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Phenomenological aspects of possible vacua of a neutrino flavor model

Takuya Morozumi%Y

Kenta Takagi'®

Hideaki Okane®?
Hiroyuki Umeeda

Hiroki Sakamoto®® Yusuke Shimizu'®
3;6)

1 Graduate School of Science, Hiroshima University, Higashi-Hiroshima 739-8526, Japan
2 Core of Research for the Energetic Universe, Hiroshima University, Higashi-Hiroshima 739-8526, Japan
3 Graduate School of Science and Engineering, Shimane University, Matsue 690-8504, Japan

Abstract:

We discuss a supersymmetric model with discrete flavor symmetry A4 X Zs.

The additional scalar

fields which contribute masses of leptons in the Yukawa terms are introduced in this model. We analyze their scalar

potential and find that they have various vacuum structures. We show the relations among 24 different vacua and

classify them into two types. We derive expressions of the lepton mixing angles, Dirac C'P violating phase and

Majorana phases for the two types. The model parameters which are allowed by the experimental data of the lepton

mixing angles are different for each type. We also study the constraints on the model parameters which are related

to Majorana phases. The different allowed regions of the model parameters for the two types are shown numerically

for a given region of two combinations of the C'P violating phases.

Keywords:
PACS: 14.60.Pq, 14.60.5t

1 Introduction

Although all the elementary particles in the standard
model (SM) have now been discovered, with the discov-
ery of the Higgs boson, there still exist phenomena which
cannot be explained in the framework of the SM. One
of these is the neutrino oscillation phenomenon, which
implies two non-zero neutrino mass squared differences
and two large lepton mixing angles. In order to explain
this, many authors propose a neutrino flavor model with
non-Abelian discrete flavor symmetry in the lepton sec-
tor (for reviews see [1-4]). Even before the discovery of
the non-zero 6,3 [5-7], a few authors suggested a tiny
mixing angle 6,3 based on non-Abelian discrete flavor
symmetry [8]. Recent results from the T2K and NOvA
experiments [9, 10] imply C P violation through the Dirac
CP phase. They studied electron neutrino appearance
in a muon neutrino beam. The Majorana phases are also
sources of the C'P violating phases if neutrinos are Ma-
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jorana particles. The KamLAND-Zen experiment [11] is
searching for neutrinoless double beta (0vG3) decay to
check the Majorana nature of neutrinos. Therefore, it is
important to predict not only mixing angles but also C'P
phases with the non-Abelian discrete flavor model.

The non-Abelian discrete flavor symmetry can easily
explain large lepton mixing angles, e. g. tri-bimaximal
mixing (TBM) [12, 13], which is a simple framework for
the lepton mixing angles. Indeed, Altarelli and Feruglio
(AF) proposed a simple flavor model and predicted TBM
by using A, discrete flavor symmetry [14, 15]. They
introduced SU(2) gauge singlet scalar fields, so-called
“flavons”, and derived the TBM in the lepton sector.
The non-zero 6,5 can be realized by another A, non-
trivial singlet flavon [8] in addition to the flavons intro-
duced by AF. The origin of non-vanishing 6,5 is related
to a new contribution to the mass matrices. Matrices
which have the same structure as that in Ref. [8] also
appear in extra-dimensional models with the S5 and S,
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flavor symmetries [16, 17]. The A(27) model also in-
cludes these matrices [18].

In this paper, we study phenomenological aspects of
a supersymmetric model with A, x Z3; symmetries. The
three generations of the left-handed leptons are expressed
as the A, triplet, { = (l.,l,,l,), while the right-handed
charged leptons eg, ug, and 7z are A, singlets denoted
as 1, 1”7, and 1’ respectively. Three right-handed neu-
trinos are also described as the triplet of A,. We in-
troduce the SU(2) gauge singlet flavons of A, triplets,
¢T:(¢T15¢T2a¢T3) and ¢s=(¢s17¢527¢53)- In addition,
¢ and &' are also introduced as the SU(2) gauge singlet
flavons with the two kinds of singlet representations of
A,, 1 and 1’ respectively.

We focus on the vacuum structure of the flavor model.
The scalar sectors of this model consist of many flavons
in addition to the SM Higgs boson. Then, we analyze the
scalar potential and show the 24 different sets of VEVs
which come from 24 combinations of 4 (6) possible VEVs
of the flavon ¢r (¢s). The 24 different vacua are classi-
fied into two types which are not related to each other
under the transformations A,. Therefore, we expect that
the two types of vacua have different expressions for the
physical observables in terms of the model parameters
such as Yukawa couplings. We ask the following ques-
tion: whether these different vacua are physically dis-
tinct from each other. The purpose of this paper is tol

Table 1.

clarify the differences and relations among the VEVs and
their physical consequences. In particular, we investi-
gate the mixing angles, C'P violating phase, and effective
mass for neutrinoless double beta (0v33) decay.

