behavior and
Whittaker functions beyond the radius of the interaction
potential, which proves a correct asymptotic normaliza-
tion of the model overlap wave functions.

Fig. 3. (color online) Comparison of the r2I
16N
15N+n

and rC
16N
15N+nW (2kBr) for the ground and first

three excited states of 16N. The radius of the 15N
+ n interaction potential is also indicated.

4 Results

According to Eq. (5), the quantity [36]

χ2 =

80fm
∑

r=RN

(

IB
AnlBjB

(r)−CB
AnlBjB

W (2kBr)

r

)2

(9)

is used to estimate the difference between the interior
part and asymptotic part. The values of χ2 are parame-
ter dependent and are calculated by varying radius and
diffuseness. Figure 4 shows the dependence of χ2 on the
radius of the valence neutron, and Fig. 5 presents the
dependence of χ2 on the probability of the valence neu-
tron being outside the nuclear interaction radius. Then,
in terms of experimental ANCs, one can calculate the
radius of valence neutron Rvn

rms and the probability of it
staying outside the range of the interaction radius P by

Rvn
rms =

∑

i

wi < r2 >1/2
i (10)

and
P =

∑

i

wiPi (11)

with the weight of

wi =
(χ2

i )
−1

∑

i
(χ2

i )
−1

. (12)

The sum runs over the the 49 points which are calculated
by varying the radius and diffuseness parameters. Then
the valence neutron rms radii are calculated to be (3.85
± 0.31) fm, (4.82 ± 0.42) fm, (3.91 ± 0.32) fm and (4.96
± 0.41) fm. The errors result from the uncertainty of the
differential cross sections (5%, 7%, 5%, 6%) and the ra-
dius and diffuseness parameters (7%, 6%, 7%, 6%). The
valence neutron rms radii are shown in Table 1 together
with the separation energies, valence neutron configura-
tions, spectroscopic factors, squares of the ANCs, halo
radii and P corresponding to the ground and first three
excited states of 16N. It is evident that a neutron halo
is absent in the 1d5/2 ground and second excited states,
while the first and third excited states of 16N have a halo
structure according to the halo definition that the halo
nucleon spends about 50% of the time outside the range
of the core potentials [41].

Fig. 4. Dependence of χ2 on the radius of the va-
lence neutron for the ground and first three ex-
cited states in 16N. Symbols with the same radius
parameters are connected by lines.

Fig. 5. Dependence of χ2 on the probability of the
valence neutron being outside the nuclear interac-
tion radius for the ground and first three excited
states in 16N. Symbols with the same radius pa-
rameters are connected by lines.
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Table 1. Summary of the separation energies (Sn), valence neutron configurations (conf.), spectroscopic factors

(S
16N
15Nn), the square of ANCs ((C

16N
15Nn)2), halo radii (Rvn

rms), P and rms matter radii (R
16N
m ) for the ground and first

three excited states in 16N.

state Sn/MeV conf. S
16N
15Nn

(C
16N
15Nn

)2/fm−1 Rvn
rms/fm P (%) R

16N
m /fm

G.S. 2.490 1d5/2 0.99 ± 0.26 0.19 ± 0.02 3.85 ± 0.31 31 ± 8 2.52 ± 0.03

Ex1 2.370 2s1/2 0.67 ± 0.11 3.45 ± 0.51 4.82 ± 0.42 58 ± 12 2.62 ± 0.05

Ex2 2.192 1d5/2 0.85 ± 0.22 0.12 ± 0.01 3.91 ± 0.32 32 ± 8 2.53 ± 0.03

Ex3 2.093 2s1/2 0.63 ± 0.10 2.69 ± 0.38 4.96 ± 0.41 60 ± 12 2.63 ± 0.05

These findings also allow us to estimate the matter
radius of the 16N nucleus R

16N
m according to [45]

(R
16N
m )2 =

A

A+1
(R

15N
m )2 +

A

(A+1)2
(Rvn

rms)
2, (13)

where A = 15 is the mass number and R
15N
m = 2.42 fm

[42] is the matter radius of the 15N nucleus. The matter
radii of the 16N ground and first three excited states are
then deduced as listed in Table 1. The matter radius of
the 16N ground state R

16N
m =(2.52 ± 0.03) fm is in good

agreement with the measured value (2.50 ± 0.10) fm [42].
The density distributions of the 15N nucleus [46] and va-
lence neutron of the 16N ground and first three excited
states are shown in Fig. 6, from which one can also see
that the density distributions of valence neutrons in the
s orbit have longer tails expanding to the outside of the
core nucleus than those in the d orbit do.

Fig. 6. (color online) The density distributions of
the 15N nucleus and valence neutron for the 16N
ground and first three excited states. The density
distributions of the 15N nucleus are calculated by
a formula in Ref. [46].

To estimate the effect of core excitation on the va-
lence neutron radius [36], we calculate the neutron spec-
troscopic factors of the ground and first three excited
states in 16N where the neutron orbits the ground and
excited states of the 15N core by using the shell model
computer code NuShell [47]. In the calculation, the in-
teraction ZBMI [48] is used, assuming a closed 12C core
and populating the shells 1p1/2, 1d5/2 and 2s1/2. The

shell model results are listed in Table 2. According to
the table, the contributions of the core excitation are
about S

16N
15Nexn/(S

16N
15Ngsn + S

16N
15Nexn) = 28%, 30%, 6% and

7%, respectively. When the neutron orbits the excited
states of the 15N core, the rms radii of the valence neu-
tron in the four low-lying 16N states are calculated to be
3.06 fm, 3.07 fm, 3.09 fm and 3.09 fm, and the probabil-
ities staying outside the range of the interaction radius
are 12%, 12%, 12% and 13%, respectively. The results
are entirely due to the large excited energy of 15N.

Table 2. The calculated neutron spectroscopic fac-
tors of the four low-lying 16N states where the
neutron orbits the ground and excited states of
the 15N core.

state S
16N
15Ngsn

S
16N
15Nex1n

S
16N
15Nex2n

G.S. 0.93 0.37 0.00

Ex1 0.95 0.00 0.40

Ex2 0.87 0.05 0.00

Ex3 0.96 0.00 0.07

5 Summary and conclusion

The nuclear halo is an interesting threshold phe-
nomenon and the ANC method is an effective tool to
study the halo structure in the ground states, especially
in the excited states. The ANCs of the virtual decay 16N
→

15N + n are extracted from the 15N(7Li, 6Li)16N re-
action populating the ground and first excited states in
16N. They are used to derive the rms radii of the valence
neutron and the probability of the valence neutron being
outside the radius of the interaction potential of 15N +
n for these states. The rms radii of the valence neutron
in two s-states of 16N are found to be significantly larger
than those of the valence neutron in two d-states. In
addition, the probabilities of the valence neutron being
outside the radius of the interaction potential for the two
s-states are larger than 50%, while the probabilities for
the two d-states are significantly smaller. The present
results support the conclusion that the two s-states of
16N have neutron halo structure, while the two d-states
do not. However, core excitation effects should be con-
sidered for the ground and first excited states of 16N.
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