This paper is organized as follows. In Section 2, we
introduce the supersymmetric model with A, x Z3; sym-
metry. In Section 3, we study the classification of vacua
and derive the formulae for the mixing angles and C'P
phases. In Section 4, we discuss the phenomenological
aspects for mixing angles and C'P violating phases. The
numerical analyses for the effective mass of Ov33 decay
are presented. Section 5 is devoted to a summary. In
Appendix , we show the multiplication rule of the A,
group.

2 Supersymmetric model with A, X Z3
symmetry

In this section, we introduce a supersymmetric model
with A, xZ; symmetry. We analyze the scalar potential
and derive the mass matrices of the lepton sector.

2.1 Model

We introduce three heavy right-handed Majorana
neutrinos. The leptons and scalars in our model are
listed in Table 1.

The representations of SU(2)r, and A4, and the charge assignment of Z3 and U(1) g for leptons and scalars:

leurs {61, TRy {Ve,Vu,pir } R, and hy,q denote left-handed leptons, right-handed charged leptons, right-handed
neutrinos, and Higgs fields, respectively. The other scalars are gauge singlet flavons and denoted as ¢r, ¢s, £, and

€. wis the Zs charge and stands for e?™/3.

le VeR oT1 51
=11 eRr KR TR vr=| vur ha,d or=| dr2 ¢s=| ¢s2 ¢ &

lr VrR oT3 P53
SU(Q)L 2 1 1 1 1 2 1 1 1
Ay 3 1 17 1/ 3 1 3 3 1 1/
Z3 w w? w? w? w? 1 1 w? w? w?
U)r 1 1 1 1 1 0 0 0 0 0

The superpotential of Yukawa interactions is

(1)
where w;,wp and wy are Yukawa interactions for charged
lepton, Dirac neutrino and Majorana neutrino sectors re-
spectively:
wi=Ye(drl)1erha/ Ay, (drl) 1 pirha/ A
+y.r(¢Tl)1//’Tth/A+h.C., (2)
wD:yD(lVR)lhu+h.C.7 (3)
Wr=YpsPs(VrRVR)s+Yel (VRVR)1+Ye & (VRVR) 1 +h.c.,

(4)

where the lower indices denote A, representations. More-

Wy =wW;+Wp+Wg,

| over, the y’s and A denote the Yukawa coupling constants
and cut-off scale respectively. The multiplication rule for

A, representations is shown in Appendix A.
In order to obtain the mass matrices of these leptons,

we analyze the following superpotential of the scalar
fields:

we=wi +wy, (5)
where
wy =—M(¢g ¢r)1+99, (drdr)s,
w5 =105 (PsPs)s+92(d5 ds)16+95 (05 ds)1rE’
+93(s0s)180—9460E8-

(6)

(7)
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Table 2. The driving fields and their representa- fields, @2, ¢5 and &,, which are called “driving fields”.
tions and charge assignment. The charge assignments of these fields are summarized
in Table 2.
%Tl (bgl
Tl ¢5 = 952 €o 2.2 Potential analysis
¢ 6
SU(2) 1 - 1 - 1 In this subsection, we derive the VEVs for the scalar
Ay 3 3 1 fields ¢r,¢5,£,8 oL, 05 €. One can derive the scalar po-
Zs 1 w? w? tential from the superpotentials in Eqs. (6) and (7) as
U)g 2 2 2

V=Vr+Vs, (8)
We have introduced the additional SU(2) gauge singlet | where

2 2 2 2

ow¥
0X

V=Y

X

2
_M¢T3+§g(¢§"2_¢T3¢T1)

2
= ‘ —M¢T1+§g(¢2ﬂ —@ra¢rs)

2
+ ‘ —M¢T2+§g(¢%3—¢T1¢T2)

2 2

‘ M(bOl (2¢01 ¢T1 ¢03 (ZST? ¢02¢T3)

2
+‘ —Mpi,+ 59(2¢0TQ¢T2—¢0T1¢T3—¢§3¢T1)

2

‘ M¢02+ 9(2005013— g2 b1~ P01 O12) | 9)

and
ows |? 2 19 2
VSZ’ 4 ‘ 91(0% —s2053) — 920518495055 | + 591( 2= 0s30s1)—92ds3E+gsdsal’
9 2
+ 591(¢?q3_¢s1¢52)—92¢s25+g;¢51§/
2 / ! ?
+ 591(2¢51¢Sl_¢§3¢S2_¢52¢S3)_g2¢g1§+92¢g3§ +2g3¢51&0
2 / ! ?
+ 591(2¢§2¢32—¢§1¢53—¢gg¢51)—92¢§3§+92¢ng +2g3¢ 5380
2 / ! ?
+ 591(2¢53¢S3_¢§2¢51_¢g1¢52)_g2¢§2§+92¢g1§ +2g3¢ 5280
+|—92 (D51 P51+ Do P52+ Do Ps3) —292EE0 gt (¢§2¢32+¢g1¢33+¢53¢s1)}2
+1g5(02% +2¢s253) —ga€?[. (10)
The sum for X,Y runs over all the scalar fields: | -1
_ Ur T
= = 2 - 5 12
X={br1.0ra,010,0% 6, 003} mEY O 2 )i (12)
Y:{(bSl7¢SQ7¢537¢§1a¢§2a¢€3a€afla€0}~
The scalar potential V' is minimized at V=V;=Vs=0.
There are several solutions for the minimization condi- -1 0
tion. We obtain sets of solutions denoted as 1,, and AF L= _Vr 9% m_1|o 13
(m=1-4, n=1-3), where 7,, and A\¥ are the solutions of =4 {6r) 3 0,2 + {90) 0 - 19
Vr =0 and Vg =0 respectively. Hereafter, we call them v
the set of VEV alignments and show them explicitly as
follows:
1 0 -1 0
v
m=q (@r)=vr |0 [, (e5)={0] ¢, (11) m=q{ (o)== [ 27 |, (e5)=|0] p, (19)
0 0 2w 0
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1 0

)\fE <¢S>:ivs 1 v<§l>:ula< 5>7 0 ) (15)
1 0
1 0

)‘;tE <¢5>:i1}5 w ) <£l>:wu/7 <¢§>: 0 3
w? 0

(16)

1 0

Ay =1 (gs)=Fvs [ w? |, (€)=, (¢5)=|0] ¢,
w 0

(17)

where vp=23M po=, /2y, v =29y and u is the VEV
2g 393 7 g5

of &, (¢€)=uY. The superscript of \* denotes the over-
all sign of the VEV (¢s). In total, we obtain 24 sets of
vacua, since there are four sets of alignment for 7,, and
six sets for .

2.3 Mass matrix for charged leptons and neu-
trinos

We derive charged lepton mass matrices and neutrino
mass matrices from the Yukawa interactions in Egs. (2),
(3), and (4). These matrices are expressed in vari-
ous forms corresponding to the VEV alignments. The
charged lepton mass matrices M,™ for Eqs. (11)-(14)
are

. 0 0
VqU
Mlu):% 0y 0], (18)
0 0 y,
—y, 2 2y,
(2) _ VaVr Yo T Y (€
MO = 2y —y, 2y, | =504, (19)
de 229;; —Yr
, v —Ye 2Wyu 2w2y7
Mﬁ‘”z% Wiy, —y, 2wy, |=T'STMD, (20)
2wye 2(4]2:[/”, —Yr
VqU —Ye 2‘*}29# 2wy,
Mﬁ‘“=% Qwoye —y, 2wy, |=TSTTMD, (21)
2W2ye 2wy# —Yr

respectively, where the matrices S and T are

-1 2 2 10 0
S=zl2 12|, T={owo0 (22)
2 2 -1 00 w?

The Dirac mass matrix for neutrinos obtained from
Eq. (3) is

100
001
010

MD:yDUu (23)

It is noted that the Dirac mass matrix is determined
independently of the VEV alignments. The Majorana
mass matrices M ;{L)i for the corresponding set of solu-
tions Egs. (15)—(17) are given as follows:

2 —1 -1 100
Mg)i:i%y%vs 12 —1|+yeu|001
—1-1 2 010
001
tyeuw' |010], (24)
100
2 —w? —w 100
M@ gl ol 2w 21 | 4we| 001
R 3y¢s s w w Ye
—w -1 2w? 010
001
twyer' |01 0| =TT MO, (25)
100
2 —w —w? 100
M,<§’>*=i%y¢svs —w 2w —1 |+yeu|001
—w? -1 2w 010
001
twtyer' | 010 |=TMOTT. (26)
100

In order to generate the light neutrino mass matrices,
we adopt the seesaw mechanism [19-21]. The effective
neutrino mass matrices are given by the well-known for-
mula, M, = —MpM;' M5, through the seesaw mecha-
nism. We obtain the 6 different effective neutrino mass

1) There are still other solutions for V' =0, including the trivial solution which makes all the VEVs vanish. It leads to the vanishing of
all the lepton masses and mixing angles. In addition to the trivial solution, there are solutions with non-zero VEVs of the driving fields.
This case leads to the breakdown of U(1) g symmetry. In this paper, we only discuss the vacua where U(1) g symmetry is conserved.
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matrices from Eqs. (23)-(26) as follows:

100 111
MOF=talo10|+p5|111
001 111
100 001
+eloo1]|+d|o10], (27)
010 100
M®* =Tty >t (28)
M®* =TMO T, (29)
where
a=ky,. Vs,
c=k(yeru'—yeu),
d:k'yg/u',
a a* (1 d?
bre=fot— (-2
3F3+2dc<3 a2>’
yD2vu2

k= :
yeur+ydu” —(yg, vitycuyeu’)

3 Classification of vacua and PMNS

mixing matrix

In this section, we classify the 24 different vacua

Pontecorvo-Maki-Nakagawa-Sakata (PMNS) mixing ma-
trix. In order to classify the vacua, we discuss the rela-
tions among the VEV alignments with the transforma-
tions of A,. We show that the 24 vacua are classified into
two types in the following subsection. Then, one finds
the two different PMNS matrices with diagonalizing ma-
trices for the charged lepton and effective neutrino mass
matrices Eqgs. (18)—(21), and (27)—(29).

3.1 Relations among sets of VEV alignments

The generators of A, are expressed as the following
forms for the representations 1,1’,1” and 3,

-1 2 2
S(1)=5(1)=8(1")=1, 5(3)% 2 1 2 |,
2 2 -1
(30)
100
T(1)=1,T(1)=w, T(1")=w*, T(3)=|0w 0
00 w?
(31)

The sets of VEV alignment 7,,, AT are associated through
the transformations of these generators. As an example,

and derive the lepton mixing matrix Upnng, called thel we show the T' transformation on A

1
TIAY]

(¢s)=T(3)vs
1

The S and T transformations on all the sets of the VEV
alignment are summarized in Fig. 1. Some transforma-
tions preserve the VEVs of either 7,, or AX. These vacua
have Z5 or Z, symmetries as the residual symmetries of
A, respectively. For the VEVs described as 7,,, they are
invariant under the following transformation,

Tm]=T""ml=m ., TST[n]=(TST) " [n2]=n2 ,

STns)=(ST) " [ms]=ns , TS[na]=(TS)"" [na]=m4 -
(33)

It is easy to confirm that such transformations corre-
spond to Z3; symmetries:

T?=(TST)*=(ST)*=(TS)*=1. (34)
Each A has Z, symmetry as follows:
SINE|=AE, TST?\F|=A, T2ST[\F]=Af, (35)
where

S*=(TST?)*=(T>ST)*=1. (36)

1] .(€)=T1")u',(¢5)=T(3)

o O O

1 0
=4 (9s)=vs | w [, (€)=wu, (65)=]0] p=AF.
w? 0

77%3 P Na

Fig. 1. (color online) Map of the transitions among
the VEV alignments under the transformations .S
and T: The solid arrow corresponds to the tran-
sition due to T transformation and the dashed
two headed arrow shows the transition due to S
transformation. In the map, 71 is invariant under
T transformation while AT are invariant under S
transformation.
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3.2 Classification of 24 vacua

In this subsection, we show the relations among the
24 different Lagrangians derived from the 24 different
combinations of VEV alignments in Eqgs. (11)—(17). We
find the two sets of 12 equivalent Lagrangians with the
appropriate field redefinitions. Then, the 24 Lagrangians
are classified into two types. For simplicity, we write the
Lagrangian of this model in a short form:

£(¢’¢1,¢2)a (37)

where 1 represents the fermion fields such as [ and vg.
¢, and ¢, represent the scalar fields, which should have
their VEVs written as 7,, and A\¥ respectively. We write
the Lagrangian in the broken phase for the VEV align-
ment (1,,, AF) with fluctuations h; and h, as

Ein(wahl7h2)E£(w777m+hlu)\i:+h2)~ (38)
Then, we prove the following equation:
LA N AW ANE4R) =L(0, G Ry, GTIAE 4Ry,

(39)
where G denotes the transformation composed of S and
T in Egs. (30) and (31). There are 12 independent trans-

formations including the identity element:

Gi{e, T, T? S, TS, T*S, ST, ST?, T*ST,

TST, TST?, T*>ST?}. (40)

The redefined fields are written as follows,
Y'=Gy , hi=Gh; (i=1,2). (41)

The right-hand side of Eq. (39) corresponds to the La-
grangian for the vacuum (G~'n,,,G~* ) while the left-
hand side is the Lagrangian for the vacuum (7,,,AF) in
terms of the redefined fields. In the symmetric phase, the
Lagrangian L£(1),¢,¢,) is invariant under the G transfor-
mation,

ﬁ(G¢7G¢17G¢2):‘C(w7¢17¢2)' (42)

One obtains the following equation from Eq. (42) for the
vacuum (G~'n,,,G7IA\L),

E(Gw,nm‘FGhl,)\f"—th) :E(QZJ,G_IT]m‘Fhl ,G_l)\f‘i‘hg).

(43)

Finally, one obtains the relation Eq. (39) by apply-
ing the field definition Eq. (41) to the left-hand side
of Eq. (43). The relation Eq. (39) implies the equal-
ity of the Lagrangians for the two vacua (1,,,A¥) and
(G s G AE).

Here, we briefly show how to find the equivalent vacua
with Fig. 1. For example, let us consider the T trans-
formation in terms of the vacuum of (n;,A{). One finds
that n, is invariant and A transfers to A\ under the
T transformation. Therefore, £, and L, are equiva-
lent. Onme can find 12 equivalent vacua by applying 12

independent transformations in Eq. (40) to the vacuum
(n1,AT). Then, we classify the 24 Lagrangians into two

types:
Type I;
(L0 L10 L5 L33, L, Lig Lo, Loy L1, L35, L01, Lo
(44)
Type II;
(L0 L1 Lags Lo Lo Lag L335La: L1, Ly L1415 L 2}
(45)
Type I and type II are disconnected because of the ab-
sence of a transformation which relates one type to the
other. Since all the Lagrangians which belong to the

same type lead to the same physical consequences, we
consider only £, and £}, as the representatives of their

types:
L'=Lf,, L"=Ly,. (46)

We also define the representative mass matrices for
charged leptons and neutrinos as

M=M" | M=MO" MU=MOT (47)

It is noted that the charged lepton mass matrix Ml(l) is
diagonal.

3.3 PMNS matrices for two types

In this subsection, we construct the PMNS matrices
for the two types, £ and L. Since the charged lepton
mass matrix M; is diagonal, the PMNS matrix is deter-
mined so that it diagonalizes the neutrino mass matrices
in Eq. (27):

(UIE’MNS)TMLE(UFI’MNS)* :(UFI’IMNS)TME(UFI’IMNS)*
my
mo 9 (48)

ms

where the left-handed neutrino masses m;,m, and ms
are positive. The PMNS matrices are expressed as the
following forms for the two types:

elf1
Upyins=UremUis(6,0) PRE 7 (49)
ei?s
—1 eio1
UIIDIMNs:UTBM 1 Uis (9’0-) elo2 7
i ei?s
7iei<¢1 +o)
* 7T )
=UrsmU;5 (94—5,0) 2
_iei(¢3 —o)
(50)
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The unitary matrix Urpy is the tri-bimaximal mixing
matrix and U;3(0,0) denotes the unitary rotation ma-
trix:

2/V/6  1/V/3 0
Urpm=| —1/v6 1/V/3 —1/V2 |, (51)
—1/vV6 1/V/3 1/V2
cosf 0 e “sinf
Us(0,0)= 0 1 0 (52)
—e'9sinf 0 cosf

We have introduced the parameters 0,0 and ¢, (i=1,2,3).
They are written in terms of the complex parameters of
the neutrino mass matrix, a,b,c and d, in Eq. (27)". In
the rest of this subsection, we derive the explicit forms of
the parameters 6,0 and ¢; in terms of the model param-
eters a,b,c and d. In the first step, one rotates M, M}
with the tri-bimaximal mixing matrix.

A 0 B
U"ltBMsz(MLI/>TUTBM: 0o Col, (53)
B* 0 D
D 0 —-B*
U”ltBMMiI(MiI)TUTBI\/I: 0 C 0 (54)
-B0 A
where
2
dl* |V3
A=|atc—=| + £al , (55)
2 2
d d\"” )
5= (e ) G+ G (amet ) =ple, (o)

a?—(A—cd+d?) |?
C=|——— 7 57
9d—c ) (57)
2
d 2
pelo—erd] +1 34 (58)
2 2
The mass eigenvalues are determined as
A+D 1
2= S S VASDEHIBE, (59)
m2=C, (60)
A D 1
m2= ; (A_D)2+4BP, (61)

where the upper and lower signs in these mass eigenval-
ues correspond to the normal hierarchy (NH) and the in-
verted hierarchy (IH). Next, we diagonalize the rotated
mass matrices, Egs. (53) and (54), with U,3(0,0) and
Ul5(0+75,0) respectively:

A 0B m3
Uis(0,0)"] 0 C 0 |Uis(0,0)= m2 , (62)
B* 0D m3
. D 0 —-B* oo
U13 <9+ 0 C 0 U13 (9"’5,0’)
-B0 A
mi
= m2 , (63)
mj
where 6 and o are determined as,
2|B
taHQHZ% , O=—p. (64)

Finally, the other parameters ¢; are determined as fol-
lows,

1 (Im [a]+Im [c—g} cos29> coso+ (Re Jcos260+Re [c— é} ) sina—?lm [d]sin26
¢1 = 5 tan’l d d \/g -0, (65)
(Re [a]+Re [05} c0320> Coso — (Im ]cos20+Im [c—} ) sino— 7Re [d]sin26
bom ltan’l Im[a®—(c*—cd+d?)|Re[2d—c]—Rela®—(?—cd+d?) | Im[2d—c] (66)
72 Re[a?—(c2—cd+d?)|Re[2d—c]+Im[a2—(c2—cd+d?)]Im[2d—c] |’
1 Im[a]—Im [c— g} cos29> coso— (R a)cos20—Re [c— ﬂ} > sina—i—\/?glm [d]sin26
¢ps=— |tan~! +o (67)

(
1

Re[a]—Re [c—cﬂ c0329> coso+ (I

a)cos20—Im [c—q ) sina—f—?Re [d]sin26

1) There are six real parameters since b is written by using a,c,d.
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We briefly explain the derivation of ¢; for the mass ma-
trix M. We first diagonalize M with the unitary matri-
ces Urpy and Ui3(0,0) according to Eq. (48). However,
the diagonalized neutrino mass matrix consists of com-
plex elements. Then, the parameters ¢; are determined
so that all the elements of the diagonalized matrix are
real and positive.

4 Phenomenological aspects

We study the phenomenological aspects of this model
and show the differences between the two types of vacua. |

The observables, such as mixing angles and C'P violat-
ing phases, are described with the model parameters in
different forms for the two types. In the following sub-
sections, we discuss the relation between the observables
and model parameters. The numerical analyses are also
shown in this section.

4.1 Mixing angles and C'P violating phases

In this subsection, we discuss the lepton mixing an-
gles, C'P violating phases and the effective mass for Ov 30
decay. At first, we introduce the PDG parametrization
of the PMNS matrix:

C12C13 812C13 sz 0cr e
PDG __ 5 s )
UPMNS— —819C23—C12823813€"°CF  C19Ca3—812523513€°CF S523C13 e'? ) (68)
i i
812C23—C12C23513€"°CF  —C12893—812C23513€"°CF  Ca3C13 1

where s,; and ¢;; denote the lepton mixing angles sind,;
and cosf,;, respectively. They are written in terms of
the PMNS matrix elements:

|Ues|?
1—[Ues]?”

U,s|? )
%7 Sln2013:‘U53‘2,
- e3

(69)

where U,; denote the PMNS matrix elements. The Dirac
CP violating phase dcop can be obtained with the Jarl-
skog invariant

Sin2 912 = Sin2 923 =

J
sindgp= or R (70)
523C23512C12513C13
Jep=Tm [UU,,Us, U] . (71)

In order to obtain these parameters from our model, we
substitute the PMNS matrix elements in Egs. (49) and

| (50). For the type I case, the matrix elements are given
as follows:

Uelziei‘“cosﬂ, (72)
1 ida
UCQZUHQZ%C y (73)
2 )
U,y=—=e"7793)ging, 74
3 \/6 ( )
U, ( L 0+ L g 9) i1 (75)
= ———=cosf+—e'7sinf | e'*?,
m V6 V2
1 ) 1 )
Ups=|———e""sinf——cosf | e'?2. 76
v ( V6 V2 ) (76)

The mixing angles, Dirac C'P violating phase and Majo-
rana phases for both types are listed in Table 3.

Table 3. Mixing angles, Dirac C'P phase and Majorana phases for the two types of vacua.
Type I Type 11
1 1
. 20
S 2+-cos20 2—cos20
sin20a3 1 1+ v/3sin20 coso 1 1— v/3sin20 coso
2 2+-cos20 2 2—cos20
1 1
sin26;3 g(lfcos29) 5(1+cos20)
s sin20 (2+4cos20)sino sin26 (2—cos26)sino
sindcp - -
|sin20| \/(24cos20)2 —3sin?20cos2a [sin26] \/(2—cos260)2—3sin?20cos2a
a+dcp P1—¢3+o P1—¢3t+o
T
cpP 2—¢3+0 2—P3+
B+6 p2—p3+ p2—¢3+ 5

One can adopt either of the two types to predict the
mixing angles and the Dirac C'P violating phases, since
both types give the same predictions. However, we note
the following two facts. First, if one fixes cos26~1 to ob-

| tain small sin?6, 4 in type I, sin®6,5 in type Il reaches 2/3,
which is disfavored in the experiments. Second, as shown
in Subsection 3.3, the model parameters 6, o and ¢, are
expressed in the same forms for the two types with a, b,
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¢ and d of Eq. (27). Therefore, those parameters have
common values for both types. Hence, the two types can
not realize the experimental results simultaneously.
Next, we discuss the effective mass for Ovg3s decay,
Mmee=y_,m;UZ, and the Majorana phases, a and 3. The
effective mass is given as follows:
|

ee

1 . i
=3 |ma (1+c0s26)e®?t +m,e*??
+ms(1—cos20)e(?s=7)|, (77)

1 . .
|mlL|= 3 |my (1—cos26)e®(91+7) —m,e??>

+ms(1+cos20)e” %3 |, (78)

where the superscripts I and II denote the types of vac-
uum. Equivalently, one can rewrite Egs. (77) and (78)
as

1 ) 4
M. =3 |ma (14cos26)e* (P17 9319) 4y o292 = 0ate)

+my(1—cos26)|, (79)
‘mlele :% ‘ml (1_C0S29)e2i(¢1—¢3+a) _mQGQi(¢2—¢3)

+my(14cos26)|, (80)
On the other hand, the effective mass in the PDG
parametrization is written as

|mee ‘ _ |m1C?SC§2€2i(a+6CP)+m2C?33?2€21(ﬁ+60P)+m38§3‘ .

(81)

One can obtain the Majorana C'P violating phases « and
B by comparing Eqgs (79)-(81),
(Type I) a+dcp=¢p1—¢sto , B+dcp=p2—¢s+0,

(82)

T
(Type II)  a+dcp=¢1—¢3+0 , 5+50P=¢2—¢3+§~

(83)
4.2 Numerical analysis

In this subsection, we show numerical analysis to find
the difference between two types. We use recent experi-
mental results with 30 range [22], as summarized in Ta-
ble 4.

Table 4. The experimental data for the mass
squared differences and mixing angles with 3o
range [22].

normal hierarchy (NH)  inverted hierarchy (IH)

Am2, [eV? (7.03~8.09)x 10> (7.03~8.09)x10~>
Am3, /eV? (2.407~2.643)x 103 —(2.565~2.318)x 103
sin%012 0.271~0.345 0.271~0.345
sin623 0.385~0.635 0.393~0.640
sin%013 0.01934~0.02392 0.01953~0.02408

As we have shown in the previous subsection, the
mixing angles and Dirac C'P phase are expressed in terms

of the model parameters § and o in different forms for
the two types.

The experimental data for sin?6,3 in Table 4 is real-
ized by the following value of 8 with NH or IH:

Type I; 9.81°<|0|<10.9° (NH), 9.86°<|0|<11.0° (

—

H),
84)

Type II; 79.1°<|0]|<80.2° (NH), 79.0°<|0|<80.1° (IH).
(85)

The value of ¢ is allowed in —180° <o <180° for both of
the two types, since the error of sin®f,; from the exper-
iments is large.

Next, we discuss the parameters ¢; in the expres-
sions of the Majorana phases of Eqgs. (82) and (83). The
effective mass |m..| in Eq. (81) depends on the two com-
binations of Dirac and Majorana phases, 2(a+dcp) and
2(6+dcp). If we determine both |m..| and the lightest
neutrino mass, we obtain the constraints on these two
combinations. In order to find how the numerical con-
straints on ¢; are different in the two types, we consider a
specific situation. As an example, we assume that |m..|
is predicted in the region as shown in Fig. 3. We note
that the lightest neutrino mass is constrained from the
cosmological upper bound for the neutrino mass sum,
> .m; <0.16 eV [23]. This plot is obtained when the
Dirac and Majorana phases are randomly chosen from
the region A1l in Fig. 2,

—_

O<a+dcp<m/4, 0<f4+0cp<T/4. (86)

In this situation, the phase differences ¢;—¢3 and ¢o—¢ps
for one type can be distinguished from those for the other
type. The constraints on the phase differences are shown
in Fig. 4. For type I, the phase difference ¢,—¢5 is pro-
portional to ¢;—¢s. However, for type II, ¢o—¢p3 is in-
dependent of the value of ¢;—¢@3; because o is absent in
the expression of ¢,—¢; in Eq. (83).

2(B + b¢cp)

F

n
B4 B3| A3 A4

B2 Bl| Al A2 7
»2(a + 6cp)

€2 C1| D1 D2

C4 C3|D3 | D4

Fig. 2. (color online) 16 divided regions for 2(a+
5cp) and 2(ﬂ—|—5cp).
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0.100

0.050

0.010

[mee|[€V]

0.005

0.001

5.x10°% 0.001 0.005 0.010 0.050 0.100
Lightest Mass([eV]

Fig. 3. (color online) The prediction of effective
mass for Ov3( decay in region Al of Fig. 2. The
upper region corresponds to the IH case , while
the lower one corresponds to the NH case.

Type |

$2-43

$2-¢3

$1-93

Fig. 4. (color online) The allowed regions of the
model parameters, ¢1—¢3 and ¢2—¢3 for both
types of vacua. These plots correspond to region
Al of Fig. 2.

5 Summary

We have studied phenomenological aspects of a su-
persymmetric model with A, x Z3; symmetry. We found
24 degenerate vacua at the 24 minima of the scalar po-
tential. Then, we discussed the relations among the
24 different vacua and classified them into two types.
Both types consist of 12 vacua which are related to each
other by transformations of A,. We proved that the 12
vacua are equivalent and lead to the same physical con-
sequences. However, we found that we obtain different
physical consequences from the vacua of different types.
Therefore, we analyzed the two types of vacua to find
the different phenomenological consequences of the two
types. In particular, we investigated observables such as
mixing angles, Dirac C'P phase, Majorana phases and
effective mass for Ov3( decay.

These observables are expressed in terms of the model
parameters 6, o and ¢;. The angle 6 and phase o are de-
termined by the deviation from the tri-bimaximal mix-
ing matrix. The two types lead to different expressions
for the mixing angles and Dirac C'P violating phase in
terms of 6 and o. Therefore, one should take differ-
ent model parameters in each type in order to realize
the experimental results. Although one can adopt both
of the two types to predict the observable parameters,
the two types cannot realize the current experimental
data simultaneously. The Majorana phases o and ( are
parametrized in the different expressions for each type
by the model parameters ¢; in addition to 6 and o. In
order to find numerical differences between the two types
of Majorana phase, we considered the specific situation
where the lightest mass and effective mass for the Ov3g3
decay are determined in a certain region. We showed
the allowed regions of the phase differences, ¢, —¢3; and
¢o—¢3. The regions are quite different for the two types:
the phase differences for type I are proportional to each
other, while those for type II are not.

The VEVs n,, and A\ transfer to the different VEVs
by transformations of A,. However, the transformations
for n,, and A% are closed differently since they have the
Z3 and Z, residual symmetries from A, respectively. We
have pointed out that some combinations of the VEVs
can lead to different physical consequences. When we
consider models with two or more flavons, we should take
account of the combination of VEVs.
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Appendix A

Multiplication rule of A4 group

In this appendix, we show the multiplication of the A4 group. The multiplication rule of the triplets is written as follows;

a1 by 2a1b1—azbz—asbs azbz—aszbs
az | ®| b2 :(albl+a2b3+a3b2)1@(a3b3+alb2+a2b1)1/@(a2b2+a1b3+a3b1)1//@§ 2a3bs—a1ba—azby 695 a1ba—asb1
as s b3 s 2&2627@11)370,31)1 3 a3b17a163
(A1)
while that for singlets is,
1'®1"=1. (A2)

In order to derive the A4 invariant superpotential in Eq. (1), we have used the multiplication rules. Their derivation is shown
in the reviews in Refs. [1-4].
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